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1 Introduction

1.1 Computer Science Aspects of Parallel Numerics

Elementary operations in CPU are carried out in pipelines:
Divide a task into a sequence of smaller tasks.
Each small task is executed on a piece of hardware, that operates concur-

rently with the other stages of the pipeline.
Example: Multiplication

Align operands Multiply
accordingly mantissa
Operand 1 — R "
opeanaz () () () () () (ke
Compare add Normalize
exponents exponents result

Advantage: If pipeline is filled, per clock one result. All multiplication
should be organized such that the pipeline is always filled!

Special Case: Vector instruction: for set of data the same operation has to
I
be executed: «
x'ﬂ
Cost:
Startup time + vector length*clock period

Chaining: Combine pipelines directly:

o Multiplication
" Add

_—

A
X y

ax+y

advantage:total cost: total cost = startup time + vector length



Problem: Data Dependency
Fibonacci: g =0, x1 =1, xo =21+ xg,..., T; = Ti_1 + Ti_o

X1-X0 —
O "X, Have to wait until X2

X2-X1 =

Have to wait until x,

1.1.1 Memory Organization

Capacity

Level 2 Cache
/ Main Memeory \

/ Hard Disc

Main memory organized in Memory Banks

Bus

Bank1 Bank...




Cache idea: Buffer between large slow memory and small fast memory.
By considering the flow of the last used data, we try to predict which
data will be required in the next step:

e keep the last used data in cache for fast access
e keep also the neighbourhood of this data in cache

Cache hit: CPU looks for data and data is in cache
saves a lot of timel!

Cache miss: Data is not in cache: look in main memory and additionally
put data plus the neighbourhood in the cache
costs more time!

1.1.2 Parallel Processors

MIMD-Architecture: Multiple Instruction-Multiple Data
(global)shared memory:

(Global) o (Local)
Shared @I or Distributed S W
Memory \ / Memory Mn|

<
S

or virtual shared memory: distributed data but organized as shared memory

1.1.3 Topology of processors/memory: Interconnection

Bus:

bus

P1

I I
[ Cache| |Local Memory

Global Memory




Mesh:

PIM | —— | PIM
| |
PIM | — | PIM

Hypercube:

PIM | e

PIM

PIM

p Processors

Time to exchange data = distance of processors
Shared memory communication for different processors by:

semaphores: variable used to control access to shared data

synchronization: e.g barrier

halt

b1

— continue iff all completed

Pn

local memory: Message passing:
send, receive, wait, continue




Data transfer much more costly than flop!

MPI: Message Passing Interface: Communication library

for C, C++, FORTRAN

Compiling: mpicc <options> prog.c
Start: mpirun - arch <architecture> - up <up> prog

MPI_Send
MPI_Bcast
Commands: MPI_Recv
MPI_Gather
MPI_Barrier

1.1.4 Performance Analysis

computation speed:

r= % Mflops N flops in ¢t microseconds

or by known speed:

t= %ﬂops

Amdahl’s law: Algorithm takes N flops

fraction f carried out with speed of V' Mflops (good parallel)

fraction 1 — f carried out with speed of S Mflops (bad parallel)
fraction f is well-suited for parallel execution ; 1 — f is not.

Total CPU-time:

:f“/N_F(l_?'N:N(é—i—%) microseconds

t

Overall Speed (Performance):

N 1
r=— =

;=7 i Miops  Amdahls law
Vv S



Interpretation: f must be close to 1 in order to benefit significantly from
parallelism

Speedup by using p parallel processors for a job:

t; := wall clock time to execute the job on j parallel processor
Speedup: S, = t1/t,

Efficiency: FE, = % 0<E, <1

E, ~ 1 : very good parallelizable t,, = t; /p problem scales

parallel

T 1
ty = fpl +(1—f)t1Ztljur(]'f_f)pZ(l—f)tl

Sp = = Ware’s law

i rp—

Assume that the problem can be solved in 1 unit of time on a parallel ma-
chine with p processors.
Again fraction f is a good parallelizable, 1 — f is not:

Compared with the parallel implementation, a uniprocessor would perform
(1—f)+ f - p for the same job
Speedup:

b 1—f+/p _

Spf = =1 p+(1—p)(l—f) Gustafson’s law
p

1.1.5 Further Keywords:

- An algorithm is scaling iff with p processors we can reduce the operation
time by a factor of p
(This means: speedup = p, efficiency ~ 1)

- load balancing: The job has to be distributed such that all processors are
busy: Avoid idle processors

- deadlock: two or more processors are waiting indefinitely for an event that
can be caused by one of the waiting processors



/\‘_2
~

Each waiting fot the results of the other one

(e

- data dependency: compute

¢ = A+B
Z = C-X+Y

(2) can be computed only after (1)
example loop:

for(i=1; i<n; i++) ali] = bi] + ali — 1] + c[i]

1.2 Numerical Problems

vectors z, y € R"

n
dot product (inner product) a7y = (z1,...,7,) : = Ty
Un
Ty + oy
sum of vectors: x + ay = :
Ty + QYn
o Ty .. T1Yn
outer product: zy! = : (Y1, Un) = :

nb xy’ rank-1-matrix
matrix product: A € R** B € R C=A - B € R™»™

ay; ... QAig b11 .. blm C11 ... Cim
Ap1 .. Gpg bkl bkm Cnl Cnm
. o k i=1,...,n
with Cij = Zr:l ainTj? j=1,....,m

Solving linear equations,

10



aiy ... A1p T b1

. 0 ax Q2n T2 by
e.g. triangular: _ . . =
0 0 apn Tn b,
or
a11ry + ... + A1nTy, = bl
a99T9 + ...+ a9, = b2
Apndp = bn

. . b
solution : =z, = =y no1p1Zpo1 F Qpo1n Ty = bn_1
. bnfl_anfl,nmn
= Tn—1 = an—1,n—1
bi—> R aikTk
general form x; = =
7]

e Gaussian Elimination, LU-Decomposition (Cholesky-Decomposition)

Least Squares problem (normal equation) min, ||Az — Bl|s

QR -Decomposition

Differential Equations (PDE, elliptic) 22715 + 3273 = f(x,y)

eigenvalues, singular values, FFT

1.3 Data Dependency Graphs
1.3.1 Directed Graph G=(E,V) with edges E and vertices V

E1 «E2

N

"E3

Example: Computation of (21 + z2) (22 + 23) = 2105 + 23 + 1123 + To73
In parallel: xy + x5 and x5 + x3 can be computed independently

11



\ / \ o | o

X1+X2 X2+X3 - @ Time Sequentially

\ /
(X1 +x2)(.X2+X3) @ 3 time steps

AVAVAS

X1+X2 X2+X3

2 time steps

(X1+x2)(-X2+X3) "'@

12






1.3.2 Dependency Graphs of Iterative Algorithms

Given: Function f, start xg, zx11 = f(xg)
" = f(T) fix point of f

—

compare Newton’s method xp1 = x5, — 9(zk) 9() =0

g'(zx)
xl(k:—i—l) . fl(l’l(]{?)l),...,l’n(k?)
In vector form: : = Tpy1 = fTpp1 = :
l‘n(k+ 1) fn(xl(k)N)avxn(k)
Example:

ri(k+1) = fi(zi(k), x3(k))
za(k+1) = fao(za(k), x2(k))
ﬂfg(k‘—Fl) = fg(l'g(k’), $3(k’), ZE4(/€))
zy(k+1) = fa(wo(k), w4(k))

C()-

14



Dependency Graph for Iteration
Single-step or Jacobi-method

1 2 3 4
[ l\l [ —k
| :\y | .
Idea for accelerating the Convergence:
Use always the newest available information:
vk +1) = filzi(k), x3(k))
walk+1) = falm(k+1), as(k1))
z4(k +1) fa(@a(k 4+ 1), z4(k))



Full-step or Gauss-Seidel-method
Drawback: loss of Parallelism:

v
u

—
AN

.. k+1
A/

In this form the iteration depends on the ordering of the variables x,..., x,
e.g.

ri(k+1) = filzi(k), z3(k))

133(]{? + 1) = fg(xz(k), xg(k), LE4(/{?)>

zy(k+1) = fa(wa(k), wa(k))

za(k+1) = folz(k+1), x2(k))

16



1

N
w

4 -k

\/ \ K — k+1 —> k+2
X1(k+1) % v \ — k+1
. |
1 1
1 1
v 1
[ ] 1
:
1
1

"X3(k+1) ¥ (k1) takes 3 time levels
,I
/
v X2(k+1) ’ L
X1(k+2) =, "~ )
\\ 1 \\\ ~ /
N 1 \ Sk /
\\ 1 \\ \II\ -
g W Y - k#2

X2(k+2) >.<3(k+2) Xa(K+2)

Better parallelism, but slower convergence
Colouring algorithms for dependency graphs

- use k colours for the edges
- edges with the same colour should be computed in parallel

- optimal colouring for minimal k, but without cycles for edges with the
same colour.

