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Summary. Toeplitz systems can be solved efficiently by using iter-
ative methods such as the conjugate gradient algorithm. If a suitable
preconditioner is used, the overall cost of the method is O(n log n)
arithmetic operations. Circulant matrices are frequently employed for
the preconditioning of Toeplitz systems. They can be chosen as pre-
conditioners themselves, or they can be used for the computation
of approximate inverses. In this article, we take the larger class of
ω-circulant matrices instead of the well-known circulants to extend
preconditioners of both types. This extension yields an additional free
parameter ω which can be chosen in a way that speeds up convergence
of the conjugate gradient method. The additional computational ef-
fort arising from the use of ω-circulant instead of circulant matrices
is low.

Key words: circulant matrices, Toeplitz systems, preconditioning

2000 Mathematics Subject Classification: 65F10, 65F22

1. Introduction

Toeplitz matrices arise in a variety of applications, for example in the
discretization process of partial differential equations. Since Toeplitz
matrices are dense, but very structured matrices, this structure must
be exploited by any solver, no matter whether it is direct or itera-
tive. Until 1985 mostly direct Toeplitz solvers were developed [1], the
best of these methods having a total cost of O(n log2 n) operations.
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Strang [5] was the first to develop a competitive iterative method for
Hermitian positive definite Toeplitz matrices. He used the conjugate
gradient algorithm, which requires only O(n log n) operations per it-
eration. If the number of iterations is low, this is, for large n , faster
than the best direct methods. In most cases, fast convergence can
only be achieved if a suitable preconditioner is used. Many efficient
preconditioners for Toeplitz systems are either circulant matrices or
they are constructed with the help of circulant matrices.

This paper is organized as follows. In Chapter 2 we review essential
properties of Toeplitz matrices, circulant matrices, and the conjugate
gradient method. Chapter 3 presents two classes of preconditioners for
the conjugate gradient method which are based on circulant matrices:
circulant preconditioners and approximate inverse preconditioners. In
Chapter 4 we extend three of these preconditioners using ω-circulant
matrices, and carry out extensive numerical tests to find out how the
new preconditioners work in practice.

2. Toeplitz systems and circulant matrices

Definition 1. An n-by-n matrix Tn is called Toeplitz if it is constant
along its diagonals, i.e. if

(1) Tn =

⎛
⎜⎜⎜⎜⎜⎜⎝

t0 t−1 · · · t2−n t1−n

t1 t0 t−1 t2−n
...

. . . . . . . . .
...

tn−2 t1 t0 t−1

tn−1 tn−2 · · · t1 t0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Its entries are given by T
(l,m)
n = tl−m. In order to derive some essential

properties of Toeplitz matrices we need to introduce the concept of
a generating function.

Definition 2. Let f be a 2π-periodic real-valued function defined on
[−π, π] . The Fourier coefficients of f are given by

tk =
1
2π

∫ π

−π
f(θ)e−ikθdθ (k ∈ Z) .

We can now define the sequence of matrices {Tn(f)}n , where Tn is
the n-by-n Toeplitz matrix with entries T

(j,k)
n = tj−k (0 ≤ j, k < n) .

f is called the generating function of the sequence (Tn)n .
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Since f is real-valued, the matrices Tn are Hermitian. If in addition
f is even, the Tn are real symmetric and f can be represented by a
cosine series. Grenander and Szegö [4] proved that all eigenvalues of a
Toeplitz matrix are contained in the range of its generating function
[fmin, fmax] and that, for limn→∞ , the extreme eigenvalues tend to
fmin and fmax .

The immediate consequence of this theorem is that a positive
function f leads to a sequence of positive definite Toeplitz matri-
ces {Tn(f)}n . If, however, fmin = 0 , the Tn(f) are ill-conditioned
for large n . In [9] it is shown that a zero of order 2ν in f lets the
condition numbers of the Tn(f) grow like O(n2ν) .

Circulant matrices are a subclass of Toeplitz matrices, which plays
an essential role in general Toeplitz matrix calculations.

Definition 3. An n-by-n matrix Cn is called circulant if it is Toeplitz
and, in addition, c−k = cn−k .

The following theorem states that circulant matrices can be diago-
nalized efficiently. For a proof see [3].

Theorem 1. A circulant matrix Cn has the decomposition Cn =
FH

n ΛnFn, where Λn is the diagonal matrix containing the eigenvalues
of Cn , and Fn is the Fourier matrix, which is unitary.

