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Scientific Computing

Ordinary Differential Equations: Numerical Methods

Exercise 15: Particle Simulation

Consider a spherical particle which carries a constant electric charge q > 0 and is suspended
in water. The particle shall move at a velocity v(t) ∈ R3. The force F ∈ R3 acting on the
particle due to an external electric field E(t) ∈ R3 and a magnetic field B(t) ∈ R3 is given by
the Lorentz force:

Florentz(t) := q(E(t) + v(t)× B(t)) (1)

with the operator × defined as the cross-product

a× b :=

 a2b3 − a3b2
a3b1 − a1b3
a1b2 − a2b1

 (2)

for vectors a, b ∈ R3. Due to the viscous resistance of the fluid, the drag force acts onto the
particle as well:

Fdrag(t) := −6πηrv(t) (3)

where η > 0 is the fluid viscosity and r > 0 the radius of the particle. A system of ordinary
differential equations evolves for the particle velocity v(t) as follows:

dv
dt

=
1
m
(

Florentz + Fdrag
)

(4)

where m denotes the mass of the particle.

(a) Write down the specific differential equation for a magnetic field B(t) := (0, 0, 2t)>, an
electric field E(t) := (1, 0, 0)>, a mass, viscosity and electric charge q = m = η = 1 as
well as a radius r = 1

6π . You may further assume that the particle is initially at rest, i.e.
v(t = 0) =~0.

(b) Formulate the explicit Euler method for the equations derived in (a) and solve the first
three time steps “by hand” using a time step τ = 1

2 .

(c) Write a maple sheet to study the influence of the time step τ on your solution. Simplify
the magnetic field to B(t) := (0, 0, 1)>, solve the ODE system from (a) analytically and
compute the error

e(t) :=
√
(vanalytic

x (t)− veuler
x (t))2 + (vanalytic

y (t)− veuler
y (t))2

1



for τ = 2−n, n ≥ 1; here veuler
x (t), veuler

y (t) denote your explicit Euler solutions. Consider
the time interval t ∈ [0, 10] in your studies. What do you observe?

(d) Formulate the second-order Adams-Moulton method for the equations derived in (a)
and solve the first time step for τ = 1

2 .

Exercise 16: Runge-Kutta Methods and Direction Fields

Consider the direction field of a one-dimensional ODE dp
dt = f (t, p(t)) as given in Fig. 1. To

compute approximate solutions pn ≈ p(tn) at times tn = n · τ, the following second-order
Runge-Kutta scheme is given to compute the population size pn+1 of the next time step:

p̂n+1 = pn + τ f (tn, pn)
pn+1 = 1

2 (pn + τ f (tn+1, p̂n+1) + p̂n+1)
(5)

Figure 1: Direction field for exercise 16a.

(a) With initial condition p0 = p(0) = 0.125, perform the first four steps of this scheme (to
compute p1, p2, p3, p4) by drawing the approximate solutions into the direction field in
Fig. 1 (graphical solution only).
The stepsize shall be τ = 2, as illustrated by the four intervals drawn into the direction
field. Mark from which arrows you obtain the directions of the numerical steps—you
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Figure 2: Direction field for exercise 16b.

are allowed to add an arrow to the direction field, if no arrow is plotted at the precise
required position.

(b) Consider the direction field in Fig. 2. Perform the first three steps of the explicit Euler
scheme by drawing the approximate solution in this direction field. Start at y(t = 0) =
−1 and use a time step τ = 3. What do you observe? What happens for τ = 2 and
τ = 1.5?
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