17



Example:

Example: Black

&
(DD = =
/

c@/
N
Q)
ﬂ Black
&
SN
AN v

U red

()

red

Not allowed:

Theorem 1 Theorem: Two statements are equivalent:

a. There exists an ordering,, such that the one Gauss-Seidel-Iteration-step

takes k (time) levels

b. There exists a colouring with k colours, such that there is no cycle of

edges of the same colour.

Proof: Colouring with no cycles — ordering of the edges — Gauss-Seidel

Colouring « Partitioning of the edges in groups, such that each group

can be computed in one step depending only on other groups.

Graph from discretization of physical problems in R; neighbour -connections

k=2

18



[ |
" b r b

= » ] ]
b b

L rl | lr
r' b. : .b

1.3.3 Dependency graph for solving a triangular linear system

a1121 = b
(2171 + A22T2 = by
(3171 + a32T2 + a33T3 = b3
4171 + Ag2T2 + 4373 + Agaty = by
or

a1 0 0 0 T bl

asn ax 0 0 Ty | | b2

az; asz asz 0 zz || bs

a41 Q42 Q43 Q44 Ty by

without loss of generality: a; = 1

solution:

r = bl/an

To = (bz - 6121901)/(122

xr3 = (bs — G311 — Cl32$2)/@33

Tg = (b4 — Q4171 — Aq2T2 — a43x3)/a44
General: zp = (b — 25;11 agjz;)/age fork=1,....n

19



1 11 x1=b1

— az1x1
Gj\—‘ 22 | x2=bz-a21x1
asix2 |
‘6— as2x2 33 | x3=bs-a31x1-a32x2

341X1 44 | x4=bs-as1x1-a42x2-a43x3

Dependency Graph: Different variations:

1. columnwise

2177 by — by — a1y
A b b _ 322 bz — b3 — azpxy _
X1 = 01| G311 3 — 03 — a31X1 | L2 = b2 b b T3 =
b b 4272 4 — 04 — Q42T2
4171 4 — 04 — Q4101

b3 |G439€3 by — by — CL439C3\ Ty = by

20



11

2] & @
@ 7 levels

33

2. rowwise

1 = b
b1 74
To = by —byux;

b31$1 532$2
x3 = bz — b31x1 — b3axo
by171, baaxa, bagxs

T4 = by —byry — broxo — b43$3

21
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2 Elementary Linear Algebra Problems(dense,
parallel-vectorised)

2.1 BLAS — Basic Linear Algebra Subroutines Pro-
gram package

Sum:

n
s = g a; by fan-in process
i=1

(k) (k—1) k—1

ay ay Ngk )
207 41

k—1

a‘;,]f\sz agfv}k) aéN—k)

Grouping: ay + ...+ as = [(a1 + a5) + (a3 + a7)] + [(a2 + ag) + (ag + as)]??
for (k=1, k< N; k++)
for (j =1; j <2878 j4++)
Qj = aj + Qj oN-k;
end
end

23



full binary tree with n = 2V leaves
= depth = time logn =N (sequential: O(n))

Level-1 BLAS: Basic Linear Algebra Subroutines with O(n) problems

(Vectors only)
e.g. DOT-product

n
_ T _E
S=aT Y= l’jyj
=1

by fan-in
Parallelization of dot-product:3 "7, x;y;

X8ys =
X7Y7 ue
N
Xay4
X6Y6us Y
~ S~
~~.. X2y2
- =S
X4Y3 u > ova _—
%mw
-, w
X3y3 = X1y
X2y2 u-”

X1y1 =

Distribute data on linear 1 dimensional processor array
with r = n/k processors

P1 P2 P3 Pir Pr-1 Pr

Each processor computes a;, b;, + ...+ a;, b,

time for this parallel computation: k-(add + mult) i.e. time for one Addi-
tion/Multiplication

After computing this part, processor P;/P, sends his result to the right/left
neighbour, which adds the new data to his own result, and sends the new

24



data to his right/left neighbour until P, /; holds the final number.
Total time:

f(r) = K(add + mUlti)+g-send+g-add:;-(add+mult)+r-ags

Minimize total time f(r):

/ a—+m a—+ S a—+ S
f(r) 72 ne 2 " 2(a+m) vn (V)

optimal: with \/n processors, the time is O(y/n)

Replace linear Array by binary tree:
Then with n processors the total time is O(log n).

>
<>

Further level-1 BLAS problems

S —single

A—- «

X - 7 V=aT +7Y
P - +

Y- 7

by pipelining vectorization:

o

+ — OLXk+Yk

\ OLX]
— X

Xi
Yi

25



Parallelization by partitioning: (1,n) = {1,2,3,...,n} =L ULU...Ulg

5|
|
|

Each processor gets T, and ¥, and computes aT, + 7,
very good vectorizable and parallelizable:
SCOPY:

NORM:

compare DOT

Level-2 BLAS: Matrix-Vector

S single precision

E

E 3 general matrix : ¥ = AT + 5 Y
M

V vector

or solving triangular system Lx = b, L is lower triangular matrix
Level-3 BLAS: Matrix-Matrix

S single precision

G
E } general matrix : ¥ = aAB + C
M
M

Based on BLAS: LAPACK- subroutines for solving linear equations, least
squares, QR-decomposition, eigenvalues, singular values.

2.2 Analysis of Matrix-Vector product
A= (Giz1.nj=1.m) R™™ beR™ ceR”

26



2.2.1 Vectorization

C1 ailr ... QAim b1 CL11b1 + ...+ almbm
Cn anl - Gpm b Gn1b1 + ...+ Qb
m
> ab; m a1

= : = Z bj
j=1

2" b,
collectio;lr of DOT  collection of SA)ZPY’S — GAXPY

CLnj

(.

(ij)— form: ¢ = 0;

fori=1,..,n
forj=1,..,m
¢ = ¢ + a;;b; DOT, where ¢; = (a;.) - bi-th row of A - b
end
end

(yi)—form:

forj=1,..,m

fori=1,.n SAXPY GAXPY
¢ = ¢+ a;b; c=c+bj(a,) Number of SAXPY'’s
end Add j-th column of A with the same vector ¢
end

Advantage of GAXPY: keep c in fast register memory
SAXPY/GAXPY good vectorizable

2.2.2 Parallelization by building blocks

Reduce Matrix-vector on smaller Matrix-vector on precessors
(I,n) ={1,2,3,..n} = [ UL UI;3..Ig disjunct: ;NI = 0
<1,m>:J1UJ2UJ3...JS JjﬂJk = @ fO?“ ]#k

processor P, gets matrix A, :== A(I., Js), bs =b(Js), ¢ =c(1,)

27



I, Ars : E }JS = g }]r

Cr = Zf:l Ars . bs = Zf C1(”8) forr = 17"'7R‘

forr=1,...R )
fors=1,....S ) .
A8 Ay small, 1ndependent matrix-vector products
" rso TS no communication
end
end )
forr=1,...R )
¢ =10
fors=1,....S blockwise collection and addition of vectors
¢ = cp + ¥ rowwise communication
end
end J
Special case S=1:
A A b Py
c=| A2 |-b=| A2.-b | no communincation between processors [ 2

compute A;. - b in vectorizable form by GAXPY’s
by
special case R=1: ¢ = (A41]A2|...). by | = Ayby + Agby + ...

