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Time-local master equations
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crucial assumption:
 single (quasi-)particles interact each at a time, i.e.,

- the rate of collisions and
- the effect of a single collision is separately well defined

advantages:

« Markovian by construction
« microscopically realistic environmental interaction
* non-perturbative treatment
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I': rate operator (positive)

PI'(CQHP X pem) = I‘I’(F[p X Pe:mr]) At + O(At2)

collision probability

S : scattering operator (unitary)

Pl = Tren(S[p® penv|ST)

effect of single collision




I': rate operator (positive)

PI'(CQHP X pem) = I‘I’(F[p X Pe:mr]) At + O(At2)

collision probability

S : scattering operator (unitary)

Pl = Tren(S[p® penv|ST)

effect of single collision

naive implementation ...

%P . Trenv(I'[p ® penv]) {Trenv(S[p® pem]ST) B P}

...would lead to a nonlinear equation



Monitoring approach: environment as a probe

a hypothetical, minimally invasive “transit detector”

tells whether system and probe are going to scatter -~ _ .77 >
/

N \-transit |
PI‘(C.ﬂt|Qtot) — TI'(FQtDt) At \ '\ detector \

p p /
time resolution
\

\
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conditioned on transit event:

M (otot| Cat) with
TrM( 0t0t| Cat) TrM(ot0t|/Cat) = Pr(Cat|otot) ;

C -
Qtnt —
At

conditioned on nu_II ev_ent:_
M ( Qtot|c.ﬂt) with
TrM( 0t0t|Cat)  TeM(0:0t/Cas) = 1—Pr(Caslotor)

C —
Qtnt -
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Monitoring approach: environment as a probe

a hypothetical, minimally invasive “transit detector”
tells whether system and probe are going to scatter T \

o

transit

Pr(Cat|otot) = Tr(Iotot) At detector

\
time resolution
\ \ \
o~ <

\

measurement transformations:

. efficient M(040t|/Cat) = MowtMt  with MM = AtT

no additional uncertainty

 minimally invasive =~ M (0t0t/Cat) = 172012 At
no reversible back action

- complementary map M(Qtot|c.ﬂt) = Otot — M(0t0t|Cat)
no change if outcome disregarded (not CP)
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disregarding the transit information...

M(Qtnt|cat)
ot(At) = Pr(C ot)S
otot(Al) = Pr(Cat|otot) TrM(040t|Cac)

= STV 20, TY2S1At + ppot — T2 010 T2 At

M( Otot] Cat)

ST + PT(CQH Qtﬂt) TrM(gthCat)

...yields the equation:

d — lim Trenv(Qth(At)) P with

dat” T Ao At 0wt(0) = P& pen




Monitoring master equation

disregarding the transit information...

M(Qtot|cat) ~ M( Qtot|cat)
ot( At) = Pr(C ot)S StT+Pr(C o —
Ot t( ) ( &t'Qt t) TrM(QtDt|Cm) ( &t'Qt t)TrM(QthCm)
— SF1/2Qtot TY2StAL + Otot — F1/2Qtnt I'2At
...yields the equation:
d ' 1/2 1/2
TP = zTrem([Re(T),F 20 @ peny| 'Y ])
+ Treny( TT*[p ® peny [/ TT)
- %TrmV(Fl/QTTTFl/Q[p ® Penv] )
— o Trane( [0 ® pen] T2 THTT12)
... by using the unitarity of S=/+:T, i.e., Im(T) =%TTT
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restores
complete positivity

d
7P = i Treny [TY/?Re(T)T ”ﬁbf@ Penv

+ Tremr( T]-_‘l/z[ﬁ ® Pemr 1‘\1/2-’-1)

_ %Trem,( DT T2 ® pens] )
A T ([0® P VETHTTV2)
.. by using the unitarity of S=/+4 T, i.e., Im(T) = %TTT



Monitoring master equation

v manifestly markovian
v non-perturbative interaction
v no restriction on rate operator
and scattering operator

in the Schrédinger picture..

1 .
—p = E[H, p] + 2 TI'EHV( [Fl/QRe( T)Fl/Q, P 024 pmv] )

+ Treny( TT?[p @ peny T2 TT)

- %Trmv(Fl/QTTTFl/Q[p ® Penv] )

— %Trem( [0 ® pen] TV2THT T/2)

K.H., EPL 77 (2007) 50007
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Application: Immobile system in gas

microscopic operators:

 collision probability determined by

p
[ = Y ladal ®nge 2 o(p, )

but the projection to the subspace of
incoming wave packets still lacking

«S=/+1 T characterized by o vibrations,
multichannel scattering amplitudes rotations, ...

faoe(Pss D) [ PF— P
(asl(ps| Tlas)ps) = Joce(Pr )5( / +Eaf—Ea,-)

2mh m 2m
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with real energy shifts €4

and complex rate coefficients

M = (@[ Tren( TT*[|a0) (Bo] ® pen]TV2T1)|8)

what's S=1+:T
actually doing?



