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We focus on symmetries related to matrices and vectors appearing in the simulation of quan-
tum many-body systems. Spin Hamiltonians have special matrix-symmetry properties such
as persymmetry. Furthermore, the systems may exhibit physical symmetries translating into
symmetry properties of the eigenvectors of interest. Both types of symmetry can be exploited
in sparse representation formats such as Matrix Product States (MPs) for the desired eigen-
vectors.

This paper summarizes symmetries of Hamiltonians for typical physical systems such as the
Ising model and lists resulting properties of the related eigenvectors. Based on an overview of
Matrix Product States (Tensor Trains or Tensor Chains) and their canonical normal forms we
show how symmetry properties of the vector translate into relations between the MPs matrices
and, in turn, which symmetry properties result from relations within the MPS matrices. In
this context we analyze different kinds of symmetries and derive appropriate normal forms
for MPS representing these symmetries. Exploiting such symmetries by using these normal
forms will lead to a reduction in the number of degrees of freedom in the MPS matrices. This
paper provides a uniform platform for both well-known and new results which are presented
from the (multi-)linear algebra point of view.

Keywords: Symmetric persymmetric matrices; Quantum many-body systems; Spin
Hamiltonian; Matrix Product States; Tensor Trains; Tensor Chains

AMS Subject Classification: 15A69 15B57; 81-08; 15A18

1. Introduction

In the simulation of quantum many-body systems such as 1D spin chains one is
faced with problems growing exponentially in the system size. From a linear alge-
bra point of view, the physical system can be described by a Hermitian matrix H,
the so-called Hamiltonian. The real eigenvalues of H correspond to the possible
energy levels of the system, the related eigenvectors describe the corresponding
states. The ground state is of important relevance because it is related to the state
of minimal energy which naturally arises. To overcome the exponential growth of
the state space with system size (sometimes referred to as ‘curse of dimensionality’)
one uses sparse representation formats that scale only polynomially in the number
of particles. In quantum physics concepts like Matrix Product States have been
developed, see, e.g., [16]. These concepts strongly relate to the Tensor-Train con-
cept, which was introduced by Oseledets in [15] as an alternative to the canonical
decomposition [5, 11] and the Tucker format [23].

In the MPs formalism vector components are represented by the trace of a product
of matrices, which are often of moderate size. As will turn out, symmetries and
further relations in these matrices result in special properties of the vectors to
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be represented and, vice versa, that special symmetry properties of vectors can
be expressed by certain relations of the MPS matrices. We will analyze different
symmetries such as the bit-shift symmetry, the reverse symmetry, and the bit-flip
symmetry, and we present normal forms of MPS for these symmetries, which will
lead to a reduction of the degrees of freedom in the decomposition schemes.

Organization of the Paper

The paper is organized as follows: First, we list pertinent matrix symmetries
translating into symmetry properties of their eigenvectors. Then we consider phys-
ical model systems and summarize the related symmetries translating into sym-
metries of the eigenvectors. After a fixing notation of Matrix Product States, we
present normal forms of MPS and analyze how relations between the MPS matrices
and symmetries of the represented vectors are interconnected. Finally, we show the
amount of data reduction by exploiting symmetry-adapted normal forms.

2. Matrix Symmetries

In this section we recall some classes of structured matrices and list some important
properties. A matrix A is called symmetric, if A = AT (i.e. a;; = a;;) and skew-
symmetric, if AT = —A. A real-valued symmetric matrix has real eigenvalues
and a set of orthogonal eigenvectors. If A is symmetric about the “northeast-
to-southwest” diagonal, i.e. a;; = ap—jt1n—it1, it is called persymmetric. Let
J e R™™ J; ;= 0int1—j, be the exchange matriz. Then persymmetry can also be
expressed by

JAT=AT.
A matrix is symmetric persymmetric, if it is symmetric about both diagonals, i.e.
JAJ=AT=A
or component-wise
Qi 5 = Q53 = Qpnt1—in+1—j -

Note that a matrix with the property JAJ = A is called centrosymmetric. There-
fore, symmetric persymmetric or symmetric centrosymmetric are the same.

The set of all symmetric persymmetric n X n matrices is closed under addition
and under scalar multiplication.

A matrix A is called symmetric skew-persymmetric if JAJ = —AT = —A, or
component-wise

Ajj = Aji = —Antl—in+l—j -

The set of these matrices is again closed under addition and scalar multiplication.
Any symmetric n X n matrix A can be expressed as a sum of a persymmetric
and a skew-persymmetric matrix:

A=1(A+JAY)+1(A-JAT).

By J one may likewise characterize vector symmetries: a vector v € R" is sym-
metric if Jv = v and skew-symmetric if Jv = —v.
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As all the matrices of subsequent interest are built by linear combinations of
Kronecker products of smaller matrices the following lemma will be useful.

Lemma 2.1: The Kronecker product of two symmetric persymmetric matrices
B and C is again symmetric persymmetric.

Proof: Let Jg and J¢ denote the exchange matrices which correspond to the
size of B and C respectively. Then the exchange matrix J of B ® C is given by
J = Jg ® Jc. Therefore

Jp®Jc)(B®C)Jg®JIc)=(JIBI)® (JcClc)=BToCch)=BeC.

O

Remark 1: Each power A of a symmetric persymmetric A is again symmetric
persymmetric.

Remark 2: For a symmetric skew-persymmetric A, A? is symmetric persym-
metric, and also the Kronecker product of two symmetric skew-persymmetric ma-
trices is symmetric persymmetric.

Remark 3: If matrix A is skew-symmetric, then A2 is symmetric. Furthermore,
the Kronecker product of two skew-symmetric matrices is symmetric.

Due to [3] we can state various properties for symmetric persymmetric matrices
and the related eigenvectors. As all the matrices of our interest have as size a power
of 2, we focus on the statements related to even matrix sizes here. The following
lemma points out the main results adapted from [3]. Both the proof and similar
results for the odd case can be found in the original paper.

Lemma 2.2 ([3]): Let A € R™ " be any symmetric persymmetric matriz of even
size n. = 2m, the following properties hold.

a) The matriz A can be written as
B CT
Aa=(2 )
with block matrices B and C of size m x m, where B is symmetric and C is
persymmetric, i.e. CT = JCJ.

b) The matriz A can be orthogonally transformed to a block diagonal matriz with
blocks of half size m.:

5@ ) S)

_1/B+JC+C'J+B B+JC-C'J-B
“92\B-JC+CTJ-B B-JC-CTJ+B

- <BJBJC B—OJC> ' ®

¢) The matriz A has m skew-symmetric orthonormal eigenvectors of the form

a(5)
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where u; are the orthonormal eigenvectors of B — JC.
A also has m symmetric orthonormal eigenvectors

73 (m)

where the v; are the orthonormal eigenvectors of B + JC.

The discussed transformation (1) to block diagonal matrices of smaller size is
quite cheap and can be exploited to save computational costs, see, e.g., [2].

Remark 4: In general, the transformation of symmetric persymmetric matrices
to block diagonal form (1) cannot be continued recursively because the matrix
B £+ JC is symmetric but usually no longer persymmetric.

