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General Instructions

Material:
You may only use one hand-written sheet of paper (size A4, on both pages).

Any other material including electronic devices of any kind is forbidden.

Use only the exam paper that was handed out to solve the exercises. In case the space on a page
is not enough, mark that you continue with your solution and use the reverse side of the preceding
page. For additional notes and sketches, you can obtain additional exam sheets.

Do not use pencil, or red or green ink.

General hint:
Often, exercises b), c), etc. can be solved without the results from the previous exercise a); if you
are stuck with exercise a), then don’t immediately skip exercises b), c), etc.

Working time:
90 minutes + 5 minutes reading time.

Please switch off your cell phones!

Proposed Solution

1 2 3 4 5
∑

/12 /5 /6 /8 /12 /≈ 43
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1 Numerical Methods for ODE (≈ 4 + 4 + 2 + 2= 12 points)
Consider the direction field of a one-dimensional differential equation dp/ dt = f(t, p), where f(t, p) =
(1− p(t))/2 (Verhust model - saturation), as given in Figure 1.
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Figure 1: Direction field for dp/ dt = (1− p(t))/2.

a) To compute approximate solutions pn ≈ p(tn) at times tn = nτ , the following multistep numerical
scheme is given:

p0 = p(0) = 1/2 (initial condition) (1)
p1 = p0 + τf(t0, p0) (2)

pn+1 = 5pn−1 − 4pn + τ(2f(tn−1, pn−1) + 4f(tn, pn)) (3)
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Compute the first four steps of this scheme (p1, p2, p3, p4) with time step size τ = 1, and draw the
numerical solution (points connected by lines) on Figure 1. If a point is outside the plot domain,
you do not have to visualize it.

Computation of the first four steps:

– The first step is computed from the explicit Euler scheme 1

f (p0) = f (1/2) = 1/4,

p1 = p0 + τf (p0)

= 1/2 + 1/4 = 3/4.

– For the next time steps we apply the multistep method. The sec- 1

ond step:

f (p1) = f (3/4) = 1/8,

p2 = 5p0 − 4p1 + τ (2f (p0) + 4f (p1))

= 5/2− 3 + 1/2 + 1/2 = 1/2.

– The third step: 1

f (p2) = f (1/2) = 1/4,

p3 = 5p1 − 4p2 + τ (2f (p1) + 4f (p2))

= 15/4− 2 + 1/4 + 1 = 3.

– Finally, the fourth step: 1

f (p3) = f (3) = −1.0,

p4 = 5p2 − 4p3 + τ (2f (p2) + 4f (p3))

= 5/2− 12 + 1/2− 4 = −13.
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b) Consider a one-step Midpoint method:

p0 = p(0) = 3.0 (initial condition) (4)

pn+1 = pn + τf

(
tn +

1

2
τ, pn +

τ

2
f(tn, pn)

)
. (5)

Perform the first four steps of this scheme (to compute p1, p2, p3, p4) by drawing the approximate
solutions into the direction field in Figure 1 (graphical solution only). The step size shall be τ = 1,
as illustrated by the four intervals drawn into the direction field. Mark from which arrows you
obtain the directions of the numerical steps – you are allowed to add an arrow to the direction field,
if no arrow is plotted at the precise required position.

For the graphical solution of the method see Figure 1. 4

c) What can you conclude about the numerical stability of the methods from a) and b) for τ = 1?

Multistep method. From the evaluation we see that the magnitude of 1

p from the stationary solution ps = 1 is growing (the firth step already
gives p5 = 93), that means that the numerical method is unstable for
the time step size τ = 1.0.
Midpoint method. Now, the numerical solution approaches the crit- 1
ical value ps = 1 during the first four steps. The method might be
stable. But we cannot be sure about that just from the first four steps
for the given initial condition. To investigate the numerical stability
of this multistep method more rigorous analysis is required.

d) List two advantages and two disadvantages of multistep methods in comparison to one-step meth-
ods.

Main advantage of the multistep methods is that they reuse computed
right hand side function values from the previous steps. It can be ben- 1

eficial in cases when a right hand side of an ODE is computationally
expensive. Furthermore, with multistep methods it is simple to get
higher order numerical schemes.
The disadvantage of the multistep methods is that they are very of-
ten numerically unstable. Another disadvantage is that they require 1
additional memory to save results from previous time steps.
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2 FEM – General Questions (≈ 1 + 1 + 3 = 5 points)
a) Why is the nodal basis so popular and advantageous in the finite element context? 1

alternatively:

– Since only few elements Ω(k) have to be integrated for one nodal
contribution of the stiffness matrix.