Theorem 1 implies that many computations involving circulant
matrices can be done in O(n log n) operations with the Fast Fourier
Transform (FFT).

Block-Toeplitz-Toeplitz-block (BTTB) matrices or two-level Toep-
litz matrices are the two-dimensional analogues of Toeplitz matrices.
A BTTB matrix is a block matrix with Toeplitz blocks, also having
Toeplitz structure on the block level. The spectrum of the BTTB ma-
trix is bounded by the range of the corresponding generating function,
which, in this case, is a function in two variables. For large n the max-
imum and minimum eigenvalues of the matrix tend to the maximum
and minimum values of the function. Block-circulant-circulant-block
(BCCB) matrices are the two-dimensional analogues of circulant ma-
trices. They are circulant within each block and on the block level.
BCCB matrices are diagonalized efficiently by the two-dimensional
FFT.

Toeplitz systems are efficiently solved with the conjugate gradient
(cg) method. The cg method is a non-stationary iterative method for
the solution of Hermitian positive definite matrix systems [10]. In [11]
it is shown that fast convergence is reached if the eigenvalues of the
matrix Tn are clustered around 1 for large n . Since this is not the
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case for most Toeplitz systems, a preconditioner Pn must be chosen
in such a way that the clustering property holds for the precondi-
tioned system P−1

n Tn . Furthermore, all computations involving the
preconditioner, e.g. the construction of Pn or the solution of a linear
system Pnh = r must be carried out in O(n log n) operations.

3. Preconditioning with circulant matrices

There are two fundamentally different principles for the construction
of a preconditioner which is to be used in the preconditioned conju-
gate gradient (pcg) method. One way is to find an approximation Pn

to the given Toeplitz matrix Tn , and then to solve the system Pnh = r
in each iteration. The other principle is to find an approximation Mn

to T−1
n , and then to compute h by a matrix-vector multiplication

h = Mnr .
Since most calculations involving circulant matrices can be carried

out in O(n log n) operations, this class of matrices is well-suited for
the construction of preconditioners. Circulant matrices can be chosen
as preconditioners themselves, representing the first principle of con-
struction, or they can be used for the construction of approximations
to Tn , representing the second principle.

3.1. Circulant preconditioners

The first circulant preconditioner for Toeplitz systems was given by
Strang [5].

Definition 4. Let Tn be an n-by-n Toeplitz matrix defined in (1).
Then the diagonals sj of Strang’s preconditioner Sn = [sk−l]0≤k,l<n

are defined by

sj =

⎧⎪⎪⎨
⎪⎪⎩

tj , 0 ≤ j ≤ �n/2� ,

tj−n, �n/2� < j < n ,

sn+j , 0 < −j < n .

T. Chan [2] developed the so called optimal circulant precondi-
tioner cF (Tn) .

Definition 5. Let Tn be an n-by-n Toeplitz matrix. Then the diago-
nals cj of T. Chan’s preconditioner cF (Tn) = [sk−l]0≤k,l<n are defined
by

(2) cj =

{
(n−j)tj+jtj−n

n , 0 ≤ j ≤ n − 1 ,

cn+j , 0 < −j < n − 1 .
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In [2] it is shown that cF (Tn) minimizes ‖Cn − Tn‖F over all cir-
culant matrices Cn , where ‖ · ‖F denotes the Frobenius norm.

The optimal preconditioner is extended to BTTB matrices Tmn

by T. Chan and Olkin [14]. In this case the BCCB matrix CF
mn min-

imizing ‖Cmn − Tmn‖F over all BCCB matrices Cmn is used as a
preconditioner. It is calculated in two steps. First, T. Chan’s precon-
ditioner is computed for each block of Tmn , and then (2) is applied
to the resulting matrix on the block level.

3.2. Approximate inverse preconditioners

Hanke and Nagy [7] developed an approximate inverse preconditioner
which is based on embedding the given Toeplitz matrix into a larger
circulant matrix, which can be inverted in O(n log n) with the FFT.
Let Tn be a banded n-by-n Hermitian positive definite Toeplitz ma-
trix. Then Tn is embedded into the (n+β)-by-(n+β) circulant matrix

(3) Cn+β =

(
Tn TH

2,1

T2,1 T2,2

)
.

Cn+β can be diagonalized with the help of the Fourier matrix Fn+β .
In the decomposition Cn+β = FH

n+βΛn+βFn+β , Λn+β contains the
eigenvalues of Cn+β . If Cn+β is positive definite, and therefore all
eigenvalues λj are positive, the inverse can be computed by

C−1
n+β =

(
Mn M1,2

M2,1 M2,2

)
= FH

n+βΛ−1
n+βFn+β .