Altogether, any symmetric persymmetric matrix has eigenvectors which are ei-
ther symmetric or skew-symmetric, i.e. Jv = v or Jv = —v. However, one has to
be careful with these statements in the case of degenerate eigenvalues. If the two
blocks share an eigenvalue, A has as eigenvectors linear combinations of symmetric
and skew-symmetric vectors, so the eigenvectors themselves are in general neither
symmetric nor skew-symmetric.

A matrix is called Toeplitz matriz, if it is of the form

T'—n+1 r-1 To

Toeplitz matrices obviously belong to the larger class of persymmetric matrices.
Therefore, real symmetric Toeplitz matrices are symmetric persymmetric. An im-
portant class of Toeplitz matrices are the circulant matrices taking the form

ro T1 Tn—1
C — rnfl TO
1
T1 Tn—1 T0
Any circulant matrix C with entries » := (rg,71,...,7,-1)" can be diagonalized

by the Fourier matrix Fp = (fj); fix = \}ezm’jk/n [10] via

vn
C = F, ! diag(F,r)Fy, = F,, diag(For)Fy, . (2)
Analogously, a skew-circulant matrix looks like

To 1 Tn—1

—Tnh—1T
Cs n 0

|
- —Tpn—1 To
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In general, an w-circulant matrix with w = €' is defined by

To T1 Tn—1

Wrn—1 T

Cw — n 0
1
wry Wrn—-1 To

These matrices can be transformed into a circulant matrix by the unitary diagonal
matrix Qp., = diag(wj/")jzgw,’n_l :

To 71 Tn—1
= Tn—1 To -
QE;waQn;w — Qn;wcwﬂn;w = n-l . 0 ) ; (3)
. fl
1 Tpn—1 T0
where 7, := wF/™r,. Multilevel circulant matrices are defined by the property

that the eigenvector matrix is given by a tensor product of Fourier matrices
Fn, ® - ® Fy,. Block-Toeplitz- Toeplitz- Block matrices, also called 2-level Toeplitz
matrices, have a Toeplitz block structure where each block itself is Toeplitz. More
general, a multilevel Toeplitz matriz has a hierarchy of blocks with Toeplitz struc-
ture.

2.1. Representations of Spin Hamiltonians

For spin—% particles such as electrons or protons, the spin angular momentum
operator describing their internal degree of freedom (i.e. spin-up and spin-down)
is usually expressed in terms of the Pauli matrices

01 0 —i\ (0 -1 10
Pe=(10) 2= () =0 0) e (o 5)

For further details, a reader wishing to approach quantum physics from linear and
multilinear algebra may refer to [9]. Being traceless and Hermitian, {Px, Py, P,}
forms a basis of the Lie algebra su(2), while by appending the 2 x 2 identity matrix
I one obtains a basis of the Lie algebra u(2). This fact can be generalized in the
following way: for any integer p a basis of the Lie algebra u(2P) is given by

{Q1®Q2®"'®Qp; Qie{anPyaPmI}} .

To get a basis for su(2P) we have to consider only traceless matrices and therefore
we have to exclude the identity, which results in the basis

{QeQe® - ®Qp; Qi € {Px,Py.P,, I} } \{I® - I}.

Now, spin Hamiltonians are built by summing M terms, each of them represent-
ing a physical (inter)action. These terms are themselves tensor products of Pauli
matrices or identities

M
QP 0 QY @0 qQpY) =Y HW, (4)
k=1

H:

M=

~
=H®&)
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where the coefficients «y, are real and the matrices Q§k) can be Py, Py, P, or L.

In each summand H®) most of the Q}k) are I: local terms have just one nontrivial
tensor factor, while pair interactions have two of them. Higher m-body interactions
(with m > 2) usually do not occur as physical primitives, but could be represented
likewise by m Pauli matrices in the tensor product representing the m-order inter-
action term. For defining spin Hamiltonians we will need tensor powers of the 2 x 2
identity I:

I =1g...I.
—_——
k

For instance, in the Ising (ZZ) model (see e.g. [18]) for the 1D chain with p spins
and open boundary conditions, the spin Hamiltonian takes the form

p—1
H= Y 1900 @ (P,) @ (Py)iy @ 190D
k=1

p
+ 2D 1PN @ (P, @ I9PH)
k=1

where the index k denotes the position in the spin chain and the real number A
describes the ratio of the strengths of the magnetic field and the pair interactions.
Using u,v € {z,y, 2z}, one may define

p
H,:=) 1°¢"Vg®,), 1?0k (6)
k=1
p—1
Hyy = 120D g (P © (Pp)rr1 ® 12—kl (7)
k=1

The terms (7) correspond to the so-called open boundary case. In the periodic
boundary case there are also connections between sites 1 and p, which reads

H;m =H,,+ (P ® 120-2) g (Pu)p - (8)

Note that in the literature often the identity matrices and the tensor products are
ignored giving the equivalent notation

H:u,u = Z(Pu)k(Pu)k+l mod p - (9)
k=1

In analogy to the Ising model (5), it is customary to define various types of Heisen-
berg models ([1, 14]) in terms of (either vanishing or degenerate) real constants
Jz» Jy and j,. Table 1 gives a list of possible 1D models where, in addition, one
may have either open or periodic boundary conditions. The operators with the ad-
ditional term AHy are sometimes called generalized Heisenberg models. The X X,
resp. X X X models are called ¢sotropic.
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Table 1. List of different 1D models.

Interaction Hamiltonian

Ising-Z7Z JzHzz + AHx

Heisenberg-XX JaHxx + jzHyy + AHx
Heisenberg-XY JeHxx + jyHyy + AHx
Heisenberg-XZ JeHxx + jzHzz + A\Hx
Heisenberg-XXX  joHxx + joHyy + joHzz + AHx
Heisenberg-XX7Z  jzHxx + joHyy + j:Hzz + AHx
Heisenberg-XYZ  joHxx + jyHyy + j:Hzz + AHx

For spin-1 models, the operators take the form

1 010 1 0 — O 1 0 0
Sx=—— (10 1|,8=—[i 0 —i|,S,=[00 o (10)
V2 010 V2 0 ¢« O 0 0 -1
The AKLT model is defined as ([1, 14])
H = 5.Ski1+ 5(SkSki1)? (11)
k

where SipSkt1 = (Sx)r(Sx)k+1 + (Sy)k(Sy)k+1 + (S2)k(Sz)k+1. More generally,
the bilinear biquadratic model has Hamiltonian

H = c0s(0)SkSks1 + sin(0)(SkSks1) - (12)
k

These 1D models can also be extended to 2 and higher dimensions. Then the
neighbor relations cannot be represented linearly but they appear in each direction.
For example, Eqn. 7 would read

Huu = Z (Pu)j(Pu)k )

<jk>

where < j, k > denotes an interaction between particles j and k.

Being a sum (4) of Kronecker products of structured 2 x 2 matrices, many Hamil-
tonians have special properties, e.g., they can be multilevel-circulant ([4, 6]) or
skew-circulant, diagonal or persymmetric ([3]), which can be exploited to derive
properties of the respective eigenvalues and eigenvectors.

2.2. Symmetry Properties of the Hamiltonians
To begin, we list some properties of the Pauli matrices.

Properties of the Pauli Matrices

Py is symmetric persymmetric and circulant. Following Eqn. 2, Py can be diag-
onalized via the Fourier matrix Fa:

A [ [ A B
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The matrix Py /i is skew-symmetric persymmetric. Py is skew-circulant and by
using Eqn. 3, it can be transformed into a circulant (and even real) matrix:

= 1 0\ [0 —i\ (1 0\ (0 1
92;—1Py92;—1_<0 —i) <z 0)(0 i>_<1 o)‘PX’ (14)

which is due to (13) orthogonally similar to P,.