A - b; independent, then collection of result P; ... P

Rule: inner loop of a program should be simple, vectorizable
outer loop should be complex, independent, parallelizable

28



2.2.3 c¢=A - b for banded matrix

0

bandwidth
e.g f =1: tridiagonal matrix
0O — 0
|
A= 0 .. . .0 notation —
|
0o — 0
apo an a0 0
dg—1 G -
' 0
A= Gn-p,6
41,5
0
O - O an,—ﬁ &nO
0 ... 0 ao ... ... aig
S -
0/
pr1,-p
H N
Gn—p,5
/0
.S S
Qn,—3 ano 0 0



Qjs = Qi iqs forrow i =1,...,n
S € [l;,r;] = [max{—8,1— i}, min{B, n—1i}]
Therefore we get the inequality

1—i<S<n—i, —<S<p, 1-S<i<n-S

e.g.
row i=1: S e [0,0]

row i;ﬁ+1: S e [-4,0]
i—n—3: Sel-B.0)

z:n S e [—-5,0]

computation of matrix-vector-product C' = A - b on vector processor
T T
C; = Aij b = Zaijbj = Z ai,iJrS-bi +8 = Zai,S “bivs
j S=1, et S=l;

fori=1,...n

Algorithm:
fors=-p3:1:0
for i = max{l-s, 1} : 1: min {n-s,n}
Ci = C; + Qijbiys general triade (no SAXPY)
end
end

parallel computation:
R

(Ln)=JL

r=1

fori € I,
ri o~
c; = Zs;li Qs + bits
end

Processor P, gets rows to index set I, := [m,., M,] to compute its part of C.
What part of vector b is necessary to process P, 7

30



bj for
j=its>my ol =m+maz{B1—m} =maz{m, -1} 1

j=1i+s< M, +ry =M, +min{3,m— M,} =mazx{f — M,,m}

Hence processor P, (~ I,.) needs
b; for j € [max{l,m, — B}, min{m, M, + 5}|.

2.3 Analysis of the Matrix-Matrix-product

A= (aij) i=1.. B = (bz‘j)i_——ilum C=A-B= (Cij)iiL.n
j=1l..m -q Jj=1l..q
fori=1.n, forj=1..q:
m * * * blj * * *
Cij = E aikbkj = aj1 ... Aim . = Cij
k=1 * * x by * * *

Algorithm 1 (ijk) - form:

fori =1
for k = 1:m
for k = 1:m DOT-product
Cij = Cij + Qikbg; ci— A . B.
end K v
end

end
All entries ¢;; are fully computed, one after another. Access to A rowwise,

to B columnwise

Algorithm 2 (jki) - form

for j = 1:q
j=1q
fori=1in SAXPY GAXPY
Cij = Cij + aikbkj Cj = Cj +ayg- bkj e = Z bioa
end vector ¢; J ko CkiTk
end

end
¢ computed columnwise; access to A columnwise

Algorithm 3 (kji) - form
31



for k = 1:m

for j = 1:q
fori=1m
NO GAXPY
Cij = cij + aiby; 0 SAXPY because different c.;
end
end
end

There are computed intermediate values cg-c). Access to A columnwise.

ijk ikj kij jik jki kji
Access to A row — — row column  column
Access to B | column row row column — —
Computation of ¢ oW row row column column  column
cij | direct  delayed delayed direct delayed delayed
vector operation | DOT  GAXPY SAXPY DOT GAXPY SAXPY
with vector length m q q m m m
usually GAXPY better;
longer vector length better;
choose the right access to A,B, depending on the storage.
Matrix-Matrix-product in parallel
R
Ly = I
r=1
s
(I,m) = U K,
s=1
T
<17 q> = U Jt
t=1
Distribute blocks relative to index sets I,., K, J; to processor P,:
Ks Jt Jt
: Bts ks -
I, A, ¥ A

1. process P, : cgi) = A, By

32



small matrix-matrix-product
all processors independently

2. sum:

s
Crp = E ¢ fan-inin S
s=1

Special case S = 1:

Ji Ji

Ir Crt Ir

Each process can compute one block of ¢ independently without communi-

cation.

Each process needs full block of rows of A(~ I,) and block of columns of

B(~ J;), to compute the block ¢,.

with m - ¢ processor: each processor has to compute one DOT-product
Crt = Zk arklkt in O(m)

If we use more processors to compute all these DOT-products by fan-in, we

can reduce the parallel complexity to O(logm).

3 Linear Equations with dense matrices

3.1 Gaussian Elimination: Basic facts

Linear equations

a;lry+ ...+ Aipnly, = b1
a1+ ...+ Xy, = by
aijr ... Qip T b1
— | : =] A=AD
Al .- Gnp To by,
NS ~~ g
Ax = b,

Solving of triangular equations is easy, so we try, to transform the given sys-
tem in triangular form:

33



(1) aiy G2 ... G

(2) CL'21 a2 ... Q2p (2) = (2) —.(1)
() \ am - (n) = (n) = 2.(1)
2) (2 2
A
a/22 ... a/2n
— =A@ =] G (3) = (3) — 22.(2)
; ) = -
aﬁ) ag) . agi) ari
0 ay ... ay) 0
0 0 a¥.. & 0

upper triangular form
Here we do no pivoting (we assume a,(;? # 0 for all k)
we ignore the right hand side b.
Algorithm:
for k = 1:n-1
fori = k+1m

lip = 3%
end
fori =k+1:mn
for j = k+1m
aij = Qjj — lig-ag;
end
end
end
A
0 .
Intermediate System A® = 0 Af:,? A,S:L)

0 0 A 4%

Define matrix with entries [;;, from above algorithm.
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l1a :
L=| + - - - and
SN
I lh 1
0
0
Ly=10 g1k
b 0 ... 0
i

k-th column

Each Elimination step in Gaussian Elimination can be written in the form

A+ (1—Ly) - A = A 1, A (3)
with A™ = A and A™ = U = upper triangular 3
U=AW =1 —~1,_)A~...=(n—-1) =0 —l—1) -1 -1 AV =L-A
L

1 —1; lower triangular = L lower triangular = L~ lower triangular
= A = LU with L' lower and U upper triangular.

Theorem 2 L' = L

Proof:
i J
i !
0 0
1<j=0=1-1;=
* *
* 0 * 0

Therefore (1 +1;)(1—1;) =1+1;—1l; =1} =Tand (1 -1;)"' =1+1;
S L1 =ly) . (A=) " =1 =1) " (L= lyy) !
:<1—l1)(1—l2)(1—ln_1) :1+l1—|—l2++ln_1 :L
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because e.g. (1 —10).(1=l) =1+l +1l+ hLhla =1+ +1
=7

=0
Total: =L U with L and U out???
insert dlag

of Gaussian Elimination algorithm, triangular.

3.2 Vectorization of the Gaussian Elimination

(kij)-form (standard)

for k = 1:n-1

for i = k+1:

Orll _ j—k t Vector operation
bk gy .7

end @

fori=k+1:n
fori = k+1:mn .

aij = aij — lipag; foAvafYag(li a No GAXPY

end v k-

end

end
U computed rowwise, columnwise

\
U

alreﬁdy COdeUted newly computed

unchange i i
oS mputed / right looking GE

L
(n)
| A1 updated in every step
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In the following, we want to interchange the kij-loops:

Necessary condition: 1<k<i<n
1<k<j<n
(1kj)-form:
fori = 2:n
for k = 1:i-1 )
Ly = 2
J=k+ln GAXPY in ay
Qij = aij — ligg;
end
end

end

compute [;; by SAXPY
combine the 1st row and the i-th row
then compute [y, ... and so on.

already computed

notused T~ U -

— already computed used

i —[Ti1 : —

——newly computed

unchanged

L and U are computed rowwise.

(1jk)-form:
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fori=2mn

for j = 2:i
lij1 = 7
aj—1,5—1
for k = 1:j-1
CLZ'j = CLZ'j — likakj DOT
end
end
for j = i+1:n
for k = 1:i-1
CLZ'j = CLij - lz’kakj DOT
end
end
end

Compute [;; and update a;2; then compute l;; and update a;» and a;3 and
SO on.

