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Numerical Programming I (for CSE)

Tutorial 12: Iterative Methods: Roots and Optima

I 1) Relaxation Methods

a) Formulate the iteration rule for the Gauss-Seidel method and show that it can be written as

Mx(i+1) = b− (A−M)x(i), (1)

where
M = DA + LA,

when A is decomposed additively in its diagonal part DA, its lower triangular part LA, and
its upper triangular part UA.

b) Find the iteration matrix C of the generalized iteration method (1), such that

x− x(i+1) = C · (x− x(i)).

c) Let C ∈ Rn×n be a diagonalizable matrix. Show:

ρ(C) < 1 ⇔ lim
i→∞

Ci = 0.

d) Consider the SOR method, i.e. the Gauss-Seidel method with relaxation,

x(i+1) = x(i) + αy(i),

where y(i) is the update of the Gauss-Seidel iteration. Prove that α ∈ (0, 2) is a necessary (but
not sufficient!) condition for convergence.

Hint: At first, show that det(C) = (1− α)n.

e) For which matrices do the Jacobi method and the Gauss-Seidel method converge?

(i)

3 1 0
1 3 1
0 1 3

 (ii)

1.5 2 0
0 1 1
0 0 0.5

 (iii)

1 2 −2
1 1 1
2 2 1





2) Non-Linear Equations

P a) Develop a Matlab program

x = newton(f, x0, tol, kmax)

that finds a root x of an arbitrary function f : Rn → Rn when a sufficient approximation x0

is given as input.

– Use the function handle symbol @ to pass a function f .

– For solving a system of linear equations, you can re-use your program of tutorial 10.

– Compute the derivatives of the Jacobian via numerical differentiation.
Remember: In tutorial 6, we discussed the optimal step width.

– Stop the iteration, if one of the following criteria is fulfilled:

(i) ||x(k) − x(k−1)||2 < tol,

(ii)
||x(k) − x(k−1)||2

||x(k)||2
< tol, if ||x(k)||2 > eps,

(iii) number of iterations ≥ kmax.

Test your program with the following functions and interpret the results:

(1) f1(x, y) =
(

y2 + 2y − x + 2
x2 + y

)
, (x0, y0) = (0, 0),

(2) f2(x) = x3 − 2x + 2, x0 ∈ {−3, 2, 5},

(3) f3(x) = x3 − 2x + 2, x0 ∈ {−2,−1, 1, 2},

(4) f4(x) = arctan(x), x0 ∈ {1, 2}.

How can 3
√

2 be computed with the help of Newton’s method?

b) For the 1-dimensional case, show that Newton’s method

x(i+1) := Φ(x(i)) := x(i) − f(x(i))
f ′(x(i))

converges locally quadratically.

Hint: Consider the Taylor approximation of Φ(x(i)) in the root x∗ of f .

I c) Use the false position method (regula falsi) to find the root of f4(x) = arctan(x). Start with the
interval [−1, 2] and compute the first three iteration steps. What is the order of convergence?



3) Minimization: Method of Steepest Descent

Consider the quadratic function

f(x) =
1
2
xT Ax− bT x + c, (2)

where A ∈ Rn×n is a symmetric positive definite matrix.

I a) Find the optimal αk for an iteration step

x(k+1) = x(k) + αkd
(k)

of the method of steepest descent. Thereby, d(k) := −∇f(x(k)) denotes the search direction.

b) Prove the inequality

||x∗ − x(k+1)||A ≤
(

λmax(A)− λmin(A)
λmax(A) + λmin(A)

)
||x∗ − x(k)||A,

where ||x||A :=
√

xT Ax. x∗ denotes the minimum of (2). It may be helpful to use (without
proof) the inequality of Kantorovic for symmetric positive definite matrices:

xT Ax · xT A−1x

(xT x)2
≤ (λmax(A) + λmin(A))2

4λmax(A)λmin(A)
.

c) For symmetric positive matrices, we have

κ2(A) = ||A||2 · ||A−1||2 =
λmax

λmin
.

With the results of b), show that the error can be estimated by

||x∗ − x(k)||A ≤
(

κ2(A)− 1
κ2(A) + 1

)k

||x∗ − x(0)||A.

What about the speed of convergence for matrices A with large condition numbers κ2(A)?

I d) Consider the quadratic form

f(x1, x2) = 10x2
1 + 2x1x2 + x2

2 − 5x1 + x2 + 1.

(i) Find the minimum of f analytically.

(ii) Rewrite f in matrix-vector notation as in (2). What is the first search direction of the
method of steepest descent when starting in (0, 1)T ?

P (iii) Implement the method of steepest descent in Matlab and visualize the function f and
the ‘path’ (x(k))k=1,2,.... Choose x0 = (2, 100)T as start vector. What will happen, if the
leading coefficient of x2

1 is changed to 100? Explain the result!


