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Scientific Computing

Partial Differential Equations and Grid Generation

Exercise 21: Christmas Tree Approximation

Given the Christmas tree in Fig. 1, an approximation of the tree geometry is required. For
this purpose, an octree grid structure shall be used, and the tree is embedded into a square as
shown in the upper image of Fig. 1. This square builds the uppermost level of the octree, that
is the octree cell at level 0.

(a) The refinement rule for the tree reads:

a) Refine an octree cell if the tree boundary passes through this square or the square
belongs to a tree level l < 2. The refinement factor is set to two (i.e. we embed
2× 2 grid cells into one coarse cell).

b) Refine at most up to level l = 5.

Carry out the refinement for the upper image of Fig. 1 using a ruler and a pencil.

(b) In the lower part of Fig. 1, a piece of the lower left branch of the tree is extracted.
Assume that the branch is aligned at 45 degrees and thus exactly cuts a grid cell as
shown in the figure. Refinement in this case shall be triggered only if a grid cell is cut
by this diagonal edge. How many grid cells will the (hierarchical) octree hold when
refining up to a level L? How many leaves does the tree have?
Remark: A cell is denoted as leaf cell if it is not refined and thus does not contain any
child cells.

Solution:

(a) The arising adaptive grid is shown in Fig. 2.

(b) Refining the tree as described and considering the lower picture in Fig. 1 yields the
following numbers of cells per octree grid level:

l = 0 : 1
l = 1 : 4
l = 2 : 8
l = 3 : 16
l = 4 : 32
...

...
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The total number of cells thus evolves at 1 + 4 ∑L−1
l=0 2l .

For the number of leaves, we can check how many leaves of a grid level l remain leaves
when incrementing the number of levels. Considering the lower image of Fig. 1 shows
that we have eight cells on level 2, and only four of them are cut. Hence, four cells will
remain leaves whereas four cells are split into finer cells. The total number of leaf cells

Figure 1: Christmas tree. Top: Whole tree. Bottom: extracted part of the lower left branch of
the tree.
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Figure 2: Octree-based refinement of the Christmas tree.

for a total number of grid levels L evolves at:

L = 0 : 1
L = 1 : 4
L = 2 : 2 + 8
L = 3 : 2 + 4 + 16
L = 4 : 2 + 4 + 8 + 32
...

...

A general formula for L ≥ 1 reads ∑L−2
l=0 2l+1 + 4 · 2L−1. We can transform this sum as

follows:

L−2

∑
l=0

2l+1 + 4 · 2L−1 =
L

∑
l=0

2l+1 − 2L = 2
L

∑
l=0

2l − 2L = 2
1− 2L+1

−1
− 2L = 2L+2 − 2L − 2

Finally, we obtain for the total number of leaf cells Nlea f :

Nlea f = 3 · 2L − 2

Let’s compare this to a regular Cartesian grid which is not locally refined and which
provides the same resolution at the tree branch. This regular grid thus consists of N :=
2L cells in each spatial direction and hence holds the total number of (2L)× (2L) = 22L

cells. The total number of leaf cells for the regular grid thus scales with N2 whereas the
number of leaf cells of the octree grid scales with N.
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Exercise 22: Santa Clause Comes to Town

Santa Clause needs to travel around the world in 24 hours on Christmas Eve and deliver the
presents to all 7 billion people in the world. He starts from his home, the North Pole.
Santa knows that

• his magic slay becomes faster the more presents are distributed to the people since
there’s less weight to carry. The 7 · 109 presents need to be distributed over the earth.
Santa determined the function p(x) which represents the number of presents that are
left in the slay depending on the current location x. The function is given by

p(x) =
7 · 109

2(πr)3

(
−(x− πr)3 + (πr)3)

We assume the world to be flat ;-) so that Santa travels around a circular disk, and x
needs to be in the interval x ∈ [0, 2πr] where r = 6370 km is the radius of the earth;
x = 0 and x = 2πr represent the starting point of Santa’s ride, that is the North Pole.
Last Christmas, Santa found out that the acceleration of his slay is proportional to the
present distribution p(x). The respective acceleration a(x) is given by

a(x) :=
p(x)
109 .

• his reindeer become tired over time from pulling the slay. Santa did some experiments
without presents and found out that the deceleration is proportional to time and given
by

d(t) := 0.2t

where t is given in hours.

Since Santa is more an experimentalist than a computational engineer, he does not know
so much about mathematical modeling and simulation. Help him to find a model and an
approximate solution to his ride.

(a) Develop a model for the position x(t) and the velocity u(t) of Santa’s slay.

(b) Write a maple sheet which solves the model using a fourth-order Runge Kutta method
(cf. slide 22 of 05 ode numerics.pdf) and the explicit Euler method. Simulate the time
frame of one day, i.e. t ∈ [0, 24]. Use 10, 100, 1000 time steps and compare the numerical
solutions of both methods. How fast does Santa Clause need to go at the very beginning
so that he can at least travel around the world and return to the North Pole in one day?
Plot the arising x(t)− u(t)-graph in maple.

Solution:

(a) We can model Santa’s transport problem by a system of two ordinary differential equa-
tions. The change of the position x(t) over time is given by the velocity u(t). The overall
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acceleration of Santa’s slay evolves from the acceleration a(t) and the deceleration d(t):

dx
dt

= u

du
dt

= a(t)− d(t)

(b) See santa.mw. Qualitatively, we see from the solution plots in the x(t) − u(t)-graph,
that Santa’s slay first accelerates due to the reduced number of presents. After reaching
a certain peak, the slay decelerates since the reindeer become tired.
Comparing the fourth-order Runge-Kutta (RK) and the explicit Euler (EE) method, we
see that the EE method predicts a significantly higher peak velocity than the RK method
(see for example the simulation for u(t = 0) = 1700 using 10 time steps). Reducing the
time step size leads in both cases to the same solution; note that the RK method con-
verges much faster than the EE method. As an example, run the simulation (u(t = 0) =
1700) using 100 time steps for the EE method and 10 time steps for the RK method and
compare the solutions. The final positions are xEE(t = 24) = 41550, xRK(t = 24) = 41535.
The prediction of the RK method is already better than the EE simulation since increas-
ing the number of time steps to 10 000 on the same time interval yields approx. the same
solution (x(t = 24) ≈ 41535).
In order to determine the velocity of Santa’s slay at the very beginning, we use different
initial conditions for u(t) and measure the last position x(t = 24). If x(t = 24) ≥ 2πr,
then Santa can return to the North Pole within one day. The initial position is set to zero,
x(t = 0) = 0. We find that Santa’s initial velocity must be at least u(t = 0) ≈ 1640 km/h.

We wish you a merry Christmas and a happy new year!
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