However, if Cn+β has nonpositive eigenvalues, Hanke and Nagy use
the matrix Λ−

n+β instead of Λ−1
n+β , where Λ−

n+β is the diagonal matrix
with entries

(4) λ−
j =

{
1/λj , if λj > 0;
0, if λj ≤ 0.

This leads to the following approximation for C−1
n+β :

C−
n+β =

(
Mn M1,2

M2,1 M2,2

)
= FH

n+βΛ−
n+βFn+β .

The leading n-by-n principal submatrix Mn of C−1
n+β or C−

n+β is used
as an approximation for Tn . Hanke and Nagy [7] proved a cluster-
ing result for the preconditioned system, which will be extended in
Section 4.2.
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4. Extending the preconditioners with ω-circulant matrices

In the previous chapter we described some of the well-known precon-
ditioners for the solution of Toeplitz systems with the cg method,
which were either circulant themselves or constructed with the help
of circulant matrices. In this paper we wish to design new precondi-
tioners by using the larger class of ω-circulant matrices instead of the
circulants. The following definition can be found for example in [1].

Definition 6. Let ω = eiθ with θ ∈ [−π, π] . An n-by-n matrix Wn is
said to be ω-circulant if it has the spectral decomposition

(5) Wn = ΩnFH
n ΛnFnΩH

n = ΩnCnΩH
n .

Fn is the Fourier matrix, Λn is diagonal containing the eigenvalues of
Wn , Ωn = diag(1, ω1/n, . . . , ω(n−1)/n) , and Cn denotes the circulant
matrix from Theorem 1.

If we choose θ = 0 in Definition 6, ω = 1 and Wn is circulant.
Although the class of ω-circulant matrices is slightly more general
than the class of circulant matrices, most calculations involving ω-
circulants such as matrix-vector products or the solution of linear
systems can also be carried out in O(n log n) operations. This is due
to the fact that diagonalization of an ω-circulant matrix requires, in
addition to the FFT, only one matrix-vector multiplication involving
the diagonal matrix Ωn .

Since the additional computational effort arising from the use of
ω-circulant matrices is low, we try to extend the preconditioners de-
scribed in Chapter 3 by using ω-circulant matrices instead of circu-
lants. Then, the choice of θ yields an extra degree of freedom which
can be used to improve the performance of the preconditioner. In the
first part of this chapter we choose θ in order to minimize a norm,
whereas in the subsequent sections θ improves the rank of the circu-
lant extension matrix.

4.1. Extending the optimal circulant preconditioner

In the first part of this section we develop an ω-circulant extension of
the preconditioner of T. Chan, whereas in the second part we extend
its two-dimensional analogue.
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4.1.1. Extending the preconditioner of T. Chan Following the idea
of Huckle [6] we seek to minimize

‖Cn(ω) − Tn‖F

over all ω-circulant matrices Cn(ω) . Since Cn(ω) has the decomposi-
tion Cn(ω) = ΩnCnΩH

n with a circulant matrix Cn , and since mul-
tiplication by a unitary matrix does not change the Frobenius norm,
the minimization problem becomes

(6) min
Cn circulant

‖ΩnCnΩH
n − Tn‖F = min

Cn circulant
‖Cn − Tn(ω)‖F

with Tn(ω) := ΩH
n TnΩn . From (6) the strategy for computing the op-

timal ω-circulant preconditioner cω
F (Tn) becomes clear. After choosing

the optimal ω and calculating Tn(ω) , we compute the optimal circu-
lant preconditioner cF (Tn(ω)) for the Toeplitz matrix Tn(ω) , mini-
mizing the Frobenius norm over all circulant matrices. Finally, cω

F (Tn)
is determined by cω

F (Tn) = Ωn cF (Tn(ω))ΩH
n . The only remaining

question is, how can the optimal ω be found? From cF (Tn(ω)) , Tn(ω) ,
and (6) we can derive a formula for the optimal ω . Since

‖cω
F (Tn) − Tn‖F = ‖cF (Tn(ω)) − Tn(ω)‖F ,

ω is the solution of the minimization problem

(7) min
ω

‖cF (Tn(ω)) − Tn(ω)‖F .