P, is diagonal and symmetric skew-persymmetric. The 2 x 2 identity matrix I is
of course circulant, symmetric persymmetric and diagonal.

Now we list symmetry properties of the matrices defined in Eqn. (6) and (8).
As the matrices are built by Kronecker products of 2 x 2-matrices it will be useful
to exploit the fact that the exchange matrix can also be expressed as Kronecker
product of 2 x 2-matrices:

Jop =Joa® - RJ2=Px® - Px.
Due to Lemma 2.1 applied on this factorization the matrix Hxy — as a sum of
Kronecker products of symmetric persymmetric matrices — is again symmetric

persymmetric. Moreover, Hyx is multilevel-circulant as it can be diagonalized by
the Kronecker product of the 2 x 2 Fourier matrix Fa:

p
(F2® - @ Fy) (Z 101 @ (Py), ® I®<M>> (F2® - ®Fy)
k=1

I
M“@

(F2IF5)®¢~) @ (FyPyFy)), ®(FoIF,) 20 -
=L 19 p,) =1
= Pz k

p
= Yt @) e Cy,
k=1

Therefore the eigenvalues of Hy are all 2P possible combinations
+14+14+---4+1.

Trivially, the matrix Hy /i is skew-symmetric persymmetric and thus Hy is Her-
mitian. It can be transformed to Hy via the Kronecker product of the diagonal
transforms considered in Eqn. (14).

Even for the generalized anisotropic case H*" = HZ" + HJ", where each sum-
mand k in both sums may have an individual coefficient a; and by, respectively,
one can find an appropriate transform. To this end, consider

p P
Ha® — Z ar - T8 & (Py), @ TO@P—F) 4 Z b I (Py)r @ ®(—k)
k=1 k=1

1D @ (ag(Py)y, + b (Py)x) @ I®PF)

M= 104

®(k—1) 0 ap—ibg ®(p—k)
I ® <ak + by 0 > ®1

i
I
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& 0 rpe o
I <rkei¢k e > o TOW—H)
k=1

Each tensor factor

Ch — 0 Tke_i(b’“ . 0 Tke_i‘f’k
kK= ppei®e 0 =\ e (rpeTir) 0

is w-circulant (wy = €*). Following (3), Cy can be transformed to a real matrix
using the diagonal transform Dy = Q2. :

— 0 r
D CxDy = (Tk 6“) =Py .

Therefore, the overall Hamiltonian HZ" +HG" can be transformed to an anisotropic
H, term:

p
(I_)l R ® Dp) (Z k-1 Ck ® I®(p—k)> (D1 ® -+ ®Dp)
k=1

1°¢D @ (DK CxDy) ® I°P~H)

M= I14-

rkI®(k_1) ® (Py)p ® ®P—k) _ ﬁin )

b
Il
—

Analogously to Hx (see Eqn. 15), the resulting matrix ﬁf{n can be diagonalized by
the Kronecker product Fa @ - - - @ Fa. Therefore, the eigenvalues of HY" + H" are
given by all combinations

TrixroL--- L7,
Let us return to analyzing the properties of Hamiltonians. The matrix H, is
obviously diagonal and skew-persymmetric. The matrix Hyy is again symmetric
persymmetric (see Lemma 2.1). Similar to Hx, Hxx is again multilevel-circulant

as it can be diagonalized by the Kronecker product of the 2 x 2 Fourier matrix Fa.
A computation similar to Eqn. (15) results in

(F2®"'®F2)(Hxx)(F2®"‘®F2):sz-

The matrix Hy, is real symmetric persymmetric as becomes obvious from

0 00 -1
0 —i\_ (0 —i 0 01 0
Py@Py_(z‘ O)®<i 0)_ 0 10 0
100 0

being real and symmetric persymmetric, which by Lemma 2.1 translates into a real
symmetric persymmetric matrix Hy,y .
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The matrix H,, is diagonal as it is constructed by a sum of Kronecker products
of diagonal matrices. Moreover H,, is symmetric persymmetric via

10 0 0
10 10 0 -1 0 0
PZ@PZ_(O 1)®<0 1) 0 0 -1 0
0 0 0 1

according to Remark 2.

Obviously, the spin-1 operators (10) have similar symmetry properties as their
2 x 2 counterparts: the matrix Sy is real symmetric persymmetric and has Toeplitz
format, Sy /i is a real and skew-symmetric persymmetric Toeplitz matrix, and S,
is symmetric skew-persymmetric and diagonal. The Kronecker product Sy ® Sy
reads

L (0 0
Sy@Sy=-5(1 0 -1]efl 0 -1,
0 0

a real symmetric persymmetric matrix (compare Remark 3). Following Remark 2,
the Kronecker product S, ® S, is symmetric persymmetric. Therefore, according to
Remark 1 and Lemma 2.1, Both the AKLT model (11) and the generalized bilinear
biquadratic model (12) result in real symmetric persymmtric matrices.

Altogether all previously introduced physical models such as the 1D models listed
in Table 1 define real and symmetric persymmetric matrices. Due to Lemma 2.2,
the related eigenvectors such as the ground state (which corresponds to the lowest-
lying eigenvalue) are either symmetric or skew-symmetric.

3. Application to Matrix Product States

For efficiently simulating quantum many-body systems, one has to find a sparse
(approximate) representation, because otherwise the state space would grow ex-
ponentially with the number of particles. Here ‘efficiently’ means using resources
(and hence representations) growing only polynomially in the system size p. In the
quantum information (QI) society, Matrix Product States are in use to treat 1D
problems.

3.1. Matrix Product States: Formalism and Normal Forms

This paragraph summarizes some well-known basics about MPs. We provide both
the Mps formalism and normal forms for MPS, which are well-known in the QI
society, from a (multi-)linear algebra point of view. Afterwards we present own
findings to construct normal forms and discuss the benefit of such forms.

3.1.1. Formalism

For 1D spin systems, consider Matrix Product States, where every physical site
j is associated with a pair of matrices Aéo), Ajgl) € CPi*Dit1 | representing one of
the two possibilities spin-up or spin-down.

Let (i1,12,...,14p) denote the binary representation of the integer index . Then
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the ith vector component takes the form
xTr; = ‘/L‘il,..‘,’ip =tr (A:(lll) . A(2i2) e Al()lp)> . (16)

Hence, the overall vector = can be expressed as

21’7
xr = E Ti€; = E Tiy,..ip€iy &+ D€,
i=1

i17i27~--»ip

— Z tr (A(111)A(212)Agp)> 6i1®"'®eip

i1y

- (X Al AL A Jen 0 e

7/17 77/p ma,...,m

- ¥ (zAgnz i) @0 (S A, e

M1,y...yMp i1 ip

= z : a1§m17m2 ® a2;m2am3 D& ap§mp’m1
miy,mz,...,Mp

with vectors aj;, of length 2. These vectors are pairs of entries at

M 3Mj+1 mod p .
position m;, Mj41 mod p from the matrix pair Aglj), ij =0,1.

