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e The exam consists of four problems and is divided into two parts:

— The first part (problems 1 and 2) is without materials like notes, books etc.
at all. You will have 50 minutes for this part.

— For the second part (problems 3 and 4), you may books, lecture notes etc.,
but no electrical devices like for example calculators, mobile phones, . ... You
will have 40 minutes for this part.

You have to hand in your answers for part one before you receive the second part
of the questions and may start using media.

e Part one consists of three pages (in addition to this page), part two is on pages
5-7. Please check your copy for comleteness!

e The level of difficulty of the questions is quite different, and we did not sort them
according top difficulty. Therefor, if you have problems with some question, just
proceed to the next part before loosing too much time.

1 General questions

a) Which are the two main steps of modelling? (2 points)
— derivation
— analysis

b) Imagine you want to modell a chemical reactor. Name four basic questions you have
to answer to derive an appropriate model (thinking about simulation in general,



not only about your reactor)! (4 points)

What is the task of the model (optimization, insight, ... )?

What is the required level of detail (resolution, dimensions, ...)?

Which quantities are important and how important are they?
— What are their relations and interactions?

c) Name three general questions you have to answer if you analyse a model! (3 points)
— Euistence of a solution?
— Uniquness of the solution?

— Robustness of the model with respect to the input data/condition of the equa-
tions?

d) Name four possible ways to solve/simulate a model (each of them not applicable
for all types of models)! (4 points)

Try and error,
— analytical solution,
— direct numerical solution,

— approximative numerical solution.

2 Continuous Models: ODE and PDE

pt) = a-pt), p(0)=po, (1)
q(t) = b-q(t), q(0)= q, (2)
a,b>0.

Consider the above ODEs for the growth of the population p and ¢ of two species P and
Q.

a) Describe the behaviour of p for ¢ tending to infinity. Is this behaviour realistic? (&
points)

The exact solution of equation (1) is

p(t) = po - "
Thus,
Jim p(t) = oc.



b)

This behaviour is not realistic as at some point, e. g. lack of nutrients will prevent
further growth of population.

Give two possible variations of equation (1) with a more realistic behaviour for
t tending to infinity (but still without interactions of the two species). For both
possiblities, draw the qualitative behaviour of the resulting population p in the
diagrams below. (4 points)

Model of Verhulst (linear decrease of population growth):
P(t) =a—b-p(t), ab>0
S-shape growth (postive linear and negative quadratic part of the growth rate per

time unit):
p(t) =a-p(t) = b-p*(t), a,b>0.

model of Verhulst s—shape model
") iy

Why are linear ODEs not sufficient to model the s-shape form of the population
curve, which can be observed for real world populations? (2 points)

A necessary condition for the s-shape is a change of sign of the second derivative.
For a general linear ODE p =a-p+ b, we get

p=a-p.

Thus, a change of sign of the second derivative nonnegative growth rates p at the
same time is impossible.

To include interactions of the two species in the above model, add suitable terms
that model the following assumtion:



The decrease of population p per time unit is proportional to the number ¢ of
individuals of species @) (and vice versa for ¢). (1 point)

pt) = a-p(t)—c-q(t),c>0,
i) = b-q(t)—d-p(t),d>0

e) Is there an equilibrium p, g > 0 for the system of ODEs from d)? (4 points)

The equilibrium ( g ) is defined by

a-p—c-q 0
b-qg—d-p = 0
=

Gauf$ian elimination:

pzqzo,#—d+§b¢a
_ Cc_ _
p=—-q,q€|R.
a

Thus, there is an infinite number of equlibria with p,q > 0.

f) Consider the original ODE (1) for p. We now assume that the population p depends
on time t and the position z (z € [0;1]) on an east-west axis. Enhance the above

model for p according to the following assumptions:

1) The growth per time unit and individual is proportional to z. (1 point)



2) The movement of people to neighbouring locations is proportional to the
negative steepness of p in the respective directions (thus, people move to
regions with a less dense poulation).

Hint: Imagine a small interval on the x-axis and compute the change of
population within this interval from the movement of people over both borders
of the interval. Compute the limit for the interval length tending to zero. (3
points)

1) The growth per time unit and individual is desribed mathematically by %.
Thus, the modified equation is

pe(z,t) =a-x-p(x,t).

2) We look at an interval with legth Ax on the x-axis:

X XA

On the lefthand side of the interval, the steepness of p from the left to right
is given by p.(x). Analoguously, on the righthand side of the interval, the
steepness from the right to the left is —p,(x + Ax). Thus, the change of
population per time unit within the interval is

pe(x + Az) — p(x).
The average change per point on the x-axis is proportional to

pe(x + Az) — pi(x)
Az '

Establishing the limit Ax — 0, we get the additional term p,, for the growth
per time unit. Thus, the modified equation is

pt<x7t) =a 'p([I),t) +b 'pmc(xvt)ab > 0.

3 Numerical Methods for ODE

Consider the first-order ODE

v=f(y,t), v(0)=uyo.