– Since this leads to sparse matrices in the linear system of equa-
tions to be solved.

b) Why is the weak form called “weak”? 1

Because the conditions on the smoothness of the solutions are weak-
ened. Because of the weak sense of the equations (“mean value”).

c) List three challenges in the context of implementing an FEM solver. 3

– local/global element matrices (correct and efficient computation)

– geometry mapping to reference elements

– mesh generation

– higher-order basis functions

– quadrature rules for integration

– solving the (non-)linear systems of equations
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3 FEM – The 1D Poisson Equation (≈ 1.5 + 0.5 + 4 = 6 points)
Consider the one-dimensional Poisson Equation

−u′′(x) = f(x) , x in Ω = (0, 1) (6)

with homogeneous Dirichlet boundary conditions u(0) = u(1) = 0. We apply a finite element method
with the standard linear hat functions φ(x) on an equidistant grid with mesh size h = 1/N .
The kth element (cell) in the mesh is given by

Ω(k) := h · [k, k + 1] .

a) Indicate the formulas of the basis functions φ(k)
1 (x) and φ(k)

2 (x) on element Ω(k). 1

For x ∈ [0, 1]:

φ
(k)
1 (x) = xk −

x− xk
xk+1 − xk

φ
(k)
2 (x) = xk +

x− xk
xk+1 − xk

For x ∈ [xk, xk+1]:

φ
(k)
1 (x) =

1

h
(xk+1 − x)

φ
(k)
2 (x) =

1

h
(x− xk)

b) What is the dimension of the element stiffness matrix Â(k)
µ,ν? 0.5

Â
(k)
µ,ν ∈ R2×2
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c) Compute the element stiffness matrix Â(k)
µ,ν for our special setup of an equidistant grid. 4 × 1

Â
(k)
1,1 =

∫ xk+1

xk

∇φ(k)
1 · ∇φ

(k)
1 dx =

∫ xk+1

xk

(
−1

h

)(
−1

h

)
dx =

h

h2
=

1

h

Â
(k)
1,2 =

∫ xk+1

xk

∇φ(k)
1 · ∇φ

(k)
2 dx =

∫ xk+1

xk

(
−1

h

)(
1

h

)
dx =

−h
h2

= −1

h

Â
(k)
2,1 =

∫ xk+1

xk

∇φ(k)
2 · ∇φ

(k)
1 dx =

∫ xk+1

xk

(
1

h

)(
−1

h

)
dx =

−h
h2

= −1

h

Â
(k)
2,2 =

∫ xk+1

xk

∇φ(k)
2 · ∇φ

(k)
2 dx =

∫ xk+1

xk

(
1

h

)(
1

h

)
dx =

h

h2
=

1

h

⇒ Â(k)
µ,ν =

1

h
·
(

1 −1

−1 1

)
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4 Discrete Model: Leontief Economic Model (≈ 5 + 3 = 8 points)
The Leontief economic model can be applied not only for individual companies, but also for broadly-
drawn economic sectors. We will consider only the following sectors: agriculture, manufacturing, and
household, where household corresponds to employees and their labor to products. The economic rela-
tions between the sectors are given in the table:

From/To Agriculture Manufacturing Household
Agriculture 4 6 10
Manufacturing 8 18 4
Household 8 6 6
Total 20 30 20

Here is an example of how you should read the table: the first column shows that agriculture uses 4 units
of its own production, 8 units of manufacturing, and 8 units of household production (labor) to produce
20 units of agriculture in total.

a) Write down the production matrix A for the closed economic system described in the table.

To find the production matrix (element Aij shows how many prod-
ucts of sector i is used to produce one product of the sector j) is
computed directly from the table by dividing the column elements by
corresponding total: 2

A =

4/20 6/30 10/20

8/20 18/30 4/20

8/20 6/30 6/20

 =

1/5 1/5 1/2

2/5 3/5 1/5

2/5 1/5 3/10


Can the region where economy is described by the provided table survive as a closed economic
system?

In the closed economic system the consumption or input must exactly
correspond to the production or output of the system. Therefore, the 1

total production vector is found from the equation

x = Ax.

This equation has a solution if only matrixA has an eigenvalue λ = 1.
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Next, we will check if λ = 1 is an eigenvalue of our production
matrix. 2

det(A− Iλ) = det

1/5− λ 1/5 1/2

2/5 3/5− λ 1/5

2/5 1/5 3/10− λ


= det

−4/5 1/5 1/2

2/5 −2/5 1/5

2/5 1/5 −7/10


=

1

125
(−28 + 2 + 5 + 10 + 7 + 4) = 0

That means that λ = 1 is an eigenvalue of the production matrix A
and the region can survive as a closed economic system.

b) Alternatively, the same economy can be modeled as an open system. In this approach, the relation

between the agriculture and manufacturing is described by the production matrixA =

(
1/5 1/5
2/5 3/5

)
,

and the household by the demand vector d =

(
10
4

)
. Then, the input/output module is given by

equation xin = Axout + d. For which production vector x do we then obtain a stable solution?

We obtain a stable solution when xin = xout. Then 1

(A− I)x = −d.

This equation corresponds to the linear system 1

−4x1/5 + x2/5 = −10

2x1/5− 2x2/5 = −4

From the linear system we find x1 = 20 and x2 = 30. 1
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5 Continuous Model: Free Charges in Semiconductors (≈ 2 + 2 + 3
+ 2 + 3= 12 points)

There are semiconductors that do not conduct electric current unless they are exposed to light. Free
electrons appear in this material due to the photo-effect. They can again get trapped and localized.

a) A thin layer of semiconductor is momentarily exposed to light. This created a homogeneous density
n0 of free electrons. Write down the ODE for the free electrons density n(t) and solve it if free
electrons get trapped again at a rate wn(t) (number of free electrons trapped in a unit volume per
unit time interval). What is n(t→∞)?