After computing

(8)

‖cF (Tn(ω)) − Tn(ω)‖2
F = 1

n

n−1∑
j=1

(n − j)j|t−j |2

+ 1
n

n−1∑
j=1

(n − j)j|tj |2 − 2
n Re(ω

n−1∑
j=1

(n − j)j t−j tn−j),

(7) is solved as a one-dimensional real minimization problem in the
argument θ of ω = eiθ . The result is

θ = − arg
(n−1∑

j=1

(n − j)j tj tj−n

)
+ 2kπ (k ∈ Z) .

The clustering property for the optimal ω-circulant preconditioner
can be proved in the same way as for the optimal circulant precon-
ditioner. Carrying over the results of Chan and Yeung [8], [12] leads
to the following result.
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Theorem 2. Let f be a 2π-periodic continuous positive function with
the associated sequence of Toeplitz matrices {Tn}n . Moreover, let
cω
F (Tn) be the optimal ω-circulant preconditioner for Tn . Then, the

spectra of cω
F (Tn)−1Tn are clustered around 1 for large n .

To find out whether the optimal ω-circulant preconditioner is a
real improvement, we start with the following observation. For the
matrices Tn = tridiag(−1, 2,−1) of the discrete one-dimensional
Laplacian ‖cF (Tn(ω)) − Tn(ω)‖F is independent of θ . This obser-
vation is just a special case of the following result on banded Toeplitz
matrices, which follows directly from (8).

Theorem 3. Let Tn be a banded Toeplitz matrix with bandwidth β <
n/2 . Then

‖Rn‖2
F := ‖cω

F (Tn) − Tn‖2
F = ‖cF (Tn(ω)) − Tn(ω)‖2

F

is independent of ω , and therefore the same as ‖cF (Tn) − Tn‖2
F for

the optimal circulant preconditioner of T. Chan.

For non-banded Toeplitz matrices Tn , a suitable choice of ω leads
to an improvement of ‖Rn‖2

F , which in many cases yields far better
results of the pcg method. For example, if a Toeplitz matrix is closely
related to a skew-circulant matrix, the use of a skew-circulant pre-
conditioner not only minimizes the Frobenius norm, but also leads to
faster convergence. This can be illustrated by the following example.
It shows how ‖cω

F (Tn)−Tn‖F changes when we move from a circulant
to a skew-circulant matrix Tn . It is well known that each Toeplitz
matrix can be written as the sum of a circulant and a skew-circulant
matrix.

Example 1. Let An be the symmetric positive definite Toeplitz
matrix given by ak = 1

k+1 (0 ≤ k < n) . Then An has the de-
composition An = Cn + Sn with the circulant matrix Cn and the
skew-circulant matrix Sn , where c0 = s0 = a0/2 , ck = ak + ak−n ,
and sk = ak − ak−n . With Cn and Sn we can define the Toeplitz
matrices

Tn = p · Cn + (2 − p) · Sn

with the parameter p ∈ [0, 2] . For p = 0 , Tn is skew-circulant,
whereas for p = 2 , it is circulant. The closer p is to 0, the closer
Tn is related to a skew-circulant matrix. For larger p , Tn becomes
more and more circulant. Figure 1 depicts ‖cω

F (Tn) − Tn‖F for dif-
ferent values of p showing that for matrices which are dominated by
the circulant component the Frobenius norm has its minimum at 0 ,
whereas skew-circulant dominance leads to a minimum at π .
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Fig. 1. ‖cω
F (Tn)−Tn‖F depending on θ for the matrices Tn from Example 1 with

p = 0.1, 0.5, 1.5, 1.9 and n = 1000

Not only the Frobenius norm is improved by a suitable choice of θ ,
but also the performance of the pcg method. The table 1 summarizes
the numerical results.

p=0.1 p=0.5 p=1.5 p=1.9

n θ=0 θ=π θ=0 θ=π θ=0 θ=π θ=0 θ=π

5000 9 5 8 7 6 9 5 9
10000 9 5 8 7 6 9 5 9
15000 9 5 9 7 6 9 5 10
20000 9 5 9 7 6 9 5 10

Table 1

4.1.2. Extending the preconditioner of Chan and Olkin Now we wish
to carry over the results of the previous paragraph to the block case.
For the preconditioning of BTTB systems Tmn we extend the pre-
conditioner of T. Chan and Olkin by allowing two free parameters
α and ω . On the first level of approximation, each block of Tmn is
substituted by an α-circulant matrix instead of a circulant. In each
block, the first element of the j-th row is obtained by multiplying the
last element of the (j − 1)-th row by α . On the second level of ap-
proximation, i.e. on the block level, we replace the circulant structure
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by an ω-circulant structure. This means the first block of the second
block row is obtained by multiplying the last block in the first block
row by ω . The goal is to minimize