Derive a pth-order discretization on an equidistant grid

{t;=ixhyi=1,23,. .. &h>0}
a) for p = 2 using Taylor-expansion of y(t;41) with respect to y(tx), (3 points)
. h? ho 4
Y(trs1) = y(e) + 1 y(te) + 5 ~G(te) + 5 Y (te) + O(h%).

The deriwatives of y can be expressed with the help of f:

y(te) = fly(te), tr)
glte) = fily(te) te) + fu(y(te), te) - 9(tr)
= fily(tr), tr) + fy(y(te), te) - f(y(tr), tr).

Thus, the second-order discretization derived from Taylor-expansion is

Yes1 = Yk + 0 f(ye, tr) + h2 (felyrs 21) + fu(yes te) - f(yr, te)) -

b) for p = 3 according to the Adams-Bashforth-approach. (7 points)
Replace [ in the integral form

oter) —ylt) = [ Sto). oy

Ly

by the interpolating polynomial with degree 2 with interpolation points (yi—1,tx—1),
(Yk—1,tk—1), (g, tx). Using the Lagrange polynomials, we get:

p(t) = f(Yr—2:te—2) - Lo(t) + f(Yu—1,ti—1) - L1(t) + f(yw, t) - La(2),

where l;,1 = 0,1,2 are polynomials with

Li(tr—2+;) = 015 = { éeg(j -
.

L) = e =,

L = G e Yy

Ly(t) = (t — tp—2)(t — tg—1)

(te — to—2)(tk — the1)



1 1,
Lo(th +T) = 2h2(T+h)T th(T + hT),
1 1
Li(thy+T) = _h2(T+2h)T:—ﬁ(T2+2hT)
1 1, )
Ly(ty +T) = 2h2(T+2h)(T+h) 2hQ(T + 3hT + 2h?).

tei1 h 1 h 9
/ Lo(t)dt = /()Lo(thrT)dT:ﬁ/o T? + hTdT

173

- 2R?2 | 3 2 ], 12
tet1
/ L(t)dt = /Ll(thrT)dT_——/ T? + 2hTdT
Tk 0
1 [73 Py
= +hT?| =—=h
NACR

b 2 2
/ Lo(t)dt = / Lo(ty, + T)dT = 2h2/ T 4 3hT + 2h2dT
0

tg

1 [T% 3hT? hoo3
- = WT| = h.
o1 [ g Pyt ]0
h
= Ypt1 = Yk + 2 (5f (Yr—1,tk—1) — 16 f (Y1, te—1) + 23 f (yx. tx)) -

4) Numerical Methods for PDE

Consider the Poisson equation
Au=f in ]0;1[
with boundary conditions

p=0 at {0} x[0;1]U {1} x [0;1] U[0;1] x {0} U[0;1] x {1}

and the following finite-difference discretization on a square grid:



] l,J J,j J'i'l,j T

h

i1 L
1]

A o UWimto F Ui — A Ui+ Ui
u(w; ;) ~

at all inner grid points x; ;.
Is this discretization

a) consistent, (6 points)

2h?

Taylor-expansion of u with respect to x; ;:

U($i+1,j+1) =

u(Tio1j11) =

w(Tiv15-1) =

u(ri1-1) =

w(wig) + I (e, (Tig) + ey (T35)) +

h2

?(umxl (‘rl}j) + 2u$1$2 ('xi,j) + Ugya, (xi,j)) + O(h3)7
u(wg) +hoe (—ug, (i) + gy (i) +

h2

5(“331361 (xi,j) - 2uw19£2 (:L'm) + Uzyz, (xi,j» + O<h3)7
(i) + o (U (Ti ) — Uy (T35)) +

h2

3(”93111 (xi,j) - 2u331$2 (.Tm‘) + Ugoay ('Ti,j)) + O<h3)7
w(wig) + ho (—ug, (i) — sy (i) +

h2

E(uxlxl (‘ri,j) + 2u3711'2 (xi,j) T Uzoz, ('ri:j» + O(hg)

= w(@ipg) T u@ioe) (@i o) S (@) =

2

4u(e) + T ary (22) + sy (22,))) + O(H).

2



~ Aufa) — w(@i—jo1) Fu(wisg ji1) — du(z ) + w(@ipr,j-1) + (@it j4+1) _

2h?
O(h) — 0 for h — 0.

= The discretization s consistent.

b) stable (hint: try to find an oscillating pattern in the following cutaway of the grid
with boundary zero that is annihilated by the discrete operator), (2 points)

01
110
01
1 |0
0 1

— | | |
e = i R
—_ D |- O |-

As there is an oscillating pattern, which is annihilated by the operator and fulfilling
the boundary conditions, the discretization is instable.

c) convergent? (1 point)

As shown in b), the discretization is instable. Thus, it is not convergent as for
arbitrarily small h, arbitrarily high oszillations can occur.

Give short reasons for your answers.