We distinguish between open boundary conditions, where Dy = Dpy1 = 1 and
periodic boundary conditions, where the first and last particles are also connected:
D; = Dpyq > 1. The first case corresponds to the Tensor Train format ([15]), the
latter to the Tensor Chain format([13]). Considerations on MPs from a mathemat-
ical point of view can be found in [12].

3.1.2. Normal Forms

The MPs ansatz does not lead to unique representations, because we can always
introduce factors of the form 1\/IJ~1\/IJT1 between Angj) and A}li*il). In order to reduce
this ambiguity in the open boundary case one can use the SVD to replace the
matrix pair (AJKO)’ Ajgl)) by parts of unitary matrices (see, e.g. [22]). To this end,
one may start from the left (right), carry out an SVD, replace the current pair of
MPS matrices by parts of unitary matrices, shift the remaining SVD part to the
right (left) neighbor, and proceed recursively with the neighboring site. Starting
from the left one obtains a left-normalized MPS representation fulfilling the gauge
condition

(AOYIAD  (AMYHAD 1, (17)

Analogously, if we start the procedure from the right, we end up with a right-
normalized MPS representation fulfilling

(0) (A (0\H (1) (A ONH
A, (AJ. ) + A (Aj ) =1I. (18)
In the periodic boundary case these gauge conditions can only be achieved for all
up to one site.

Still some ambiguity remains because we can insert WjoH with any unitary
W;j in the MPS representation (16) between the two terms at position j and j + 1
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without any effect to the gauge conditions (17) or (18). To overcome this ambiguity
a stronger normalization can be derived (see, e.g. [7]). It is based on different
matricizations of the vector to be represented and can be written in the form

Ziy.oiy = 1 (A1T5?) (A2D5”) - (Apa D7) = APYAGYALY - ADY (19)
with diagonal matrices Aj containing the singular values of special matricizations
of the vector x. The following lemma states the existence of such an MPS represen-
tation.

Lemma 3.1 ([24]):  Any vector € C*" of norm 1 can be represented by an MPS
representation fulfilling the left conditions

(0)\H 4 (0) (V\H A (1) _
(A7) A + (A7) A =1 (20a)
(0) (O)\H | A (1) (1\H _
AVAF (AT + AVAT(AY)T = AT, (20b)
or the right conditions
(0) (A (OVH | A (1) (4 ()\H _
AT (A7) T+ AT (A7) =T (21a)
(0)\H (0) (1)\H 1 _
(A) AT LAY + (A)TAT AT = AT (21b)

where the Dj 1% Dj 11 diagonal matrices A; contain the non-zero singular values of
the matricization of x relative to index partitioning (i1, ...,%;5), (ij41, ..., ip), diagonal
entries ordered in descending order.

The proof of this lemma is constructive and provides MPs factors Ang") again
as parts of unitary matrices, but satisfying two normalization conditions. These
conditions are well-known in the QI society, see, e.g., [8, 24]. The following proof
is adapted from [7], but we reformulate it in mathematical (matrix) notation.

Proof: Let us prove representation (20) for a given vector « by orthogonalization
from the left. We start with considering the SVD of the first matricization relative
to 41,

AL AW I AW
Xil,(ig,...,ip) — U1A1W2 — <A%1)A1W2 — I‘:(ll)AIW2 (22)
1 1 2 1 1 2

with the notation A; = U; = TI'; and A containing all positive singular values.
Therefore, the columns of U; are pairwise orthonormal satisfying

H H
1= AYA; = (AD)"AD + (AM)TAW
Now, the second matricization gives the SVD

-
Xty ,ia),(igyip) = U2A2W3 = (U%1)> A2W3 . (23)
2

Note that because both matricizations (22) and (23) represent the same vector X,

)

each column of U(Z0 can be represented as I'y Aq - I‘(ZO) for some I‘(ZO). This follows
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UPAW3 =T1A, W, .

Picking a full-rank submatrix C of AoW3 and applying the inverse from the right
yields

U =T,A, W, .

The same holds for U(Zl) with some I‘(21). With these matrices I‘(20) and I‘(Ql) we can
write
Uy U\ _ (riary  (TiAY
Ul AT ;A

AP\ (A (rir A\ [Tyl (24)
A ) Ay i, AT riuy) )

In view of the SVD representation (23) of X, 5,),(is,....i,) One finds

with

I-UJUs — (AP)'THTi AP + (AL) DT, AL
- (AP)"AP + (AL AL,

which corresponds to the first normalization condition (20a). Now we can rewrite
the second matricization (23) as

Ul T AT AW
X(i17i2)7(i31"'7ip) = (21) A2W3 = e (21) : ° ’
U2 F1A1F2 AsW3

Comparing this form of the vector X with the first matricization (22) gives
Wy = (r;")Ang r(21>A2W3)

and therefore

I=W,Wj = (rg‘”AzW?, r;”A2W3) <W§ Ax(T)

0 0)\H 1 1)\ H
=A@+ TV A3 (rg) "
Multiplying from both sides with Ay is just the second condition (20b):

A2 = A TP AZ (Y AL + ATV AZ(TE) A,

= AP AZ(A) + AP AL (A"
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In the same way we can use the two matricizations X, i) (i,...i,) and
X (i iz,ia),(ia,..ip) PO derive Ag, based on Ag, I'2, Uz, W3, W4 and Ag, satisfying
the normalization conditions (20). Then Ay, ..., Ap follow similarly.

Starting from the right and using a similar procedure gives the representation
satisfying the normalization conditions (21). O

Remark 1:

(1) The resulting MPS representation is unique up to unitary diagonal matrices
as long as the singular values in each diagonal matrix A; are in descending
order and have no degeneracy (are all different), compare [16].

(2) One may consider the constructive proof as a possible introduction of MPS
([22, 24]). Then the conditions (20) or (21) appear naturally.

(3) The proof shows that, in general, an exact representation comes at the cost
of exponentially growing matrix dimensions D;. For keeping the matrix
dimensions limited one would have to introduce SVD-based truncations.

(4) The Vidal normalization [24] uses F§lj) and A;j in (19) instead of A§1j).

(5) Starting from a given MPS A-representation (16) it is possible ([22]) to
build an equivalent AT-representation (19) without considering the matri-
cizations explicitly. The construction starts from a right-normalized MPS
representation (18) and then iteratively computes SVDs of modified de-
compositions related to two neighboring sites. The conversion from the
AT-form to the A-form is simpler: From (24) it becomes obvious to set

A}ij) = A-_lI‘Jgij) (Ao := 1) in the left-normalized case (20). Analogously,

in the right normalized case (21) we would define A§1j) = I‘ngj)
Ap :=1.

(6) The AT-representation (19) corresponds to the Schmidt decomposition,
which is well-known in QI. The Schmidt coefficients are just the diagonal
entries of A; ([22]).

(7) The diagonal matrices A;j contain the singular values of special matriciza-
tions of the vector to be represented. Hence, local matrices Aj reflect global
information on the tensor via the normalization conditions and the diagonal
matrices Aj. That is one of the reasons why MPS has proper approximation
properties ([8]).

3.1.3.  Further Normal Forms

A;, where

Finally we propose own findings of concepts to introduce possible normal forms
for MPS.