(jki)-form
for j = 2:n
for k = jin
lpj1 = ﬁ oa-T
end
for k = 1:j-1
Q5 = Q5 — likakj GAXPY in Qi
end
end

computed N j

NI

// A left looking GE
already L )

computed
used unchanged
not used
\

newly computed
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kij kii ikj ik iki jik
Access to 777 TOW column TOW column column column
Access to L — column — row column row
Computation of U row oW row row column  column
Computation of L | column  column row row column  column
Vector Operation | SAXPY SAXPY GAXPY DOT GAXPY DOT
Vector Length %n %n %n %n %n %n

Vector length = average of occurring vector lengths

3.3 Gaussian Elimination in Parallel: Blockwise GE

lhy 0 0 Ui Uz U3 A A A
lop Iy 0 : 0 upp g3 = Ay Agy Asg
l31 l32 33 0 0 us3 Az Asp Asg
l1yuiy l11u2 li1uss
= | lauir loguig + lppugy  Ipugz + lagting
l31u11  l31u12 + 3292 *

Different ways of computing L. and U, depending on ordering:
Idea: one part of L./U already computed

second part is to be computed

third part not considered

3.3.1 right looking blockwise GE:

Ly 0 O u;; Uiz Uig
log e 0 ] - 0 uge ugs
131 lgg k 0 0 *

In Bold: already computed
In dtalics: has to be computed in this step

( lagugs l22u23 ) _! ( A22 — lo1us9 A23 - l21u13 ) _ ( 1‘:122 A23 )
l3oug9 * Azy

* Aszg — 3112
(1) ( la2 ) Uy = ( :322 ) by small LU-decomposition gives lss, l30, andUsy

l32 32

(2) looUss = Aoz = llys by solving triangular system in los

lll Ull U12 U13
in total: l21 122 . UQQ U23 =A
531 l32 533 U33

Put the computed parts in the first row/column blocks of L and U
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Spht 133 and U33 in new parts ZQQ, l32, UQQ, U23 and repeat.

3.3.2 left looking blockwise GE:

L O 0 U1 Uzz Uiz
log lee O . Ugg Uz | =A
Is1 l32 33 U23

In Bold: already computed
In italics: has to be computed in this step

equations:  [;;U;o = Ajo can be solved by triangular gives Ui

Compute ( 422 ) = < 2122 ) — ( 521 ) Ui2 by matrix multiplication
32 31
l22 Agy
d Usy = 75
an ( 32 ) . ( Az )

3.3.3 Grout form

Lia U1 Uz U3
lor oo : Ug2  U23 =A
l31 132 33 U23

In Bold: already computed
In italics: has to be computed in this step

Equations:
l51U1 = As1 = 17 by solving UﬂlQT1 = A2Tl traiangular solve

I1WUp = Ajy = Uy by solving  UlE, = AT, traiangular solve
l22U22 = A22 — 121U12 = AQQ by LU—dGCOIIlpOSitiOH of AQQ

In comparison, all variants have nearly the same efficiency in parallel. 3.3.1
and 3.3.3 are slightly better, because more flops in Matrix-Matrix-Multiplication,
less triangular solve and less small LU-decomposition.
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3.4 QR-Decomposition with Householder matrices
3.4.1 QR-decomposition

Similar to LU-decomposition by Gaussian-Elimination. We are interested in
A = QR with @ orthogonal and R upper triangular

b= Ar = QRx & Rx = QTb for solving linear system. QR has
advantages for ill-conditioned A.

Application for overdetermined systems H - ; H

Ax = b has no solution. best approximate solution by solving
Min, ||Az — b]|3 = min, (27 AT Az — 22T ATb + bTDh)

gradient equal zero leads to ATAx = ATb normal equation.
AT A has a larger condition number than A.

Advantages of QR-decomposition:

A=QR, R= ( }31 )
AT Az = ATb
& (QR)TQRz = (QR)"b
& R"Rx = RT QB
=~
b
& (RT 0) (Jf)l) x=(RT 0)b

& RIRjz = (RT 0) (lgl)

2

& RTRyz = RTD,
< Rix =b; instead of ATA = ATh

3.4.2 Householder method

u vector € R™ with length 1, |lulls =1

H :=1—2uu” is called Householder matrix

H is orthogonal (HTH = 1) :

HT'H = H?> = (1 — 2uu”)(1 — 2uu®) = 1 — 2uu® — 2uu® +4u@uT =1

1
First step: use H to transform the first column of A in upper triangular form:
o

! 0

Hi A = (1= 2uul)(aq]...) = (a1 — 2(uf ay)ug| * .x) #* | Hence

0
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we have to find u; of length 1 with
a; — 2(uTa;)u; | aey

a
H; is orthogonal, therefore ||ai||s = O = |a]
0
We can set a = ||aq||
Therefore uy = Sl = EoEiEy

For this u; we get:

1 —2uiuDar = ar — 2(a1*||a1||61 a1 a1—|lai|ler
( 1 1) 1 1 llar—[latller]l " llar—[laxllex]]

)T

2 2-2 —2||a1[|?+2 2jaq||2—2
(loa I Hlar |2 —2lar hor) 2l P4 2larllans g 11, (| 2ol 2aslon g 0 e

= i Tar—l[axlex]? Tar Tl [lex |2

ao| | * ... *

0
Hl-Al = (1 — 2U1U{)A = ‘/1 = Uup
: Ay
0
Apply the same procedure on As:
HQAQ = (1 — QUng)AQ =
(1 — 2upul’) — dimension n-1
extend uy to vector of length n : vy := < z? ) ,
2
*
0 =*
Hence HyHi. A = (1 — 2v901)(1 — 2007 )A = 0
-
0 0
Total: H,_---Hy.H{.A = R = upper triangular
—_———

QT
A:QR with Q: (Hn_l"'Hng)T:Hl.H—2"'Hn_1

3.4.3 Householder method in parallel

Idea: Compute u; ... ug, but application of Hy ... Hy.A in blocked form
Question: What is the structure of H, ... H; =: V'
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Uk
Theorem 3 Hj,... H; = (1-2v0]) ... (1—2v0]) = I—(vy, ... v0))T; | -
v
with T; upper triangular matrix
Proof by Induction:
(1= 2v0]) ... (1 = 200])] .(1 = 202401 )
vk
= |I—(vp...0)T; : (1 =20, _y0! )
v
vl vivig
=1—(1-2v0])— (vg...v)T; : +2(vg ... v) Ty : vl
vl vl v
M
Uk
=1 — (vg...00;1). < 7(} —22y ) UlT
vl

Computation of Hy ... H;.A clockwise as

(I-YTY")A=A-YT(YrA) = %HT >

with y = (v ... v;)

Repeat with A.

4 Linear Equations with sparse matrices

4.1 General properties of sparse matrices

O(n?)storage
O(n?)solution
Formulate the given problem such that the resulting linear system is sparse
O(n) storage
O(n) solution?
example: tridiagonal: most of the entries are zero
Example matrix:

Full nxn matrix: too costly
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10 0 2 0
34 0 5 0
A=16 0 7 8 9
0 0 10 11 0
00 0 0 12

n = 5, nnz = 12 = number of nonzero entries

4.1.1 Storage in coordinate form

values | AA |12 ]9 |7 |5|1(2]11]3

row JR| 5 (|13|3(|2|1(1| 4|2
column | JC | 5 |5 (34|14 4 |1|1]|2|4| 3
Superfluous information: storage 3 * A
Computation of C' = A.b
C=0:

forj =1:nnz(A)

Cirg) = Cirgy + AAG) -birg)

——

w
(\]
w
e~

@JR(5),TC(5)
end
indirect addressing no ¢ and b — jumping in memory

4.1.2 Compressed Sparse Row Format: CSR

row1 row2 row 3 row4 row5

—_— — TS . —_
AA|2 1| 53 4| 6789|1011 12 | < values

JAl4 1] 412 134534 | 5 | < columnindices

| A | 1 3 6 10 12 1 pointer to begin of each row
end of end of
first row last row

vector TA of length n+1
total storage: 2nnz(A) 4+ n+1
C=Ab
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for i=1:n
forTA(i) : TA(i +1) — 1
g( i) = C(i) + AA(5).b(JA(5))
end

