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Exercise 1

Consider the Recursion Tree Method for the recurrence equality (compare lecture)

T(n) = T(bn/3c) + T(d2n/3e) + O(n)

Show that the height of the recursion tree is in O(log(n)). Hint: Which simplifying assumptions
are reasonable to this end?

• First simplification: We omit the floor and ceiling functions.

Let c be the constant in the O(n) term. We then obtain the recursion tree
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On each level, we obtain cn operations, independent of the level.

• The longest path in the recursion tree is the rightmost path with problem size n→ 2/3n→
(2/3)2n → · · · → 1 until we stop at problem size 1. The height h of the tree can be
determined via the equation (2/3)hn = 1, leading to h = log3/2 n.

We could expect the total cost to be O(cn log3/2 n) = O(n log n).

What could be a flaw using the recursion tree method for unbalanced trees? Show that the
whole recursion is in O(n log(n)) anyway, using the substitution method.

• Problem: If the tree was a complete binary tree, we would have 2log3/2 n = nlog3/2 2 leaves.
Assuming constant effort c for T(1), on the last level the costs would sum up to Θ(cnlog3/2 2).
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Thus, on that level, the cost would be ω(n log n) – and not cn! Of course, the tree thins out
starting at level 1 + log3 n, thus we would have to count the exact cost on the subsequent
levels.

• We simplify and assume that the total cost are O(n log n) and use the substitution method
to verify this:

Assuming that T(n) ≤ an log n for a suitable constant a, we obtain

T(n) ≤ T(n/3) + T(2n/3) + cn
≤ a(n/3) log(n/3) + a(2n/3) log(2n/3) + cn
= a3n/3 log n− a ((n/3) log 3 + (2n/3) log(3/2)) + cn
= an log n− a ((n/3) log 3 + (2n/3) log 3− (2n/3) log 2) + cn
= an log n− an (log 3− 2/3 log 2) + cn
≤ an log n

for d ≥ c/(log 3− 2/3 log 2).

Exercise 2

Show whether log n is polynomially smaller than nε for any ε > 0 or not.

Solution:

We show that ∀ε > 0 it holds log n ∈ o(nε):

log n ∈ o(nε) ∀ε > 0

⇔ lim
n→∞

log n
nε

= lim
n→∞

1
nεnε−1 = lim

n→∞

1
εnε

= 0 ∀ε > 0

q.e.d.
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