As an alternative to construct the gauge conditions (17) or (18) we propose
(compare [12]) to consider two neighboring pairs (compare two-site DMRG [22])

(0) (0) 4 (0) (0) 4 (1)
AV R AWAD ALAW

(0)
_ [ U5A; ©  11(1)
- (UJ(”Aj) (U, o). (26)
) A

In this way all matrix pairs (Ajg0 ,A;"”") (up to one in the periodic boundary case)
can be assumed as part of a unitary matrix giving the normalization conditions
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(17) in the left-normalized case (25) or (18) in the right-normalized case (26).

To circumvent the fact that the gauge conditions (17) or (18) still introduce
some ambiguity we propose the following way to derive a stronger normalization.
Suppose that the MPS matrices are already in the left-normalized form

<A§O))HA§O) I (A§1)>HA§1) 1 for j=1.... .p.

The proposed normal form is now based on the SVD of the upper matrices

AJ§0) = U;%;V; with unitary Uj;, V5 (Vg := 1) and diagonal non-negative 3j,

diagonal entries ordered relative to absolute value. Then, every pair (A§O), Ang))
is replaced by
10 @ 1
(A7, AY) = (V;aU5z;, Vi AfVE) (27)
leading to the stronger normalization conditions
A (0)\H 7 (0) AMNHZR@) _ sH HA _
(Aj )Aj +(Aj ) Aj —Ejzj-l-AjAj—I (28)

with diagonal matrices X; and A;. From (28) we can read that this normal form

provides MPS matrices with orthogonal columns. For the upper matrices Ago) this
A

fact is caused by construction, but it then automatically follows also for the Aj
matrices. Especially for the left-most site j = 1, the normalization condition (28)

leads to A(lo) = (1,0) and A(ll) = (0,1). We may of course also start the proposed
normalization procedure with a right-normalized form, resulting in a representation
where the MPS matrices have orthogonal rows.

3.1.4. Comparison of the Normal Forms

All of the presented normal forms introduce some kind of uniqueness to the
MPS formalism, which initially is not unique. Therefore, these normal forms help
to prevent redundancy in the representations. As a consequence we may expect
less memory demands as well as better properties of numerical algorithms such
as faster convergence, better approximation, and improved stability. The normal
form (20) is advantageous as it connects local and global information. However,
the construction involves the inverse of the diagonal SVD matrices which may
cause numerical problems. Our normal form (28) can be built without division by
singular values, but the information is more local.

3.2. Symmeltries in MPS

The results from Section 2 show that the matrices which describe the physical
model systems have special symmetry properties which result in symmetry prop-
erties of the related eigenvectors: the eigenvector of a symmetric persymmetric
Hamiltonian has to be symmetric or skew-symmetric, i.e. Jv = +v. One might
also think about other symmetries which could be of the form

v = <a> , V= < aa> , or more general Pv = +4wv

with a general permutation P. Furthermore, we can have vectors satisfying k dif-
ferent independent symmetry properties, e.g. Pjv = v for permutations Pj,
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ji=1,..k.

At this point the question arises how these symmetry properties can be expressed
in terms of MPS, and, vice versa, how special properties such as certain relations
between the MPS matrices emerge in the represented vector.

Symmetries in MPS already appear in different QI publications: theoretical con-
siderations on symmetries in MPS can be found in [17, 21], symmetries in TI MPS
representations are exploited in [19], and the application of involutions has been
analyzed in [20]. The main goal of this paragraph is to present an overview of
different types of symmetries in a unifying way and to give results concerning the
uniqueness of such symmetry-adapted representation approaches by proposing pos-
sible normal forms. Our results are intended for a theoretical purpose (similar to
[17, 21]) but are also interesting for numerical applications (similar to [19, 20]).

After some technical considerations we discuss which properties of the matrices
Ang") that define an MPS vector « are related to certain symmetry properties of
x. Deriving normal forms for different symmetries of MPS vectors will also be of
interest.

3.2.1. Technical Remarks

In view of the trace taken in the MpPs formalism (16), recall the following trivial
yet useful properties

tr (AB) = tr (BA) , (29)
tr (AB) = tr (AB)T = tr (BTAT) for tr (AB) € R, (30)
tr (AB) = tr (AB)" = tr (BHAH) for tr (AB) € C (31)

in order to arrive at relations of the form

r+1

D (AFAL AT At

r (AL AG A 29 (Al AfPAG). . Af)

For the proof of the main theorems we will need the following three lemmata.

Lemma 3.2: Let A, B € K" where K € {R,C}. If the equality
tr (AX) = tr (BX)

holds for all matrices X € K™*™, then A = B.
Proof: The relation tr (AX) = tr (BX) is equivalent to

tr(A—-B)X) =0
for all matrices X. For the special choice X = (A — B)! we obtain
tr ((A-B)(A-B)") =|A-B[§=0,

which shows A = B. O
Lemma 3.3: Assume that for U € K" and V € K"™*™ 4t holds

X = VXU (32)



Ezploiting Matriz Symmetries and Physical Symmetries in Matriz Product States 17

for all matrices X € K™*". Then U = cly, V = In/c with some ¢ # 0.

Proof: Obviously, V and U have to be non-zero and, moreover, they are regular.
Otherwise, if e.g. Va = 0 for a # 0, we can define X = ab'! with some b # 0
leading to a contradiction. Choosing X = ab" as rank-one matrix for any vectors a
and b, it follows (V~'a)b" = a(b"'U). Therefore, V~'a and a have to be collinear
(V~la = \a with some \ € K), and b*'U and b'! also have to be collinear (b'U =
ub'!). Hence, U and V! (and therefore also V) have all vectors of appropriate size
as eigenvectors, and therefore they are nonzero multiples of the identity matrix,
U = I, and V = ¢3l1,. Condition (32) finally shows ¢ = ¢; = 1/ca. O

Similarly, we can derive the following result:

Lemma 3.4: Assume that for U € K" and V € K"™*™ 4t holds
XU =VX

for all matrices X € K™*", Then U = cl,, V = cly, with a scalar ¢ € K.

Proof: First we prove that, if at least one of the two matrices U or V is singular,
both of them have to be zero. Obviously, if one of the two matrices is zero, the
other one has to be zero as well. If we now suppose V to be singular and U to
be nonzero, we can find vectors a # 0 and b, such that Va = 0 and b7U # 0H.
The choice X = ab™ # 0 leads to a contradiction. The same argument counts if
we change the roles of U and V.

Otherwise, if both matrices are regular, the statement of the lemma is a direct
consequence from Lemma 3.3. O

3.2.2.  Bit-Shift Symmetry and Translational Invariance

To begin, consider the case where all matrix pairs are equal, i.e.

AJ?O) A0)
A ] = A (33)
J

for all j =1,...,p. Then the MPS is site-independent and describes a translational
invariant (TT) state on a spin system with periodic boundary conditions [16]. The
following theorem states that the result of such a relation is a bit-shift symmetry,
i.e.

Liyyin,esiy — Ligyig,osipis — 7" = Lipinyio, - ,ip_1 *

Theorem 3.5 ([16]): If the MPS matrices are site-independent (and thus fulfill
Eqn. 33) the represented vector has the bit-shift symmetry and in turn every vector
with the bit-shift symmetry can be represented by a site-independent MPS.
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Proof: To see that a TI MPS (33) leads to a bit-shift symmetry, consider

Tiyg,.i, = LT (A( 1)A(2i2) = ~AS"))
(29) ( Ao .. Alp) A(h)) = Tiniyiin
29 . (A A(iP)A(il)A(i2)> = Tiy,....ip in iz
:9 tr (A o) Al .. A(ip—1)> S

Let us now suppose that the vector @ has the bit-shift symmetry and let
Ty ig,iy = T (B(lil)B(2iz) o ng)>

be any MPS representation for . Then the construction

o B o
() — L 0 By

Al = (34)

p -0

\/T) 0 B(ij 1

. b~

B 0
leads to a site-independent representation of . O

Remark 2: The construction (34) introduces an augmentation of the matrix size
by the factor p.