Intermission: The S matrix—a pictorial view

W)

\0

S
9.
N
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s=Q'Q, = lim Uo(—t)U(2t) Uo(—1)

... ’unintentionally” transforms outgoing states

%

scattering
center




with real energy shifts €4

and complex rate coefficients

MaE* = {a|Trea( TT?[|ao) (Bo| ® pern]T/2TT)|B)

how to enforce the restriction
to incoming wave packets?



decomposing peny INt0 Wave packets

3 2
Penv — );;hexp(_ﬁp) - fdpﬂﬂ(pﬂ)f %'7!)1‘0?0)("!)1‘0?0'
Q2

2m




wave packet evaluation of the rate coefficients

decomposing peny INto Wave packets ...

23 2 . d
Penv = Qhexp(—ﬁp) = f dpo fi(po) fﬂ §|¢rom><wmm|

2m

... admits phase space restriction
to proper incoming states .\i’ﬂ

a . dro .
Mag‘ﬁo — f d'PO H (pﬂ) f QO ma%ﬁﬂ('f‘g, 'po)
Q

W
\”average” over
all positions 1

with mg%®(ro, po) = f dp (o [(p| T T} [¥hmopu) {Bol (Ymopol T TT15) )
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wave packet evaluation of the rate coefficients

decomposing peny INto Wave packets ...

23 2 . d
Penv = Qhexp(—ﬁp) = f dpo fi(po) fﬂ §|¢rom><wmm|

2m

... admits phase space restriction Yipo /77 N T —a
to proper incoming states !

[ 1 i“E
M3 dpo £2(Po) A

. dr dr N
— fdpgu(po)f APOf ELpoma%ﬁD(THPD_"TJ_pmpo)
APD Po EPD o

with mg%®(ro, po) = f dp (o [(p| T T} [¥hmopu) {Bol (Ymopol T TT15) )
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wave packet evaluation: result

in the limit of delocalized wave packets, 3 — oo, 5 — 8,
the dependence on A,, vanishes and one obtains...

 complex rate coefficients:
m /
f dv v(v)
0

Miﬁﬁ” = XZ%ﬁD Ngas Vout (V)

1
X 2?Tf d(cosﬁ’)fmﬂ(cosﬁ; %’UQ) fgﬁo(cosﬁ;%ﬁ)
~1

m

. outgoing velocit
oopy _ [ 1 if Ba— Eoy=Ep— B, going y
af 0 otherwise.

... provided we identify the phase space cross section with the
geometric mean of the involved microscopic cross sections,

Yo = 1/ 0 (Po; 20) o (po; Bo)
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wave packet evaluation: result

in the limit of delocalized wave packets
the dependence on A,, vanishes and one obtains...

 complex rate coefficients:

oG
M“Dﬁ“ . XZ%ﬁ”ngaS/ dv v(v) Vout (V)
0

1
X 27rf d(cosﬁ')fmﬂ(cosﬁ; %’Ug) fgﬁﬂ(cosﬁ;%vg)

1
* energy shifts:

oo

co = —27h"% [ 4y y(0) Re[ faa( 0; 702 )

m  Jo

« equal to “low density limit” result Dimcke (1985), Alicki&Lendi (1987)
for |M3Y*| < AE/h and Hiyg=A® Beny

K.H., EPL 77 (2007) 50007
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Distinguished Brownian particle
In an ideal gas




The quantum linear Boltzmann equation

Distinguished Brownian particle
In an ideal gas

e

i 2

previous work:

m &K M ms M

Joos & Zeh (1985) Diosi (1995)

Gallis & FIemlng (1990) Vacchini (2000,2001)

Alicki (2002) Dodd & Halliwell (2003)

K.H. & Sipe (2003)

exp: K.H.,...& Zeilinger (2003) interplay of decoherence
and thermalization

pure decoherence, no dissipation ﬁ?

K.H., PRL 97, 060601 (20006)
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rate operator // relative velocity

D = g PP P G el P))

m .
* relative momentum
— rel(p, P)="p-""p

mpM

using again...

« the general master equation LBp = tl“gas( TT2[p @ peas] T2 TT)

1

1

- Etrgas( P ® pgas]r1/2TTT r1/2)
» an ideal, stationary gas

» wave packet decomposition for in-state restriction



Quantum linear Boltzmann equation: Operator form

leads to...
1 1

.CBp = fdQ QLdK{LQ,KpLI?’K—szE’KLQ,K—QLE?’KLQ,Kp}

with jump operators Lg k = e“'X'Q/ﬁL(K,P; Q)

determined by:

1/2
Ngas 1T m m
L(K,P;Q) = Ti 0 M(KLQ+(1+M)C§+ MPQ)

X f(rel(KLq, PJ_Q) — %: I'e].(KJ_Qa PJ_Q) + %)

where P||Q= (PQCQQ)Q and PLq=P—.P||Q

K.H., PRL 97, 060601 (20006)