(9) ‖Cmn(α, ω) − Tmn‖F

over all block ω-circulant matrices with α-circulant blocks. This is
done in a similar way as it was done for Toeplitz matrices. Cmn(α, ω)
has the decomposition

Cmn(α, ω) = ΩmnCmnΩH
mn ,

where Cmn is a BCCB matrix, and Ωmn = Ωm ⊗ Γn with

Ωm = diag(1, ω
1
m , . . . , ω

m−1
m ), Γn = diag(1, α

1
n , . . . , α

n−1
n ) .

The two free parameters are defined as ω = eiΦ and α = eiΨ . The
matrix Ωmn is a diagonal matrix of the form

Ωmn = diag(1, α
1
n , . . . , α

n−1
n , ω

1
m 1, ω

1
m α

1
n , . . . ,

ω
1
m α

n−1
n , . . . , ω

m−1
m 1, ω

m−1
m α

1
n , . . . , ω

m−1
m α

n−1
n ) .

With this notation, (9) can be rewritten as

min
Cmn∈BCCB

‖ΩmnCmnΩH
mn−Tmn‖F = min

Cmn∈BCCB
‖Cmn−Tmn(α, ω)‖F .

with Tmn(α, ω) := ΩH
mnTmnΩmn . This leads to the same strategy

for computing the optimal block ω-circulant matrix with α-circulant
blocks Cα,ω

mn as in the one-dimensional case. The Frobenius norm of
Rmn := Tmn(α, ω) − C

(2)
mn with the optimal BCCB approximation

C
(2)
mn for Tmn has the form

‖Rmn‖2
F = c0 + c1α + c1α + c2ω + c2ω + c3αω

(10) +c3αω + c4αω + c4αω

= c0 + 2Re(c1α) + 2Re(c2ω) + 2Re(c3αω) + 2Re(c4αω),

where the parameters c0, . . . , c4 , which are independent of α and ω ,
can be computed in O(mn) .

We can now derive a similar result for BTTB matrices which are
banded either within each block or on the block level.
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Theorem 4. Let Tmn be a BTTB matrix with blocks of size n-by-
n , and Rmn = Tmn(α, ω) − C

(2)
mn . Moreover, let β be the maximum

bandwidth over all blocks Tj , and γ the bandwidth on the block level,
i.e. the smallest positive integer j such that Tj is different from the
zero matrix only for j ≤ γ .

1. If β < n
2 , i.e. if each block of Tmn is banded, ‖Rmn‖F does not

depend on α .
2. If γ < m

2 , i.e. if Tmn is banded on the block level, ‖Rmn‖F does
not depend on ω .

3. If β < n
2 and γ < m

2 , ‖Rmn‖F does neither depend on α nor on
ω . For any choice of Φ and Ψ , the Frobenius norm is the same as
if the preconditioner of T. Chan and Olkin is used.

For non-banded matrices (10) can be used to compute optimal pa-
rameters α and ω . The first important subclass of BTTB matrices
which we want to examine are real matrices with symmetric blocks
which are also symmetric on the block level. In this case we can de-
duce that c3 = c4 . Then with ω = eiΦ and α = eiΨ , (10) becomes

(11) ‖Rmn‖2
F = c0 + 2c1 cos Ψ + 2c2 cos Φ + 4c3 cos Φ cos Ψ.

The first partial derivatives of (11) are

(12)

∂‖Rmn‖2
F

∂Φ = − sinΦ(2c2 + 4c3 cos Ψ),

∂‖Rmn‖2
F

∂Ψ = − sinΨ(2c1 + 4c3 cos Φ).

The following candidates for a minimum lead to real α and ω :

(Φ, Ψ) = (0, 0), (0, π), (π, 0), (π, π) .

Since in all four cases the Hessian matrix is diagonal, one can directly
read off whether there is a minimum, a maximum, or none of those.

The advantages of our new preconditioner shall be demonstrated
in the following example, in which the preconditioner is applied to
BTTB matrices which are close to being circulant or skew-circulant
on the block level and close to being circulant or skew-circulant within
the blocks. The example is based on the fact that a BTTB matrix
Amn can be written as the sum of four matrices

(13) Amn = CC + SC + CS + SS .

In this decomposition CC is a BCCB matrix, CS is circulant on the
block level and has skew-circulant blocks, SC has circulant blocks,
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but is skew-circulant on the block level, and SS is skew-circulant on
both levels.