The bit-shift symmetry can also be generalized to block-shift symmetry. Assume
that a block of » MPS matrix pairs is repeated, i.e.
(A(lil)A(ziz) ... Agir)) (A(lir+1)A(2ir+2) o A£i2r)) . (A(lip—r+1)A(21p—r+2) . A?p))

to obtain symmetries of the form

xil7'“77;1";7;7‘#»17“'77;27";-";%)*"‘4»17--'7ip - xiTJrl7'~-7i27";"-;7;p*""+17"-7ip;i17"'77;7‘ N

Normal Form for the Bit-Shift Symmetry

In the above periodic TI ansatz (33) we can replace each A by MAM™! with
a nonsingular M resulting in the same vector . Using the Schur normal form

A = QURO)Q or the Jordan canonical form A(®) = S_IJES)S we propose to
normalize the MPS form by replacing the matrix pair (A(©), A(M) by

(A@ AW) = (R© QAMQY) or (A AM) = (30 sAMg )

resulting in a more compact representation of & with less free parameters. For
Hermitian A© and A®) the eigenvalue decomposition of A0 = QIDOQ with
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diagonal matrix D(© can be used in the same way leading to the normal form

(A(O),A(l)) — (D(O), QA(I)QH)

with A(©® as real diagonal matrix and A as Hermitian matrix.

3.2.83.  Reverse Symmetry

In this subsection we consider the reverse symmetry
Tiy,oiy = Tiy,oiy - (35)

The following theorem shows a direct connection between the reverse symmetry
and an MPS representation with the special symmetry relations

(AT =5 LAW s 5 forallj=1,....p (36)

with regular matrices S; of appropriate size, which additionally fulfill the consis-
tency conditions

So = Sp and SJH:SP,J- forj=1,...,p. (37)

Theorem 3.6: If the MPS matrices fulfill the symmetry relations (36), the vec-
tor to be represented has the reverse symmetry property (35). Vice versa, for any
vector x fulfilling the reverse symmetry, we may state an MPS representation for x

fulfilling the relations (36).

Proof: For the vector  to be represented, the relations (36) lead to

Tiy,sipy = tr(A(lil)A(ziz) e Agp))

tr

INEINCIN >)

(4
(A ip) A(lp 1)H ._A(2i2)HA(1i1)H>
(s
(

Il
-+
=

1AbslﬁfA&*%a~«%;A9@m)

— o (AFA AR

= T,y o

a reverse symmetric vector.

So far we have seen that the relations (36) lead to the representation of a vector
having the reverse symmetry. Contrariwise, it is possible to indicate an MPS repre-
sentation fulfilling the relations (36) for any reverse symmetric vector. To see this
we consider any MPS for x:

m74177427~-'alp -

with matrices ngij) of size Dj x Djy1. Such an MPS representation always exists,

compare Lemma 3.1.
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Let us start with the case where this MPs representation is in PBC form. The

reverse symmetry T, i, .i, = Zi, i, .,..i; leads to

_ 1
Livin,eoip = 3 \Tiv iz, iy + Ly iy 1yeeeyin

=1 (tr(B(lil)B(;z) ) ,,ng)) thln(B(lip)B(Zip,l) ' --BS”))

= & (BB BYY) + wr(BR B B )
. (38)
0 Bp' ByY - By®
(P8 (5 ) (0
2 o BIVY/\ o B o BH
We may now define
(i)
; B." 0
A= (%5 o ) )
p+1-j
and obtain
i) H
)
i 2 i v2\1 o 5 I 0
0 BP+1—.] 0 .]
01
I 0 p+1 —Jj
with I being identities of appropriate size. Hence, the choice
0 Ip. .
S; = <IDP+1J- Dd“) forall j=1,...,p (40)

gives A§lj) =S, Agjzl _;Sp+1-j, the desired matrix relations (36).

In the OBC Case we can proceed in a similar way, but at both ends 7 = 1 and
j = p something special happens: as we want to preserve the OBC character of
the MPS representation, the matrices A(lll) and Agp) have to be vectors as well.

Therefore we define

(is)
(i) _ 1 (1) p)H (o) _ 1 [ Bp
AP = L (B BEIT) and Af =L (B(li")H> .
The choice Sp = 1 leads to the desired relation (A:(lil))H = S;ElAgl)Sp. O

Remark 3:

(1) The proof shows that the reverse symmetry can occur in the periodic bound-

ary case, but also for the open boundary case where A(il) and A(ip) spe-

(37)

cialize to vectors. Then, Sg = S, = SH are simply (even real) scalars.
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(2) In the proof, the matrices S; can be chosen to be unitary, compare (40).
Thus, they can be diagonalized by a unitary transform Vj giving

S; =V; AjVjH with diagonal and unitary A; .

(37)

Because of S;ij = Sg,j S; the relations (36) read

i)\ H ij
(A.g )) :SJ'A;JZlijerl—j

- (VJAJV,%{)ASQI—j (Vp+1—jAp+1—jV§+1fj) :

The last equation can be rewritten to

L\ H :
VJH (A§l )) Vpti-5 = AjV.?ASQI*jVP-FI—jAP-i-l—j -

Defining A;ij) = V§+1_jAj (i) Vj, the relations (36) take the form

A )\ H A G
(AfN" = AJALY, Apir (41)
with unitary diagonal matrices A;j fulfilling AJH = Ap_;. If the matrices S;
are unitary and also Hermitian, the diagonal matrices A; have values £1
on the main diagonal.

(3) In the PBC case with MPS matrices BJgij) of equal size D x D, the S;
matrices (40) can be chosen to be site-independent, Hermitian, and unitary.
In this case the relations (41) are fulfilled by A; = diag(Ip, —Ip).
Normal Form for the Reverse Symmetry

In the following theorem we propose a normal form for MPS representations of
reverse symmetric vectors.

Theorem 3.7: Let x € C* be a vector with the reverse symmetry. If p = 2m is
even, & can be represented by an MPS of the form

T fig,nsip = tr ((U(lh) .. U&m))E(Ugﬁ““)H . U(llp)H)A> (42)
and if p=2m 4+ 1 is odd, the representation reads

Tirind) = tr ((U(lu) . &m))UEL1+11)E(U£Ii1m+2)H . U(llp)H)A> (43)

with unitary matrices UJgij) and real and diagonal matrices 3 and A.

