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Numerical Programming I (for CSE)

Tutorial 6: Floating Point Numbers & Condition

I 1) Floating Point Numbers

Consider the normalized 4-digit floating point numbers to the basis B = 2, in general

FB,t := {M ·BE : M = 0 ∨ Bt−1 ≤ |M | < Bt, M,E ∈ Z},

and the machine numbers
M := {f ∈ F2,4 : −6 ≤ E ≤ −2}.

(i) Find the smallest and the biggest positive machine number and sketch M qualitatively.

(ii) Find the smallest and the biggest absolute distance of two elements of M and the resolution ρ.

(iii) Try to represent the following numbers as machine numbers: 1.375, 3.44, 0.0125, 4.1.
Use rounding, if necessary.

2) Difference Quotient and Rounding Error

In many applications of CSE, the derivative of a function has to be computed. Often, it is not possible
to compute the derivative analytically, but a numerical approximation is needed. The derivative of
a function f at a point x0 can be approximated, for exmaple, by the difference quotient

∆x0(h) :=
f(x0 + h)− f(x0)

h

for a small h ∈ R. Evaluating the difference quotient, the question arises how to choose h. If h is
too large, the approximation is too bad, if h is too small, cancellation may be a problem. Let’s solve
this problem in three steps:

(i) Estimate the approximation error |f ′(x0)−∆x0(h)|.
Hint: Use Taylor expansion of f(x0 + h).

(ii) Estimate the rounding error |∆̃x0(h) − ∆x0(h)|, i.e. the difference of the computed value
∆̃x0(h) := rd(∆x0(h)) and of the exact value ∆x0(h).

(iii) How has h to be chosen such that the relative error∣∣∣∣∣f ′(x0)− ∆̃x0(h)
f ′(x0)

∣∣∣∣∣
gets minimal? Use the results of (i) and (ii).

P (iv) Write a MATLAB function

function df = derivative(f, x, h)

that computes the derivative df of a function f at a point x numerically with a discretization
parameter h.



Test it with input parameters

f = exp(x), x = 1, h ∈ {10−1, 10−2, . . . , 10−18,
√
ε, ε},

where ε is the machine accuracy eps. Plot the computed values and the relative error (use
logarithmic plots!). Compare your results with those of (iii).

P (v) Write a second MATLAB function

function df = derivative2(f, x, h)

that computes the first derivative of a function f by the approximation

∆x0(h) :=
f(x0 + h)− f(x0 − h)

2h
.

Plot the relative error again. Why leads this approximation to better results?

3) Condition & Stability

Let κrel(f, x) be the relative condition number of a function f : R→ R at a point x, defined by

κrel(f, x) =
∣∣∣∣ x

f(x)
f ′(x)

∣∣∣∣ .
I a) Compute the relative condition number for the following functions and interpret the result!

(i) f1(x) = a · x (ii) f2(x) = a− x (iii) f3(x) = ex − 1

b) Is the computer-based evaluation of f3 stable?

Hint: Consider the relative error
∣∣∣∣rd(f3(x))− f3(x)

f3(x)

∣∣∣∣.
4) Machine Accuracy & Cancellation

P a) Think about a program that returns the machine accuracy as result, without using the com-
mand ’eps’. Implement it in MATLAB and compare the result with the value of eps.

I b) As you know, it holds
lim

n→∞

(
1 +

x

n

)n
= ex.

Can this result be used for a computer-based evaluation of the exponential function?

~ 5) Application: Iterative calculation of π

In science and engineering, most of the mathematical problems cannot be
solved directly by evaluating an explicit formula. Often, those problems
are solved iteratively by computing approximations.
A famous example is Archimedes’ method for estimating the value of π.
Archimedes (approximately 285–212 B.C.) knew the relation

perimeter = 2 · radius · π

and approximated the perimeter s of a circle with radius 1 by the perimeter
pn of an inscribed 2n-sided regular polygon.

While Archimedes had to compute everything by hand, today, we can solve this problem with
computers in a fraction of a second.



a) Compute the side length s2 and the perimeter p2 of the inscribed square (see figure).

b) By duplicating the vertices, we successively get regular polygons with 8, 16, 32, . . . vertices.
Find a recursive formula for the side length sn of a polygon with 2n vertices.

Hint: Use the Pythagorean theorem! The result should be

sn =

√
2−

√
4− s2n−1

P c) Write a program that computes π iteratively based on the formula of b). Plot the approxima-
tion error for n = 1, . . . , 30 iterations. If the error increases for large n, have a look at your
code: What may be the problem? How can you change this? A good program should lead to
small approximation errors, even for large n!

Exercises that are marked with the symbol P are programming assignments. Use MATLAB to solve
them.
The exercise marked with ~ is a self-study exercise. In the tutorial, it will be discussed only very
quickly.