The differential equation describing the model is 0.5

dn

dt
= −wn

The solution of this equation 1

dn

n
= −w dt,

ln(n) = −const · wt,
n(t) = n0e

−wt.

The solution asymptotically approaches n(t→∞) = 0. 0.5

b) To improve the model, potential holes are introduced. In our model, potential holes will only keep
one electron at the same time. IfM is the number of potential holes,m(t) = n0−n(t) is the number
of localized electrons, then α(1−m(t)/M)n(t) is number of trapped electrons in the potential holes
per unit time interval. And the number of electrons that get free again per unit time interval is βm(t).
The resulting ODE is

dn(t)

dt
= β(n0 − n(t))− α

(
1− n0 − n(t)

M

)
n(t). (7)

For n0 = 1,M = 1, α = 2, β = 1 find physical (n ≥ 0) stationary solution for the free electrons
concentration ns of this equation.

With given parameters n0 = 1,M = 1, α = 2, β = 1 we obtain the
following ODE 0.5
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dn

dt
= −2n2 − n + 1.

The stationary solution ns corresponds to the critical points and de-
fined by the quadratic equation 0.5

−2n2 − n + 1 = 0.

The solution of the quadratic equation gives two possible ns: 0.5

ns =
−1± 3

4
.

But only one of the solutions is physical (the free electron density
must be positive) ns = 1/2. 0.5

c) Determine if the physical (n ≥ 0) stationary solution from b) is stable.

Now, the ODE has the form
dn

dt
= −2n2 − n + 1.

The physical stationary solution of this equation is ns = 1/2.

To analyze the behavior of the system, we take a small ε > 0 and
consider the deviation from the critical point: 2

n = ns + ε,
dn

dt
= −2(ns + ε)2 − ns − ε + 1

= −2n2
s − ns + 1− 4nsε− 2ε2 − ε

= −(4ns + 1)ε− 2ε2 = −3ε− 2ε2 < 0,

n = ns − ε,
dn

dt
= −2(ns − ε)2 + ns − ε + 1

= −2n2
s − ns + 1 + 4nsε− 2ε2 + ε

= (4ns + 1)ε− 2ε2 = 3ε− 2ε2 > 0, for sufficiently small ε
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According to the definition from the lecture course, we see that ns is
stable equilibrium point. 1

d) If the semiconductor layer is thick, the generated density of free electrons n is no longer homoge-
neous. More electrons are freed near the surface and less inside the layer. The simplest model for
the evolution of n(x, t) considers diffusion along the layer depth x and is described be the following
equation

∂n

∂t
= D

∂2n

∂x2
− γn, (8)

where the coefficients D and γ are positive.

Provide a numerical scheme for this equation. For the time discretization use the explicit Euler
scheme and for the spatial discretization a central difference second-order scheme. For a discretiza-
tion grid example see Figure 2.

x

t

j j+1j-1

m
m
+1

h

τ

Figure 2: Discretization grid example.

First, we apply a central difference discretization scheme to the second-
order derivative 1

∂nj(t)

∂t
= D

nj−1(t)− 2nj(t) + nj+1(t)

h2
− γnj(t).

Then we can use the explicit Euler numerical scheme

n
(m+1)
j − n(m)

j

τ
= D

n
(m)
j−1 − 2n

(m)
j + n

(m)
j+1

h2
− γn(m)

j
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Finally, we get the numerical scheme for free electrons density n(t, x)

1

n
(m+1)
j =

Dτ

h2

(
n

(m)
j−1 − 2n

(m)
j + n

(m)
j+1

)
+ (1− γτ )n

(m)
j

e) Find the restriction for the time step size of the numerical scheme by using the von Neumann
stability analysis.

According to the von Neumann stability analysis, we assume the er-
ror in the solution to be of type 0.5

ε
(m)
j = amk e

iπkjh

Inserting the definition of the error into the numerical scheme yields 0.5

am+1
k eiπkjh =

Dτ

h2
amk

(
eiπk(j+1)h − 2eiπkjh + eiπk(j−1)h

)
+(1−τγ)amk e

iπkjh.

Dividing this expression by amk exp(iπkjh) and using the equality

(exp(iπkh) + exp(iπkh))/2 = cos(πkh)

results in an expression for ak 0.5

ak = 1− γτ +
2Dτ

h2
(cos(πkh)− 1).

Using the monotony of cos(πkh) it is enough to consider the extreme
cases cos(πkh)

!
= ±1. For cos(πkh)

!
= 1 we get 0.5

ak = 1− τγ,

and for cos(πkh)
!

= −1 we obtain 0.5

ak = 1− τγ − 4Dτ

h2
.
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In the both cases we get ak < 1 and in the second case we get a
smaller ak. Therefore, we have to consider only an inequality

1− τγ − 4Dτ

h2
> −1,

from which follows the restriction for the time step size 0.5

τ <
1

2D/h2 + γ/2
.