Proof: We start with an MPs of the form (36) to represent the given vector x,
compare Theorem 3.6.
In the case of p = 2m being even, we obtain

Tiy,q, =t ( A AL Al ) Agp)>
W ir (AP AL Al (Sl S - (sEA S, )

= tr (AfVALY - Al SE (Al AP S H) (44)
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Following (37) we obtain S}} = Sp and thus we may factorize S;H = WAWH.
Using (29), Eqn. (44) reads

Tivsoiy = tr ((WHAD)) AGH - AQST AL AL (WHATR) A

1gees

We use the SVD of WHA,
H 4 (0) (0)
) (55 e
WHA; Uy
to replace WHA at both ends. We then obtain
tr (U (A Vi AL?) - ALPSE (Al (Af VA U A)

We proceed with the SVD for A1 V1A e A; V1Al = U2 A, V5, to obtain
tr (USUY (A5 V2 A8Y) - AL SEAL M (AJVEAL) UG P U A )
Proceeding in an iterative way finally gives

tr((U(lil)U(ziz) , --US{“)) (AmVmSLVEAL) (UglmH)H ' ”U(zipl)HU(lip)H) A) .

=:C

For j = m, Eqn. 37 yields SIL = S, and thus C is also Hermitian leading to
AnVmSEVHEA, =C=Ccl =x2x!.
with unitary X and real diagonal 3. Altogether we obtain the MPS representation
tr (U U (Ul X) (XUl ) - o o)

Replacing U,(,iﬂ) by the unitary matrix US} X gives the desired normal form (42).
For the odd case p = 2m + 1, we may proceed in a similar way and replace all

factors up to the interior one related to 7 = m + 1 by unitary matrices to obtain

tr ((U(f”U(zi"" - UE) (A Vi A SH VA ) (UM U(li")H)A> .

—=:Clm+1)
For site 7 = m 4+ 1 the supposed matrix relations lead to
- H i\ H (36 0 x (i 37) (i
(Angl)S?n) = Sm <AS1T1)) L s (SmAl S ) T Al sE,
and thus the matrices C=+1) are both Hermitian. Using the SVD gives

C(im+1) — U&m_:ll)zx — XHEUE::::T)H ) (45)
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Hence, for the overall representation we obtain

tr <(U(111) . Ul(;lm)) (US:,_T)EX) (querz)H o U(lip)H)A>

o (U (U)X (XU ) 2 (Ul X (0) )

Replacing Ugf by Ugﬂ)XH and US1)+1 by XU(i)Jrl leads to the normal form (43)

m

for the odd case. O

Remark 4: In the odd case we may also use the right-side SVD factorization
Clim+1) — XHEUSI’TII)H in Eqn. 45 leading to the normal form

tr (U U Ul B (Ul U A

This ambiguity is reasonable as the interior factor in the odd case only has itself
as counter part: Aq <> Ap, Ag <> Ap_q, ... , A < Api2, A1 < Amr.

Reverse Symmetry in TI Representations

Let us finally consider the reverse symmetry in TI representations. This ad-
ditional property allows us to use site-independent matrices S; = S, which are
Hermitian, compare (37). Then the relations (36) take the form

H

(AT =g 1Als — (ADg)" = Al .

Thus, we can represent the vector with Hermitian matrices A® .= ADS. In the QI
society one can find considerations on TI systems using real symmetric matrices,
compare [19)].

3.2.4. Bit-Flip Symmetry

Here we focus on the representation of symmetric and skew-symmetric vectors ap-
pearing, e.g., as eigenvectors of symmetric persymmetric matrices (see Lemma 2.2).
We will use the bit-flip operator i := 1 — i for i € {0,1}. First we show that the
symmetry condition J& = x corresponds to the bit-flip symmetry

Lirsinseenip = L4 0,00y

To see this we consider

Jr=J2®--- ®J2)< Z xil,ig,...,ip(eil PR eip)>

il:"'vip

= Z Tiy g,y (J2€4,) @ -+ @ (J2e4,))

i17~'~7i;ll
= E i inniy (€7, @ @ €7
ily“ﬂi:ﬂ

= E : leaz2a"'72p (eil Q- e":p) :

i17~'~7i1’
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Hence we obtain

Je =2 — i .0, =25, foralli,....4,=0,1.

Analogously, for a skew-symmetric vector & one gets i, i,,..i, = —%7, 7,7,
In order to express these relations in the MPS formalism consider
1 0 .
AY = UAOUjit o p for j=1,...,p (46)

with Uj being involutions, i.e. Uj2 = I (]20]). Then Eqn. (46) can also be expressed
vice versa to give

AW = UAM U1 mod p - (47)

The following lemma shows the correspondence between these relations and the
bit-flip symmetry.

Theorem 3.8: If the matriz pairs (A}O),AJ@) are connected via involutions as

in (46) the represented vector has the bit-flip symmetry and is hence symmetric.
Contrariwise any symmetric vector can be represented by an MPS fulfilling condi-

tion (46).

Proof: The matrix relations (46) translate into the symmetry of the represented
vector

Liy inyeni, = UI (A(lil) _A(2i2) . ..Agp))

D (02AL702)  (UaAL10) - (UpAL 1))

= tr(Af AL A

- xi7177:727"'71’P :
Let us now consider the construction of an MPS representation (46) for a sym-

metric vector @ fulfilling the bit-flip symmetry z;, 4,,...;, = %, 4,..;,- To this end
we start with any MPS representation

xil,iz,...,ip =tr (B:(lil)B(zi2) .. ng)>

(;)

with Dj X Djy1 matrices B;™. Starting from the identity

Liy i,y — 5 (xll,lzr--ﬂp + $i17i27"'7i1’>

we may proceed in a similar way as in (38) for the reverse symmetry to obtain

ze o= Llip B(lil) 0 B(;Z) 0. ng) 0
21,22,...,Zp 2 O B:(lll) 0 B(212) O ng) .
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This equation motivates the definition

(i;)
Al . (Bi7 0
J : 0 B(J) ’
J

In the OBC case the first and last matrices have to specialize to vectors:

(ip)
il i1 Tl ip B
A(1 ) = (B(l ) B(1 )) and Ag, ) = (B%")> .
P

Using the involutions

0 Ip. .

gives the desired relations (46). In the OBC case we have to define Uy = 1. O

Remark 5: If we want to represent a skew-symmetric vector € = —Jx, we may
also use the relations (47) at all sites up to one, say site 1, where we would have to
add a negative sign: A(lll) = —U1A(111)U2. However, in the special TI case, where
all matrix pairs have to be identical, this is not possible: the relations (47) would

read

(A Af)=(a vav) (49)

at every site j with site-independent involutions U and V. Therefore, in the pe-
riodic TI MPS ansatz (49) applied to symmetric-persymmetric Hamiltonians, only
symmetric eigenvectors can occur.

Normal Form for the Bit-Flip Symmetry

As every involution, U; may only have eigenvalues € {—1,1} and thus
Uj = Sjile;:I:ISj s (50)

where Dj.4 is a diagonal matrix with entries £1: the Jordan canonical form implies
U; = Sj_l.] u,S;. Moreover, the Jordan blocks in Jy; have to be involutions as well,

so J %j = I and therefore Jy; = Dj has to be diagonal with entries +1.
Consider

i) (47 T 50) /oo A
AjglJ) = UjAjglJ)UjJrl & <Sj 1Dj;ilsj> AJQJ) <Sj+1]_Dj+1;i].Sj+1> ;

which results in

SJA§1j)SfJ:1 = Dj41 (SjAélj)S;J:l) Djt1;41 (51)
— —_——
:Ainﬂ AW

pl

showing that the MPS matrices can be chosen such that the involutions in Eqn. (47)
can be expressed by diagonal matrices Dj.1q yielding

AW =Dy AYDy
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Often the distribution of £1 in Dj may be unknown. So the exchange matrix
J = S7'Dj;S is an involution where as diagonal entries in Dy, +1 and —1 appear
> [size(J)/2]. If we double the allowed size D for the MPS matrices we can expect
that J has at least as many +1 and —1 eigenvalues as all the appearing diagonal
matrices Dj.+1. Therefore, we may heuristically replace each Dj.1+q by Jj with
larger matrix size D leading to an ansatz requiring no a-priori information.