Similarly: CSC = Compressed Sparse Column format

4.1.3 Improving CSR by extracting the main diagonal entries
often all a;; # 0

main dlagonal indices non diagonal entrls in CSA, values and column indices

AA|1 47 11 12¢ 2|35|689|10|

Pointer tovbegin of
first row Storage: 2(nnz(A)+1)

for i=1:n
C(i) = AA(7)
forJA(i) : JA(i+1) — 1
<00 =cli)+ A4G) I AG)
end
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4.1.4 Diagonalwise storage, e.g. for band matrices

example:
A=
* 1 2
valuesin |3 4 5 | OFF = (-1, 0, 2)
DIAG: 6 7 8
9 10 %
11 12 *

Storage: n.nd where nd = number of diagonals

4.1.5 rectangular, rowwise storage scheme by comparing from the

right
1 02 0 0 1 20
34 0 5 0 3 4 5
0 6 7 0 8 k— gives COEF (values) = | 6 7 8
0 09 10 O 9 10 0
0 0 0 11 12 11 12 0
1 3 =%
1 2 4
JCOEF (columnination) = | 2 3 5
3 4 x
4 5 *

storage: n * nnz of longest row of A

~
nl=3

C = 0;



for i=1:n
for i=1:nl
C(i) =C(i) + COEFF(i,j) * b(JCOEFF(i,j))
end
end
Advantage: applicable also for non-diagonal structure

4.1.6 Jagged diagonal form

First step: Sort rows after their length:

10200 3 4.0 5 0 J.
NN

34050 0.6 7 o Mg | [ Lenght 3

A=loe7038| —PA=|1{0 2_ 0 o
10 0 oo

009 0 O 9\10\0 Length 2

0 00 1112 o 0 0o 1M 12
Storage for PA in the form:
DJ values: 361911 |47 210 12|58§]

first jaggeddiagonal second

Column indices:
JDIAG: 1 2 1 3|4 2 3 3 4 5|4 5
IDIAG: 1 2 3 4|5 6 7 8 9 10|11 12|13

of length NDIAG
NDIAG = number of jagged diagonals + 1 = 4 in example
storage: 2nnz(A) + (length of longest row) + 1

C=Ab
for i=1:NDIAG
for i=1:INDIAG(j+1) - IDIAG(j)
C(i) = C(i) + DJ( IDIAG(j) +i—1).b(JDIAG(IDIAG(j) +i— 1))
—_——

similar to SAXPY
end

end

Indirect Addressing only in b
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Operations on local block data!

4.2 Sparse Matrices and Graphs
4.2.1 A= AT (nxn - matrix) symmetric, define Graph G(A):

Edges eq,...,e,

* x 0 %
i Ko x x x 0
vertices K;; = 0 % % x
* 0 % %
— G(A)? =
Q0 O~
e, e, e, €

undirected graph

Graph G(A) has adjacency matrix
11 01
1110
01 11
1011
Symmetric permutation P.A.PT, by permuting row and columns of A in the

same way < changing the numbering in G(A):
Symmetric permutation is only a change in the number of edges of G(A).

SN W e S N S T I
€

A(G(A)) = has exactly the structure of A.

[ ]
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4.2.2 A non symmetric: diagonal graph

x x 0 0
0 = % 0
0 * x 7
* 0 0 =

e, eyx—"%, e,
"good” sparsity pattern:
Block Diagonal:
* 0« 0
0 « 0 =
Example: A = c 0+ 0|
0 x 0 =

¥ o 6

L] n
o N

graph splits into two subgraphs; use permutation that groups together edges
in the same subgraph: 2 < 3

new G(A):
Yo% 6.0 0 0.0
e, GW% e, e, e, €
* % 0 0
T * x 0 0 . Al 0 .
PAP" = 00 % x —( 0 A block diagonal
0 0 *x =
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A 0
0 A

)_1:

(

AL 0

0 A;!

Gaussian Elimiination only on small blocks!

Band Matrix

ail

Cqu

0

0

Cllp

0

ann

Gaussian Elimination without pivoting maintains the structure elimination

only in q * p - block

cols:  O(n pq),
li1 0
p=| o
0
0
Similarly:

A=

A=L.U with
0

ll

structure is preserved by GE

and U =

U1 upl O 0
0 .
0
0 0 up

structure is preserved by GE
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Dissection form preserved during GE

0

Excurs???: Schur Complement for Block Matrices

Bl BQ B;l D o I BlD + BQS_I L I 0
By By )\ 0 S ) 7\ BsBy' BsD+ByS™ ) \ % I
Therefore BiD + BpS~! = 0= D = —B;'B,S~!

and BsD + ByS™' =1 =5 [ = —B3B;'ByS~! + B,S~!
— [ = (By — B3B;'By)S™!
— S=DB,— BnglBg Schur Complement.
By By \ I 0 By —-D
<33 B4>_(B3B1‘1 1)( x S )
Instead of solving LE in B, we have to solve small systems in By and S

Application in Dissection form:

A 0 R

0 Ay F

G1 Gy As
0

0

Schur complement relative to A0 :
0 A,

A7t 0 F
s=m-(a a) (5 40 ) (R)

= A3 - GlAlel - GQA;lFQ
Use A7', A;' to compute S
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Linear Equation in Dissection form:

Al 0 F1 T All‘l + Fll'g = b1
0 Az Fy To - AQLL’Q + Foxs = by
G1 G2 Ag T3 Gl.fCl + GQlL’Q + Agl’g = bg

T = Al_lbl — Al_lFl.CEg
Ty = A;lbg — A;ngxg
GQA;lFQ,Ig) + A3I3 = b3

— (A3 — GLAT'FL — Go A Fy)ws = by — GL AT — Go AT

1. Compute S by using A;' and A;'

— <G1A1_1b1 + GlAl_lFll’g) + <G2A2_162 +

2. Solve Szz = bs

3. Compute ; and x5 by using A7 and A;*
Sometimes S is full or too expensive to compute. Then use iterative method

for Sxg3 = 53, that uses only s*vector, which can be computed easily with
Fl, FQ, G17 GQ and Afl, A;l
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4.3 Reordering
4.3.1 Smaller Bandwidth by Cuthill Mckee-Algorithm

Aim: Smaller Bandwidth by Cuthill Mckee-Algorithm
Given sparse A, G(A)
pick one edge from G(A) e.g. 7777

&S 9\11

4 7 10

Define level sets, relative to the chosen start edge:
S1=A{1}

Sy = set of new edges connected to Sy by vertex {2, 3, 4}
S3 = set of new edges connected to Sy by vertex {5, 6, 7}
Sy =18, 9, 10}

S5 = {11}

First edge in S; gets number 1.

In each level set we sort and number the edges such that the first group of
entries in S; are the neighbours of the first entry in S;_;, and the second
group of entries in S;;; are the neighbours of the second entry in S;, and so
on.

1 % x %
* 2 % *
* % 3 x *
* * 4 *
* * *
* ¥ 0 % *
* * 7 *
* *
* * 9 %
* * 10
* % 11

23



often reverse Cuthill Mckee-Algorithm better, numbering exactly in the op-
posite direction.

4.3.2 Dissection Reordering

A, G(A), eg.

A, G(A), e.qg.

leads to pattern

leads to pattern
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* *
* * *
* 3 % *
x 4 *
* * 0 *
* * * *
* x 7T % *
* * 8 *
9 x * *
* 10 =x * *
* 11 =x * *
x 12 * *
0 * 13 %
* x 14 x
* * 15
* * 16
* * 17
* * 18
* * 19
* * 20
&) o [&
— 0 A2 F2
1G] | Ga| | 4y

4.3.3 Algebraic pivoting: reordering during GE

(Numerical pivoting: choose largest a;; — axx as pivot element)

Algebraic pivoting: choose largest a;; from sparse row—column — ay, as
pivot element

Aim: reduce fill-in during GE
Minimum degree ordering for A = AT > 0, A spd.
first step: define r; = # entries in row j
= vertices of edge j
choose 1 such that r; = mj“rj
a;; pivot element i < A by permutation

Do one step elimination

reduce the matrix to row—column 2...n
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Go back to the first step *
leads to small fill-in in GE
Generalization to nonsymmetric matrices A: Markowitz-Criterion
deine r — j = # entries in row j
cr = # entries in column k
minimizes: "]“k”(N] — 1)(¢x, — 1) give indices 7, s

a; s — a11 by permutation
Further generalization: include numerical pivoting

pivot |a; s| should be not too small!

