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Fundamental Algorithms

Exercise 1

(a) Compare the growth of the following functions using the 0-, O-, and ®-notation:
1. nlogn
2. n'foralll € N
3. 2"

(b) Try to give a simple characterization of the growth of the following expressions
using the ®-notation:

1) Z: 2) log(n!)
i=1

Hint for log(n!): try to prove n2 < n! < n’ first!

Solution:
(a) n' € 0(2") forall ] € IN, because by L'Hospital’s rule:

hm’il_]iml'nl_l_imw_ _hmli!_
noeo 2 n—w2n.In2  pme 27 (In2)2 7T asw 20 (In2)!

Therefore, n' € O(2") foralll € N.

Obviously, n! € o(nlogn) and n! € O(nlogn), but for [ > 2:

I nlnn lnnil, 1 _ 0
el _nggonlfl_nggon-(l—l)-nlfz_

Therefore n' € w(nlogn) for all I > 2. This also holds for any real [ > 1.

As a consequence, nlogn € 0(2").



(b)

1)

2)

ij € O(Inn):

i=1

Consider the functions u(x) := ﬁ and I(x) := ﬁ, then:

(draw a graph of u(x) and I(x) to see why the integrals are given by these
sums).

n—1 n n
Thus,Inn < ¥ 3 < ¥ 1, and therefore Inn € O <Z })
i=1 i=1 i=1

n
AsZ-ig%:2-(%+--~+%) > 1, we know that
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and, therefore
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Z?<32;§31nn = Z?EO(lnn), qed
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Using n2 < n! < n", we get:
n n
Inn2 <In(n!) <Ilnn" = Elnn <In(n!) <nlnn,

which leads directly to the result In(n!) € @(nlnn).

Proof for nz < n! < n™:

Itis obvious thatn! =1-2-...-.n<n-n- =n"
To prove nz < n!,or n" < (n!)2 we show that ) > 1
1)2 | 1 n—l n—1 —Di+1
2 i - JURTICESY
n" n

i=0 i:0 i=0

and (n —i)(i+1) = -2 +ni—i+n =n+i(n—1-1i) > n. Therefore, all
factors of the product are > 1. Consequently, the product itself is > 1.



Exercise 2

Let I(x) be the number of bits of the representation of x in the binary system. Prove:

Xn:l O(nlogn)

i=1

Solution:

We know that

n

° Zlogi = log (Z i) = log(n!) € O(nlogn), (see exercise 1(b), part 2!), and
i=1

i=1
e [(i) = |log,i| + 1 (see lecture).

If we can show that
c1log,i < |log,i| <log,i

for some constant 0 < ¢; < 1 (the second inequality is a trivial result of the definition
of | ]), and use the transformation

n

il(i) = i ([log, ] Z log, i

c1<n+210g21’>§Zl(i)§n+210g2i = Zl € O(nlogn)

We still have to prove that ¢ log, i < |log, i| for some c;:
For i > 3, we can choose c3, such that it < % 5 (choose ¢1 := i, f.e.). Then

c1log, i = log, (i) < log, % =log,i—1 < [log,i].

As the inequality is also correct for i € {1,2}, we are finished.



Exercise 3

Prove that ® defines an equivalence relation on the set of functions {f | f:IN — R}. Use
that (f,g) e @ & f € O(g)

Solution:

We define the relation ® by (f,g) € © :& f € O(g).
To show that @ is an equivalence relation, we have to prove that:

o O isreflexive:
as f € O(f) (f.e., choose constants ¢ := %, and ¢cp := %, by definition (f, f) € ©;

e O is symmetric:

if f € ©(g), then

- f€0(g) =g <€Q(f)

- f€Q@) =g <O0(f)
Therefore, by definition ¢ € O(f);

e O is transitive:
if f € ©(g), and g € O(h), then, there are constants c1, ¢2, ¢3, and ¢4, such that for
sufficiently large n

- af(n) <gn) <caf(n)
= c3g(n) < h(n) < cag(n)
<

Therefore, cic3f(n) < h(n) < cacsh(n) which leads to f € O(h).