Example 2. Let Amn be the BTTB matrix defined by a
(0)
0 = 2

and

a
(k)
l =

1
k + l + 2

for (k, l) �= (0, 0) ,

which has the decomposition (13). In order to test the preconditioner
we weight the terms of the sum (13) and define the matrices

Tmn = p1 · CC + p2 · SC + p3 · CS + p4 · SS ,

where the parameters pj satisfy pj ≥ 0 and

p1 + p2 + p3 + p4 = 4 .

If p1 is large compared to the other pj , CC is the dominant compo-
nent in Tmn , and ‖Rmn‖2

F is minimal for (Φ, Ψ) = (0, 0) . For large
p2 , SC is dominant and ‖Rmn‖2

F has its minimum at (Φ, Ψ) = (π, 0) .
For large p3 or p4 , the minimum is found at (Φ, Ψ) = (0, π) or
(Φ, Ψ) = (π, π) , respectively. This optimal choice of the parameters Φ
and Ψ not only minimizes the Frobenius norm, but also improves the
behavior of the pcg method. The table 2 shows the numerical results
for m = 80 and n = 120 .

(0, 0) (0, π) (π, 0) (π, π)
p1=3.7 , p2=p3=p4=0.1 4 12 13 16
p1=2.5 , p2=p3=p4=0.5 5 10 13 12
p2=3.7 , p1=p3=p4=0.1 11 19 5 10
p2=2.5 , p1=p3=p4=0.5 9 14 8 9
p3=3.7 , p1=p2=p4=0.1 10 5 20 12
p3=2.5 , p1=p2=p4=0.5 9 8 17 11
p4=3.7 , p1=p2=p3=0.1 15 13 12 5
p4=2.5 , p1=p2=p3=0.5 10 11 11 8

Table 2

Even if a real BTTB matrix Tmn is not symmetric on both levels,
it can be shown that (0, 0), (0, π), (π, 0), (π, π) are candidates for min-
ima. Although the Hessian matrix is not diagonal for such matrices
Tmn , it can be used to determine the minimum.

Finally, let us look at complex BTTB matrices which are Hermi-
tian on both levels. In this case, (10) can be simplified further. We
obtain that c3 = c4 and that c2 is real. With c1 = r1e

iθ1 , c2 = r2 ,
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and c3 = r3e
iθ3 the following equations are the analogues of (11) and

(12) in the Hermitian case.

‖Rmn‖2
F = c0 + 2r1 cos (θ1 + Ψ) + 2r2 cos Φ + 4r3 cos Φ cos (θ3 + Ψ),

∂‖Rmn‖2
F

∂Φ = − sinΦ(2r2 + 4r3 cos (θ3 + Ψ)),

∂‖Rmn‖2
F

∂Ψ = −2r1 sin (θ1 + Ψ) − 4r3 cos Φ sin (θ3 + Ψ).

Thus, possible candidates for a minimum need to have Φ = 0 or Φ = π
and, in addition, satisfy

−2r1 sin (θ1 + Ψ) ± 4r3 sin (θ3 + Ψ) = 0 ,

respectively. This leads to the following pairs of parameters:

(Φ, Ψ) = (0, arctan ( 4r3 sin (θ3−θ1)
−2r1−4r3 cos (θ3−θ1)) − θ1),

(π, arctan ( −4r3 sin (θ3−θ1)
−2r1+4r3 cos (θ3−θ1)) − θ1) .

4.2. Extending the preconditioner of Hanke and Nagy

The approximate inverse preconditioner of Hanke and Nagy is com-
puted by embedding Tn into a circulant matrix Cn+β and by ex-
ploiting the fast invertability of Cn+β . Again, we try to find a new
preconditioner by using ω-circulant matrices, this time for the em-
bedding of Tn into the ω-circulant matrix Cn+β(ω) . In analogy to (3)
we embed Tn into

Cn+β(ω) =

(
Tn TH

2,1

T2,1 T2,2

)
.

To make Cn+β(ω) an ω-circulant matrix, we define

T2,1 =

⎛
⎜⎝

ωtβ 0 · · · 0 tβ · · · t1
...

. . .
...

. . .
...

. . .
...