0 U
Example: : 2 : ¥ ¥ — — full
0 )
* * 0 * Ok
G(A): @.
1 2 3 n-1 n

Cuthill-Mckee with starting edge {1} : Sy = {1}, S; ={1,...,n}
given no improvement with start {2} : S; = {1}, So = {1}, S3={2,...,n}

given no improvement
Permutation such that smallest bandwidth also not very helpful.
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Minimum Degree:

Choose edge 1 with degree n-1

bandwidth n/2

Therefore replace 1 by 2 with degree 1

* x 0
0 * 0
—
0
0 x 0

Next pivot 3, and so on
Works in O(n)

*
*
0
Global reordering:
0
be permutation 1 < n
GE in O(n)

0

0

*

0

GE

57
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4.4 (aussian Elimination in Graph

A = AT > ( symmetric positive definite
No need for numerical pivoting

Example:
4 3 12
7
3 5 1 Choose as pivot 7
2 10
1 5 9
1 = *
* 2k *
£ [ ]
* 4 *
* 5 % *
§ © 6 % * leads to fill
eads to in
* x *
* 9 % *
D * 10 %
x 11
*

12

Fill in: pattern of row J is added to non zero entries in column 7
= indices connected with row 7 give a dense submatrix
here the submatrix to row/column 3, 6, 8 and 11 gets dense

*

new graph:
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4 12
3 11
2 —Y¥s—110
1 5 9

one step GE in the graph consists in

- remove edge 7

- add vertices such that all neighbours of 7 get fully connected

Definition: A fully connected graph is called ’clique’

e.g.
e A X B

and so on

next step in GE: with pivot 6: neighbours: 2, 3, 5, 8, 10, 11

8
4 12
3 11
2 10
1 5 9
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We can describe any graph by listing its clique subgraphs

8
4 12
7
3 11 . .
: has only cliques of two edges.
2 6 10 clique representation = standard representation
1 5 9
8
4 12
3 11
remove 7 and add clique {3, 6, 8, 11}
2 6 10
1 5 9
8
4 12
3 1 ,
remove 6 and add clique {2, 3, 5, 8, 10, 11}
2 10
1 5 9

Start: {1,2), {15}, {2,6), {34}, {3,7}, {48}, {56}, {59}, {6,7}
(6,10}, {7,8}, {7,11}, {8,12}, {9,10}, {10,11}, {11,12}

Elimination of 7: {1,2}, {1,5}, {2,3}, {2,6}, {34}, {4,8}, {5,6}, {59},
{6,10}, {812}, {9,10}, {10,11}, {11,12}, {3, 6, 8, 11}

Elimination of 6: {1,2}, {1,5}, {23}, {3.4}, {48}, {59}, {8.12},
{9,10}, {10,11}, {1112}, {2, 3, 5, 8, 10, 11}

Elimination of 2: {1,5}, {3,4}, {4,8}, {59}, {812}, {9,10}, {10,11},
(11,12}, {1,358 10, 11}
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Elimination of 4: {5,9}, {8,12), {9,10}, {11,12}, {1,3,5,8,10,11}
Elimination of 9: {8,11}, {11,12}, {1,3,5.8,10,11}

Elimination of 12: {1,3,5,8,10,11}

Elimination of 1: {3,5,8,10,11}

Gaussian elimination can be modelled without numerical computations only
by computing the graphs algebraically.

Advantages:

- algebraic prestep is cheap

gives information o the data structure of the resulting matrices

shows how costly the numerical computations will be

formulation in cliques, because in the course of GE, there will appear
more and more cliques: cliques give short descretization???? of the
graphs
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4.5 Different Methods for solving sparse linear equa-
tions

4.5.1 Frontal methods for band matrices

p
~1,—frontal matrix of size (3+1)x(2p+1)
. treated as dense matrix

frontal matrix of size (8 + 1)x (5 + 1) treated as dense matrix

- Apply first GE step with column pivoting in dense frontal matrix
- compute next row—column and move frontal matrix down right

Multifrontal method for general sparse matrices

* 0 *x =%
0 * *x x
example: « % % 0
* % 0 %

dy1 first pivot element is related to first frontal matrix, that contain all num-
bers related to one step GE with

aiq -

Because a5 =

ai101;

ail

: 1n dense submatrix:

aiil
a31

aq1

ais

a31a13

ail

41013

ail

a4
asiaiq

ail
a41014

ail

related to the one step GE with ags:

0, wee can in parallel consider

a9 and the frontal matrix,

22 23 24
as32a23 a32a24
(L32 a2 a2
a42a23 a420a24
(L42 a2 a2
: y o Gaay g . Gi202;
The computations a;; — a;; o and ;; — aj; ™

can be done independently using the frontal matrices related with ay; and

Q12
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4.5.2 Partitioning method for tridiagonal matrices

by ¢
az by ¢
az b3 |c3
as | by ¢y
as bs cs
ag  be | Cg
ar | by ¢
ag by cg
ag by
First step in parallel:
use b; to remove as
bs to remove as
by to remove ag
After this:
second step in parallel
use by to remove as
bs to remove ag
bg to remove ag
gives
bi ¢
0 by &
0 53 63
ayg | by ¢4
as | 0 by s
dﬁ 0 56 66
ar | by ¢
as | 0 by &g
a9 0 59

First step in parallel:

use 52 to remove ¢;
l~)5 to remove ¢4
l;g to remove ¢;

After this:
second step in parallel
use by to remove cs
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b; to remove Cg

In this first step we have parallelism different blocks
Now we work parallel inside the blocks:
Result:

C3
Cy Gy
bs ¢
66 66

First step in parallel:
use b3 to remove ay, as, ag

After this:
use bg to remove ¢z, Cg, Co

Gives:

C3
/ / /
by ¢, ¢
/ /
5 Cs

/ /

6 Co

/ / /

v; o &

/ /

s Cs

/

9

First step in parallel:
/ / / /
use by to remove cg, ¢, ¢

After this:
/ / / /
use by to remove ci, ¢y, c4

After this:
/ / /
use b5 to remove ¢, ¢}
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Result: Diagonal system

block size and number of blocks should be nearly the same, because then
parallel in block and between blocks with same efficiency.

4.5.3 Dissection method (compare Schur complement)

Example:

Cut the graph in two piecees:

Use memory of indices such that
first subgraph gets indices 1,...,k
second subgraph gets k+1,....m
border gets m+1,...,n

Pattern of matrix:
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* *
2
* *
4
5) 0 *
* * *
*
* *
9 x * *
* 10 * *
* 11 = * *
* 12 * *
0 * 13 %
* * 14 x
* * 15
* x 16
* * 17
* 18
* 19
* 20
A1 0 F1
0 Ag G2
Gi1 Gy As




5 Iterative methods for sparse matrices

X initial guess (e.g Xog = 0)

Iteration function @ : x4 = O(xy) gives sequence |xg, T1, To, T3, T, - . . |
should converge =z — oo T = A1

Computation of @(x) should use only A x vector (good parallizable)
Questions: Find O(x) such that we have fast convergence to A~'b

5.1 stationary methods
5.1.1 Richardson Iteration for Solving Az =b:7 := A™1b

b=(A—-I+1)x=A-Nr+r=2=b+{I—-A)xr=0b+ Nz
Fix point iteration = = O(x) with O(x) =b+ Nz

xo start  xp; = O(z) = b+ Ny

if x;, convergent, r, — Z,then 2 =0+ Nz = Ar=b=1=17
other formulation:

O(x)=b+z—Ar=x+ (b— Az) =z +r(z) r - residual

Lh41 = b([ - A)Ik =T+ Tk

Convergence analysis via ”Neumann Series”

l’k:b—i‘Nl’k_l:b—i‘N(b—FNl’k_g) :b+Nb+N.Z‘k_2

=b+ Nb+ N?bh+ Nxj_g5=...=b+Nb+...+ N" b+ NFx,
= (X120 )b+ NFag
Special case:  x9=0: Ty = (Z?_l N9)b

= x5, € span(b, Nb, N?b,..., N*71b) = span(b, Ab, A%, ..., A¥=1b) = K, (A,b)

= Krylov-row of dimension k to matrix A and vector b
Assume || N|| <1, then

k—1 [eS)
>N Y N =(1-N)"'=4"
0 0
is convergent
=ua,— Y N)b==z
Error: e, :=x, — 1
Cp+1 = Tk+1 — = (b—l—N(L’k) — (b—l—Ni’) = N({L‘ki‘) = N@k
lexll < INHlex—ill < NP llex—all < ... < IN[*Jleoll
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IN|| < 1= [[N|* —kso0 0= |ler]] —=roo 0 and zp —p oo T
it is not very likely, that for a given A it holds p(N) = p(I — A) < 1

There fore we need better methods.

