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Numerical Programming I (for CSE)

Tutorial 11: The Symmetric Eigenvalue Problem

I 1) Condition of an Eigenvalue Problem

Find all eigenvalues λi(ε) and eigenvectors vi(ε) of the matrix

A(ε) =
(

1 + ε cos(2/ε) −ε sin(2/ε)
−ε sin(2/ε) 1− ε cos(2/ε)

)
.

What is the behaviour of A(ε), λi(ε), and vi(ε) for ε → 0? Is the problem well-conditioned for
small ε?

2) Gerschgorin’s Circle Theorem

a) Proove Gerschgorin’s circle theorem:

Let A ∈ Cn×n be a quadratic matrix with entries aij . Then, every eigenvalue λ of A lies in at
least one of the disks Kj defined by

Kj :=

z ∈ C : |z − ajj | ≤
n∑

k=1,k 6=j

|ajk|

 .

Hint: Consider the j-th component of the eigenvalue equation Ax = λx where xj is a maximal
entry of x.

I b) Consider the matrix

A =


2 0 1 0
0 5 2 0
1 2 7 1
0 0 1 3

 .

Draw the Gerschgorin disks and find an upper bound for the condition κ2(A) (use Euclidian
norm!).

3) Iteration Methods

a) Consider the matrix

A =
(

3 1
1 3

)
.

Find its eigenvalues and eigenvectors by analytic means.



I b) Perform two iterations (k = 0, 1) of the power iteration for A

(i) without shifting,

(ii) with shifting µ = 1.5,

and compute the resulting approximation λ(1) of the eigenvalue. Use x0 = (1, 0)T as the start
vector. To which eigenvalue will the iteration converge? What is the rate of convergence in
each case?

c) For which shifting µ will the power iteration converge to the first eigenvalue/eigenvector of A,
for which µ will it converge to the second one? What will happen if µ = 3 is chosen?

P d) Implement the Rayleigh quotient iteration in Matlab: Write a function

[lambda, w, k] = rayleigh quotient iteration(A, v, rtol)

where A is the matrix of the eigenvalue problem, v a start vector, and rtol a relative tolerance.
The function should return an approximation of the eigenvalue λ and of the eigenvector w as
well as the number of iteration steps k. To find a good approximation of the initial vector v,
implement additionally the power iteration algorithm with shifting as

[lambda, w, k] = power iteration(A, x0, shift, rtol).

As mentioned in the lecture, you can use

||w(k) − λ(k)x(k)||2 ≤ rtol · ||w(k)||2

as stopping criterion. Of course, in contrast to Rayleigh quotient iteration, the relative tol-
erance for power iteration should be chosen not too small as this should return only a start
vector w for the Rayleigh quotient iteration.

P e) Find all eigenvalues and eigenvectors of

A =

3 2 1
2 4 1
1 1 3


with the help of your code from exercise d). Use the command eig to check whether your
results are correct.

4) QR Iteration

Consider the matrix

A =

1 2 0
2 1 0
0 0 2

 .

a) Find the QR decomposition of the matrix A.

b) Use the QR decomposition of A to solve the linear system

Ax = b, b = (1, 0, 4)T .

c) Perform one iteration step of the QR iteration.



P d) Write a short program

eigv = qr iteration(A, rtol)

that computes all eigenvalues of a matrix A via QR iteration. The positive real value rtol is
the relative tolerance of the stopping criterion: The matrix entry a

(k)
n,n is a good approximization

of the eigenvalue λn, if
|a(k)

n,n−1| ≤ rtol · |a(k)
n,n|.

For computing QR decomposition, use the Matlab command qr. Of course, you can also
implement it by yourself. What do you expect for limk→∞Q(k), limk→∞R(k)?

P e) Test your program: Find all eigenvalues of the matrix A and of the Hilbert matrix Hn ∈ Rn×n,
defined by hij = 1/(i + j − 1). Choose n ∈ {5, 10, 15, 20}.
How could you speed up the eigenvalue computation via QR iteration of matrices such as Hn?

~ 5) Rayleigh Quotient

a) Let x ∈ Rn be an eigenvector of a matrix A ∈ Rn×n. Show that the corresponding eigenvalue λ
can be computed via the Rayleigh quotient:

λ =
xT Ax

xT x
.

b) Let λmin and λmax be the minimal and maximal eigenvalue of a symmetric matrix A ∈ Rn×n,
respectively. Show that

λmin = min
x 6=0

xT Ax

xT x
and λmax = max

x 6=0

xT Ax

xT x
.

The final exam will take place on February, 19th from 10:15 to 11:45 in the lecture room
MW0350 (mechanical engineering building). Please be already there at 10:00 to take your seat. If
you are not a CSE student and haven’t registered for the exam up to now, please send an email to
schraufs@in.tum.de to register by the end of January.

Assisting material is allowed, but limited to one DIN A4 sheet of paper with your own notes
and reminders. It has to be handwritten by yourself, copies or printed versions are not accepted.
Except for this sheet, no other utilities (as lecture notes, calculators, notebooks, . . . ) are permitted.

Please bring your student ID and a photo identification (passport, etc.) with you.