ωt1 · · · ωtβ 0 · · · 0 tβ

⎞
⎟⎠ ,

where ω = eiθ with θ ∈ [π, π] . As we have seen in (5), the diagonal
matrix Λn+β containing the eigenvalues of Cn+β(ω) is computed as
follows:

Λn+β = Fn+βΩH
n+βCn+β(ω)Ωn+βFH

n+β = Fn+βCcirc
n+β(ω)FH

n+β .
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In this equation, Ωn+β is the diagonal matrix

Ωn+β = diag(1, ω1/(n+β), . . . , ω(n+β−1)/(n+β))

and Fn+β the Fourier matrix with entries F
(n+β)
k,j = 1√

n+β
e

2πijk
n+β .

Once the eigenvalues are obtained, the inverse of the ω-circulant ma-
trix Cn+β(ω) must be computed. If all eigenvalues are positive, this
is done via

(14) Cn+β(ω)−1 =
(

Mn M1,2

M2,1 M2,2

)
= Ωn+βFH

n+βΛ−1
n+βFn+βΩH

n+β .

However, if Λn+β contains nonpositive eigenvalues, Λ−1
n+β is replaced

by Λ−
n+β as it was done in (4). The result is

(15) Cn+β(ω)− =
(

Mn M1,2

M2,1 M2,2

)
= Ωn+βFH

n+βΛ−
n+βFn+βΩH

n+β .

To show that MnTn has the clustering property we extend the result
of Hanke and Nagy to the ω-circulant case.

Theorem 5. Let Tn be an Hermitian positive definite Toeplitz matrix
with bandwidth β < n/2 , which is embedded into the (n+β)-by-(n+β)
ω-circulant matrix Cn+β(ω) with ω = eiθ and θ ∈ [−π, π] .

1. If Cn+β(ω) is positive definite, and Mn given as in (14), then Mn

is positive definite, and MnTn = In + Rn , where rank(Rn) ≤ β .
2. If Cn+β(ω) has ν nonpositive eigenvalues, and Mn is defined as

in (15), then Mn is positive definite, and MnTn = In +Rn , where
rank(Rn) ≤ β + ν ≤ 2β .

This time we do not choose the parameter ω to minimize a norm.
In order to find criteria for a suitable choice we consider the eigen-
values of Cn+β(ω) . With the FFT and with some simplifications we
compute the following expression for the elements of Λn+β :

⎛
⎜⎜⎜⎝

λ0

λ1
...

λn+β−1

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

t0 + 2
β∑

j=1
rj cos

(
jθ

n+β + ϕj

)

t0 + 2
β∑

j=1
rj cos

(−2πj
n+β + jθ

n+β + ϕj

)
...

t0 + 2
β∑

j=1
rj cos

(−2π(n+β−1)j
n+β + jθ

n+β + ϕj

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with tj = rje
iϕj and ω = eiθ . Theorem 5 gives an estimate for the

rank of the matrix Rn and therefore, implicitly, for the number of
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iterations the pcg method needs to converge. With each nonpositive
eigenvalue, this estimate deteriorates. Thus, we try to choose θ such
that as many eigenvalues as possible are positive.

Example 3. Again, we start with the matrices

Tn = tridiag(−1, 2,−1).

The ω-circulant extension matrix Cn+β with first row

(2,−1, 0, . . . , 0,−ω−1)

has the eigenvalues

λj = 2 − 2 cos
(

θ − 2jπ

n + 1

)
(0 ≤ j ≤ n) ,

which are all nonnegative. For the original preconditioner of Hanke
and Nagy, which is obtained for θ = 0 , Cn+1 has the zero eigenvalue
λ0 . For all other choices of θ all eigenvalues are positive, the minimum
eigenvalue taking its maximum for θ = π . The table 3 shows that
the theoretical improvement corresponds to the numerical results.

n θ = 0 θ = π

10000 6 2
15000 6 2
20000 9 2
25000 9 2

Table 3

We wish to extend this result to all weakly diagonally dominant ma-

trices, i.e. to all matrices satisfying t0 ≥ 2
n∑

j=1
|tj | = 2

n∑
j=1

rj . If

t0 > 2
n∑

j=1
rj , the corresponding generating function is strictly pos-

itive. In this case, the preconditioner of Hanke and Nagy converges
very fast, and cannot be further improved by a different choice of ω .