5.1.2 Better splitting of A
A=M-—-N

b=Ar=(M—-N)z=Mz— Nz & x=M"'b+ M 'Nx

new O(z) = Mo+ M Nz = Mo+ MY (M—A)x=M'b—Az)+z =
T+ M 'r(x)

Tpt1 = M~1h + MﬁlN"Ek =T, + Mﬁl(b — Axk) =T + Mﬁl’l"k

is equivalent to Richardson applied on M ~'Ax = M~1b

Therefore convergent for p(M *N) = p(I — M~'A) < 1

M should be easy to invert, and is also called a precondition, because M~ A
should be better conditioned than A itself.

5.1.3 Jacobi (Diagonal) - Splitting;:

A=M-N=D—(L+U)

with -

L lower triangular part of A

U upper triangular part of A
D diagonal part of A

Tp1 = Do+ D YL+ U)xy = Do+ D 1(D — A)xy, =z + D_y1y,
convergent if p(M~'N) = p(I — D7*A) =11
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elementwise:

k+1 b . § agmx

m#J
or
n n
k+1 __ (k) _ (k)
ajry " = b — E jm Ty, jm Ty,
m=1 m=j+1
Damping: 41 = 2p+D 711y, D~1r,— correction step or search direstion

Tpp1 = T +wD71ry, with step length w
Tpi1 =2 +wD lry =2, + wD7H(b— Az) = 2 + wD 70 —wD Az, =

= (I —wD '"A)x, +wD'b

= (I —wD (D—-L—-U))xy +wD™'b

=wD '+ [(1 —wA) +wD YL+ U)jayw
convergent if p([(1 —w)I + wD™ ML + U))) <1

I fO;ruJHO
Jacobi method is easy to parallelize: x31 = o +wD (b — Axy)
variation: blockwise Jacobi by splitting blockwise

5.1.4 Gauss-Siedel method by improving convergence

7j—1
akk:vkﬂ — b _ § :a]mx (k+1) E Cljml'(k
m=1

m=j+1
If we want to compute xg ) in Jacobi method, we assume that x(k+1), cey T

have been computed already.
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Then we can use the newest information by defining:

7j—1 n
k+1 _ 3 (k1) (k)
aprt; = b; E Ajm Ty, Ajm Ty,

or Dl’k+1 =b + LZL’k_H + U.Z’k
or (D — L)karl =b + U.’L'k
is related to splitting A = (D — L) —_U
—_—
V! N

Tpt1 = (D — L)ilb + (D — L)ilU"Ek

=(D-L)" "%+ (D—-L)"Y(D—-L - A

=T+ (D — L)_ITk
convergence depending on p(1 — (D — L)™' (D —L— A)) <1
D — L lower triangular, easy to solve, but strongly sequential.
Hence better convergence, but not good parallelizable.
Damping:  Zpy1 = 2x + (D — L) ry,
Stationaary methods can be written in the form
i1 = C' + Bz with constant vector C and iteration matrix B

=x, + Flry

5.2 Nonstationary Methods

5.2.1 Let A symmetric positive definite A = AT > 1

Consider function @(z) — {27 Az — b7z}

Derivative:  VO(x) = Az — b gradient ) Paraboloid

z  Minimum of @ is unique with VO(z) = Az —b=0

Compute z, solution of Az = b by approximating the minimum of () iter-
atively

x last iterate: find??? xy1 = xp + Av  with search direction v and stepsize

A, such that O(xpy1) < O(zy) and hence xyy; is nearer to minimum.
Search direction v:

4O (x4 M|y = VO ()

gradient goes in the direction of the largest increase of

Search direction v =—-VO(z) =b— Az, =1k

stepsize A :  finding min,O(xy + Arg) ia a simple 1D-problem
LD + Arg) = L (3 (@t + MDAz + Arg) — T (2 + Ary))

= %(%1{143% + Ml Az, + %T{Ark — by, — NoTry)
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_ T T T
=1, Az — b ri + Ay Ary,
=—rlr,+X=0

T%Ark

S\ =27

Tki Tk
. rtry .
Algorithm:  xp. 1 = xp + T{Tr,j’f with 7, =b— Ax,

Gradient Method, steepest decent.
Disadvantage:

if condition(A) = ||Al2]|A7Y]|2 = im& > 1

min

soids.

The the convergence will be very slow: tick-tack
To analyse this slow convergence also theoretically, we introduce the follow-
ing norm  (so-called A-norm)

|#]la = V2T Az

Then it holds for the error z —Z with z = A~

o — 2] =l — A3 = (a7 — BT A A(x — A1)
vt Ax — 2672 + 0T A71b = 20(z) + BT AT

Hence minimizing ) is equivalent to minimiziing the error in the A-norm.
T';r’l‘j

with Tjy1 = .Z'j—{—)\j?"j, ] :b—A.Z’j and /\j = T
5 4T3

we get the following inequality between O (z,41) and O(z;):
D(xj41) = 5(x] + NrT)A(x; + Ajry) — (] + Ar])b
= O(a;) — N (T (Ar; — b)) + 207 Ar,;

— LT A T A 4 N2 T fre 2T T
= 5T; Az + )\]ajj Ar; + 5T Ar; T b )\rj b
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Ty, (rTr;)2
o N, 1 (T T Ao
= () 2 iy + T Ar;

TAr; " J 2 (7"J-TA7"]-)2 )
(r]rs)?
= O(z) — 24
( J) 2 (7“3"A7‘J)2
(rTrj)? T A-1
(%) QTJTAT’] r;‘-FA_lrj J J

(z5) = 3p5-(0" — az;)" AT (0" — ax;)

(z;) — Z(TAD+ xj_lTA:Ej — 2b"'z;)

(z;) — 3p5-(O(a;) + 36" A7'D)

= O(2j41) + 20TAT Y = O(x;) 36T A7 — p;(D(z;) + 26T A~ D)

= llzjn — 2l3 = llz; — A7l (1 py)

Il
o Q Q

(rirs)? 1 1

Pj = roArj'roAfl’r‘j — Am‘”'ﬁ ~ cond(A)

= Nlegor — 23 = (1 — s lesan — 2l

Is therefore cond(A) >> 1, then the improvement is every iteration step

~=1

Therefore we have very slow convergence!

5.2.2 Improving the gradient method — conjugate gradients

Ansatz:  xp1 = T + QgD
«y, stepsize
i search direction

As search direction we do not use the gradient, but a projection of the gra-
dient.

The gradient direction is only locally a good search direction, but not glob-
ally!

Choose new search direction such that py is perpendicular to p; for j = &
or pr is perpendicular to Ap; for j <k < pfAp; =0for j <k

the p,; are "A-conjugate’!
We choose the new search direction as that part of residual that is conjugate
to all previous search directions!

ay by I-dimensional minimization as before
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Algorithm: x90=0, rg=0b— Axg

forU=1,2,...: [r_1= 7{,17”14:—1/7";{,2%_2 Bo=0
Pk = Tk—1 + Be—1Dr—1 (prA-cinjugate part of ry_1)
=1} Te_1/pt Apk (1-dimension min.)

Ty = Tp—1 + QgPk
Tk — Th—1 — QpApg
Tk = Tk—1 — OzkApk

if ||ri|| < €: stop

Main properties of the computed vectors:
Py Apr =0 =1]r; for j # k
span(pi, . .., pj) = span(ro, ..., rj_1) = span(ry, Arg, ..., , AU=Vry) = K;(A, o)
especially for 7o =0 : span(b, Ab, ..., AU=1p)
x, is the best approximate solution to Az = b in subspace K;(A, Np) :
for xp = 0 : zp € span(b, Ab,..., AU=Yp)  and |xy — Z||a =

min

z€K(Ab) |z — [|4
Hence cheap 1-dimensional minimization gives at the same time optimal so-
lution in k-dimensional space!