... fits general form of translation invariant master equation (Holevo 1996)
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Quantum linear Boltzmann equation: Limiting forms

1. Pure decoherence M>m = Lok = e“'X'Q/’iL(KX Q)
d . .
SX[PIX) = —F(X - X') (X|5|X)
) /Experiments (PRL 2003)
Theory

visibility

CH, pressure

oo} 1 N
F(z) :/[; dv v (v)ngasv {U(m’v) —QW[I d(cosﬁ)‘f(cos 9;%?)2)‘281110 (2 Sin(g) _mvﬁ|;c|> }
(PRA 2003)

Arndt, Hackermuller, Zeilinger
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Quantum linear Boltzmann equation: Limiting forms

2. Diffusive “limit”

The expansion

X UNL(K,P; Q) (1+th@)( o Q) (K,0;Q)

4m

leads to Caldeira-Leggett form “plus minimal extension”/—\v

N Z {2h Xj,{Pj,P} ] 6h2[Xj,[Xj,,O]]-I-%[Pjv[fjjap]]}

J=T,Y,2

with microscopically defined friction coefficient

n = Cﬁj; dkikfexp(—z@%;)/.dcos@ s:'mQ(?)

8 ngasms (3° ( 213

- m* 2
ol 00803 7 5k

where cg = 3 mil] o

Caldeira&lLeggett (1983), Diosi (1995)
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Quantum linear Boltzmann equation: Limiting forms

3. Weak coupling expression

Replacing the exact scattering amplitude by its Born approximation...

f(rel(KJ_Q, PJ_Q) + %a re]-(KJ_Qa PJ_Q) o ?) — fBom(Q) X <O|Hmt|Q>

leads to

/dQ K {LQ,KpLIQ,K—...} - fdQ{EQpE.TQ—...}

and one obtains Vacchini's form of the master equation

Vacchini (2000—2002)
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Quantum linear Boltzmann equation: Momentum
representation

Momentum basis:

(P|CBp|P) = f 4Q Mwu(P, P, Q) (P — Q|p|P'— Q)

1
— 5[ M§ut(P) + Msu(P") |(P|p| P')
where
ME(P) = [4QMu(P+Q.P+@:@) = [4aQMIP+Q:iQ)
“classical” scattering rate N r
3 (- Q
and / Q \
(000X
Mu(P.P:Q) = | dKL(K.P-Q:Q f (Pous P}, P
' *(Dlosty DA E
x L*(K,P' - Q; Q) e
\ g Vd
all permitted pairs of two-particle trajectories Q £ —Q
weighted by the gas distribution \
Klaus Hornberger, LMU Munich 29
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Quantum linear Boltzmann equation: Momentum
representation

Momentum basis:

(P|CBp|P) = f 4Q Mwu(P, P, Q) (P — Q|p|P'— Q)
1

— 5[ ME(P) + M5(P")](P|o| P)

v form of M, has basic interpretation

v QLBE reduces to Boltzmann's classical
equation for p = p’

v correct limiting form for m <K M, in the
diffusive, and weak coupling limit (Vacchini)
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The end
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collisional decoherence:
decay of visibility with gas pressure

30’0_ T T T T T T T T T T T T T T T T

20,0

10,04

visibility (%)

&
o

6,0

\\
Gallis & Flemming (1990)

4’0 ! I "l ! I ! I ' | ' I ! I ! I !
oo 02 04 06 08 10 1,2 14 16 1,8

CH, pressure (in 10 mbar)

K.H. et al., PRL 90, 160401 (2003)

Klaus Hornberger, LMU Munich

Monitoring approach to the quantum linear Boltzmann equation 32



ion counter collimation diffraction scanning detection
fortemp. mask after
measurement ionization

fz30¢c¢m

heating



/ Ngas P%—Pg
Mi,(P,P’;Q) = - fdPOM(Po) Y 5 f(pr+aq1,pi+q))

X f(pfr—qi,Pi—q.L)

with
P+ P’
Pr = I‘EI(PO, 5 —Q) = pi—Q
P— P’
qg = rel(O, 5 )
9. = 4qi(ps—pi)



evaluation with the diagonal representation

Alternatively, stick to the diagonal representation of penv= f dpo 1(Po) |Po) (Po
but modify S such that outgoing states are kept invariant

* sSince momentum states are not of incoming type...

contains square of

(27H) 3 s~ energy conserving
o (@ (Pl Tlao)|po)(Bol (po| TT[B )|py)  deltafunctions

...I1s ill-defined and must be replaced by

N Xz%ﬁo 5(EC‘-’P T EGEDPD) fﬂﬂo(p: 'pﬂ) fg‘ﬁo('p: 'pO)
Pom /7 (po; @) (po; Bo)

This is the continuum manifestation of the requirement of
probability current conservation in the discrete momentum basis.

It yields the same master equation immediately—but slightly less solidly.
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Disclaimer

mathematicians, watch out(!)...

Not mathematically rigorous!
Physical argumentation involved!

Only aim: Find the appropriate equation of motion
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