However, if t0 = 2
n∑

j=1
rj , the problem of zero eigenvalues arises. Let

us especially consider the case where either all non-diagonal elements
are positive or where they are all negative. In the following theorem
we prove for these matrices that for the Hanke/Nagy preconditioner
λ0 = 0 , and in addition, that Cn+β(1) has k zero eigenvectors if only
the k-th, 2k-th, 3k-th upper and lower diagonals of Tn are nonzero,
and all other entries are zero.
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Theorem 6. Let Tn be a real symmetric Toeplitz matrix, Cn+β(1)
its circulant extension, and k a positive integer with k|(n + β). Let
t0 > 0 , tp·k ≤ 0 for p > 1 , and tr = 0 for all other r . In addition to

this, let Tn satisfy t0 = 2
n∑

j=1
rj . Then the following k eigenvalues of

Cn+β(1) are zero:

λ s(n+β)
k

, s = 0, . . . , k − 1.

Proof. The matrix Cn+β(1) has the eigenvalues

(16) λl = t0 − 2
β∑

j=1

rj cos
(−2πlj

n + β

)
, l = 0, . . . , n + β − 1.

Since tj �= 0 only if j = p · k , (16) becomes

(17) λl = t0 − 2
β/k∑
p=1

rp·k cos
(−2πlpk

n + β

)
, l = 0, . . . , n + β − 1.

From (17) we can conclude that for s = 0, . . . , k − 1 the eigenvalues
λ s(n+β)

k

are zero. The theorem is proved.
To conclude this section we consider the example Hanke and Nagy

[7] gave to demonstrate the capabilities of their preconditioner.
Example 4. Let Tn be the real symmetric Toeplitz matrix with

t0 = 1 , t1 = −0.25 , t6 = −0.25 , and tj = 0 for all other j . The fol-
lowing table displays the number of iterations the pcg method needs
to converge for θ = 0 and for θ = π .

n θ = 0 θ = π

10000 10 7
15000 11 7
20000 11 7
25000 12 7

Table 4

4.3. Extending the preconditioner of Strang

In this final section we wish to develop an ω-circulant version Sn(ω)
of Strang’s preconditioner. Again, we are not interested in minimiz-
ing a norm, but rather in avoiding a singular preconditioning matrix.
For banded matrices Tn we can carry over the results of the previ-
ous section, because Strang’s preconditioner for Tn is equivalent with
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the circulant matrix Cn Hanke and Nagy define for the embedding of
Tn−β , if the matrices Tn and Tn−β have the same generating function.
From this observation we can conclude that our extended precondi-
tioner with a choice of ω different from 1 behaves exactly the same
as the preconditioner of Strang as long as the generating function is
strictly positive. If the generating function has zeros, however, con-
vergence of the cg method depends crucially on a suitable choice of
ω . In this case, the main goal is to make the preconditioning matrix
Sn(ω) regular, i.e. to avoid zero eingenvalues. This can be done ac-
cording to the same criteria as for the construction of the extended
Hanke/Nagy preconditioner. For real, weakly diagonally dominant
matrices which have positive entries only in the main diagonal this
means avoiding the choice θ = 0 . To conclude this section we revisit
Example 4. The preconditioner of Strang completely fails for the ma-
trix tridiag(−1, 2,−1) , whereas for all other choices of θ the pcg
method converges extremely fast. The numerical results are shown in
the table 5.

n θ = 0 θ = π
2 θ = π θ = −π

2

10000 − 3 3 3
15000 − 3 3 3
20000 − 3 3 3

Table 5

Our improved version of Strang’s preconditioner has the same conver-
gence properties as the improved circulant preconditioner suggested
by Tyrtyshnikov [13]. Whereas Tyrtyshnikov avoids singular circulant
preconditioners by replacing the zero eigenvalues by a small positive
number δ , we achieve the same result with a suitable choice of ω .

5. Conclusions

In this paper we have presented preconditioners for Toeplitz systems
which are either ω-circulant or constructed with ω-circulant matri-
ces. The extension of T. Chan’s preconditioner, which minimizes the
Frobenius norm over all ω-circulant matrices, works for all ω . It im-
proves the convergence of the pcg method in many examples, espe-
cially in those containing Toeplitz matrices which are closely related
to skew-circulant matrices. We have subsequently carried over these
results to the two-dimensional case. Block-ω-circulant matrices with
α-circulant blocks extend the preconditioner of T. Chan and Olkin
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for BTTB matrices. For matrices which are almost skew-circulant on
both levels it is a significant improvement.

The extension of the approximate inverse preconditioner, on the
other hand, is also a real improvement compared to the preconditioner
of Hanke and Nagy. If it is possible to reduce the number of nega-
tive or zero eigenvalues of the ω-circulant extension matrix, the pcg
method converges considerably faster. Similar results are obtained for
the extension of Strang’s preconditioner.
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