Consequence: after n steps K, (A,b) = Rk
— 1, =T in exact arithmetic

Unfortunately, this is only true in exact arithmetic.
Furthermore, mostly n steps is too costly!
error estimation for x¢g =0 :

min

_ _ ; k=1, 4 _
lexlla = llex = Zllk = epyun |7 = Zlla = 51122520 (A7) — Zlla

o pk-1(A).b = g = "™ llpr-1(A).AZ — Z|| 4

= (@) Pr—1(x)
= (1 (A)A — 1)@ — 20)]|.
é?%% ||Qk(A)€0||A
qr (0)=1

for polynomial g (x) of degree k with ¢;(0) =1
To A there exist n eigenvalues u;,j =1,...,n

with Au; = \ju; with eigenvalues \;

u; are an orthonormal basis
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we can write:
n
lo = Zj:l pju;

= llexlla = peqrioren lax(A) = X7 piusla
Tory |1 227 pian(A)ugll 4

(
= qk’”’" 2T piak(Ng)uglla
< et mae | Qe (X)L 227 Py |
- %%Z)n 1 mer oz | gk (A)|-l|poll 4

by choosing polynomlal with ¢(0) = 1 we can derive estimates for the error

e.g.: qp(x) = (1— mw)K

leads to

lealla < i ()] Molla = (1 = 52255 ) leolla

maxr —\min J— dA
= (m)’“l\eo!u = (%) leol| 4

Better estimates by choosing normalized Chebychev polynomials:

k

lerlla < oo <2 ( Y2
T (cond(A) 1) cond(a)+1

If the eigenvalues of A are clustered we can choose special polynomials, that

give better estimates:

e.g. assume that A has only two eigenvalues A\; and A,

A1 —x)(A2—
5= = a0 =1

= lleafla < 275 192 (M) lleolla = 0

= convergence of cg-method after 2 steps!

set ¢(x) =

5.2.3 GMRES for General Matrix A

Consider small subspace Uj; and determine optimal approximate solution for
Az =bin U,,.
so we restrict x to the form z = U,,.y

vetm 1Az = 0ll2 = " | A(Uny) — b
could be solved via normal equations UL AT AU,, = UL ATh
would be costly and we are interested in iterative enlargement

Um, — Um+1 — Um+2 c.
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What subspace should we choose?  (relative to Ax=b):
Upm := Un(A,b) = span(b, Ab,..., A1) Krylor space

Problem: b, Ab, A?b is no good basis for U,
First step: provide Orthonormal basis for U, :

u1 = b/[|b]2
for j=22:m
= Auj_ — S0 (uf Auj )y ;
h
kj—1

uj =t/ [|a]2
——
hj -1

end

standard orthogonal code
U = span(b, ..., A™71b) = span(ui, us,...,Uy) ONB

We can compute this orthogonalization method in compact matrix form:

j—1 k
Auj,l = E Uy j—1UE —+ U; = E Uk, j—1-Uk
u=1 j=1

AUm = A(ul, e ,um) = (Ul, . 7um)Hm+l,m = Um'Hm-l—l,m

hit .. ... him
hor :
with Hyy 1 = 0o . - Upper m+1xm Hessenberg form
: . . hm,m
0 ... 0 Ppgim

Now we can solve the minimization problem:
werr 1Az = blls = " | A(Unny) — bl
=" N Un Hons1my = 6]l
= " U (Hermyy = 11Bl]-€1)]:

= " Homrmy — [1B]]-e1ll2
because U, is part of an orthogonal matrix.

We can use Givens rotation to compute a QR-decomposition of the upper
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Hessenberg matrix H (m+1,m)

*
*
*

* *
o 0 0 =
Gl = . . 5 G2 ¥ a"')Gm
. )
%k
‘ ) i R
gives Q. Himqim) = G - .. G2G1. Hippp1my = R = o :( J )

vt 1Az = bll2 = "3 | Hnrmyy — [1b]]-€1 2
- mzjn“(QTR)y — Ibf]-exll2

=""Ry — [bQ"erlls = ™"

Yy

R,y -
(Fo )~

GMRES is a clever implementation of this minimization

2
Solution: R,y = l;m and z = U,y

- Compute ﬁ(mﬂ,m) by orthogonalization
- compute QR-decomposition of Upper Hessenberg by Givens rotations
- solve triangular systems for y —

Iterative: enlarge U, — new A™b — new column in H,41,m)
— new Givens to update QR — new column in R,, —— newy
— new x

then continue the iteration

error estimation:

min

rllz = Az = bllz = 277" [[ Az =]l
= ”“”IIA(Z] o g ATD) = blly = " [| Apm-1(A)b — bl

= mm ||Qm( )Zzzlpkuﬂb
"o | 2t @ )ul2

m

qmm maz|qm(ak)| ||Zk | P2

IN
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= it gu(o)| lrols compare cg
If A has eigenvectors uy, us, ..., U,

5.3 Preconditioning

Result from section 1:
Iterative methods are easy to parallelize (only A*vextor), but to get fast
convergence, the eigenvalues should be clustered.

0 1

1
bad example: A= ] wit complex eigenvalues

1
GMRES takes n steps!
M~*Az = M~
Idea: replace Az = b by or
PAz = Pb
Ma~A (M~ A7) still M1

with precondition or

P~A"1 (PAx1)
stationary methods: A=M — N

b=Arx=(M - N)x =Mz — Nv — x,1 = M 'b+ M "Nz,
Tpa1 = M0+ MY M —N)zy=a, + M'Ay = Mo+ (1 — M~ A)ay,

convergence depends on ||[1 — M1 AJ|!

If stationary method convergent — |1 — M~'4|| <1 — M '~1— M
is a good precondition

Good splitting leads to convergent method — good prrecondition
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(i) Jacobi-splitting with D = diag(A) — Jacobi preconditioner M := D

(ii) Gauss-Siedel splitting with L + D = lower part of A — Jacobi precon-
ditioner M := L+ D

Another approach from Gaussian elimination:
(iii) ILU = incomplete LU decomposition:

idea:
Fix sparsity patter of L and U to coincide with the pattern of A
run Gaussian elimination for computing Lu on this reduces sparsity pattern

restrict computations to entries in the pattern of A
— LU: A=LU+R

* *
*
eg A= .
* *
* 0 * *
. * %
restrict L and U to L = . , U= i}
* * 0 *
Comparison:

(i) easy to parallelize, but often slow convergence (ii) and (iii) good precon-
ditioning, but sequential!

(iv) instead of approximation A by some M like in (i)—(iii) we try to approx-
imate A directly by some P:

min

vep[AP = I|| over some set P and in some Norm || - ||

- choice of the norm: Frobenius norm
1Bl =27 [1B4l5 = >0 |1Bill3
=sum(diag(BT B)) = trace(B* B)

is the elucidean norm of B seen as a vector unitary invariant analytic

- choice of P (similar to ILU)
Choose P as the set of matrices with exactly the same pattern as A

* * * *
eg A= i — P = i
* *
* * * *
nepllAP — I3 = FERIl 05, (AP = Deyll3
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=37 " (AP —I)e;||? with P; the j-th column of P

j=1 peP
Hence the minimization can be solved in parallel for every column P;
of P!

0
™
0
)

el Ap —eills="" A T [ e

0
Tk

0

0
1

07”107"10...7"10 0
T2

0
Tk
0

where I; are the allowed entries in P;

TAC 1) — 3

A(: 1) = has many zero rows that can be eliminated.

J; := indices of non zero rows of A( : [;) —
A L) —egl|3 = ATy, 1) —e;(J;)||3 with A(J;, I;) small matrix
Least squares problem — r — P;
Computation of P easy in parallel

application of precondition P vector easy to parallelize
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6 Domain Decomposition Methods for Solv-

ing PDE

region () with boundary I
Given PDE, e.g. Au = gy + uyy = %2” + &u
in 2 and u|r = ¢ Dirichlet problem

dy? =

How to parallelize?

I'; boundary of €2 with f‘l unknown values

['s boundary of 25 with ', unknown values
Idea:

/F

f(z,y)

overlapping

Solve PDE WitNh Solve PDE €, WitNh

some estimate on I’y some estimate on I'y

Exchange values

Solve PDE ; with some Solve PDE 2, with some
estimate on I'; taken from (2, | estimate on I'y taken from €2

then go back to exchange values

Convergence against solution of PDE on (2
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Non overlapping method

Qo

Q4 \//F

Descritization in — linear system Au = f

numbering of unknowns such that first variables in €2; the 5, then r —

Al 0 F1 Ul f1
f = Au= 0 A2 GQ . ag = f2
Gi Gy Az us VE

like dissection

Solve Au = f by Schur decomposition or iteratively with the precondition
At
At ~ to solving PDE in Q; and €2,
1

81