Bit-Flip Symmetry in TI Representations

If the MPs matrices fulfill the bit-flip symmetry relations (47) and are additionally
site-independent, one has

A(Tj) —UAWy

with site-independent involutions U 9 S71D.1S. The transformation (51) then
reads

SAWS ! =D, (SA®S*1) D., .
_AGY ——
—A Gy

Thus, the vector can be represented by a T1 Mps fulfilling AW = D11 AWD,,
with the same involution Dy everywhere. Similar results can be found in [20].

The 2D x 2D involution (48) from the proof has as eigenvalues as many +1 as
—1 and thus the related diagonal matrix Dy can be written as diag(Ip, —Ip).
Therefore, instead of D17 we may also use the 2D x 2D exchange matrix J as
ansatz for an involution.

Uniqueness Results for the Bit-Flip Symmetry

The technical remarks Lemmata 3.2, 3.3 and 3.4 may be put to good use in the
following theorem. It depicts certain necessary relations for the MPS matrices to
represent symmetric vectors.

Theorem 3.9: Let p > 1. Assume that the MPS matrices (over K) are related by

A:(ll) = UpA:(lO)Vl and A}l) = UJ_1AJ(O)V_] forj = 27 YL

with square matrices Vi and Uj of appropriate size (j =1,...,p). If any choice of
(0)

matrices Aj results in the symmetry of the represented vector x,

Jr==x

then it holds Uy and V; are — up to a scalar factor — involutions for all j: Uj2 = u,l,
Vj2 = v;1. Furthermore, U; = ¢; - Vj, j = 1,...,p with constants c;.

Proof: First, note that all U; and V; have to be nonsingular. Otherwise, we
could use a vector a # 0, e.g. with Uy_1a = 0, such that A;O) = ab'l and
A1(<1) = Uk_lAl({O)Vk = 0, giving x11,..1 = 0, but with appropriate choice of the

other AJ@ we can easily achieve zgp .o # 0.
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Now, for all possible choices of A}O), j=1,...,p, it holds

x11,..1 =tr <A(11) . Ag,”) = tr (UpA(IO)V1 e Up_1A§,O)Vp> and
(52)
1,1

yhyeey

1 = 20,0,..,0 = tT (A(IO) . ~Ag))) .

With the notation Wj = V;U;j, j =1,...,p, we have

tr (A AP )AR) = tr (WoAL Wy - AD Wy )AL
for all Ag)). Therefore, Lemma 3.2 leads to
AD AP AY =W AW WA W
and thus
p—1

(A1 A AR ) = tr (WAL Wy Wi 2 AL, W)

= tr ((Wp_lpr(l‘))W1 . .Wp_z)Ag’_)l) :

If we proceed in the same way we iteratively reach

APAY A0 =Wy W AP WIAY W APW and (53)

tr (AVAL - Af) = o (WyWya - WA W WAl ) (54)

for j =p—1,...,1. Thus, we finally obtain the identities

A(IO) — WoWs;--- WpA(IO)Wl and (55)
i (Ago)) —tr <W1W2 .. .WPA(10)> ’ (56)

which hold for all A(IO). Lemma 3.2 applied to (56) states
I=W;Wz---W, or W;'=Wy---W,.

Inserting this in (55) gives A(IO) = Wl_lA(IO)Wl for all A(lo), so due to Lemma 3.3,
W7 = w1 for some constant wy # 0. If we make use of this relation, Eqn. 53 (case
j =2) leads to

APAD = Wy W) (APAL ) W, for al AP, AL
Thus, Lemma 3.3 states Wa = woI. By induction, Eqn. 53 reads

A(IO)A(zo) ) "AJ@ = (wywg - wj—1Wiyq - W) (A(lo)A(20) . ..AJ§0)> W;
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for all A", - Al? leading to
Wi=wl or Uj=w;V;' forall j=1,...p. (57)

Considering instead x10,..0 = Zo,1,...,1 gives

glyeeey

tr (UpA(IO)VlAg’) : --AS’)) —tr (A(l")UlA(;’)V2 : -.Up_lAS’)Vp) .

Replacing A(lo) by U, 1A(10)V1— ! results in the above situation (52). Analogously
(W1 =V'Uy, Wy = V,U!) one gets Uy = ¢1 - Vy and Up = ¢, - V.
Repeating this technique at all positions j for symmetries of the form

Liy ooy -1yt ooty = £0,..,0,1,0,.,0 = L1,..,1,0,1,...,1 gives the identities

(57)

cj - Vi =Uj ijJTI forall j=1,...,p.

Therefore, all Uj and Vj are involutions up to a factor,

U} =we,l  and - Vi=—II.
J

Define u; := wjc; and v; := % to finalize the proof. O

Remark 6: If we only allow unitary matrices U;j and Vj (e.g. U; = V; = J as
motivated above), the factors ¢; and w; (and thus also u; and v;) have absolute
value 1.

3.2.5.  Full-Bit Symmetry

Now combine the previous symmetries and assume the following properties of
the MPS matrices

A% =A=A" forallj and

AY = JAJ for all j . (58)
This ansatz results in reverse, bit-flip and bit-shift symmetry.
Neglecting the persymmetry (58) for the moment and only assuming

(0) _ A(0) _ H (1) _ A _ H
ALY =A® = (A" and AV =AM = (AM)T

one may diagonalize (A(O))H — A® — UTAU and set B= UAWU". Hence, we
propose to define a normal form of the type

AJ@) =A@ =A  and A—_gl) =AM =B=8B".

3.2.6.  Reduction in the Degrees of Freedom

The symmetries discussed in the previous paragraphs lead to a reduction of
the number of free parameters. First let us discuss the reduction in the number
of entries in the full vector . The bit-shift symmetry x;, 4, i, = Ti, .. =
.. reduces the number of different entries approximately to p~' 2P. Both bit-flip
and reverse symmetry lead to a reduction factor 1/2 in each case. Note that not
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Table 2. Listing index sets related to equal vector components for different symme-
tries. This table shows that the bit-shift symmetry, the bit-flip symmetry and the
reverse symmetry are principally independent.

Bit-shift symmetry 101001000, 010010001, 100100010, 001000101, 010001010
100010100,000101001, 001010010, 010100100

Bit-flip symmetry 101001000, 010110111

Reverse symmetry 101001000, 000100101

all of these symmetries are independent, e.g., the symmetry x;, ;, = x4, is a
consequence of either the bit-shift or the reverse symmetry. On the other hand the
three symmetries are indeed independent in general. To see this we consider the
following example with p = 9 binary digits:

(i17i27i3>i4ai57i67i77i87i9) = (101001000) .

Table 2 lists for all of the three classes of symmetries all index sets which are related
to equal vector components.

In the MPS ansatz we have similar reductions. The bit-shift symmetry uses one
matrix pair instead of p, giving a reduction factor p. The bit-flip symmetry has
a reduction factor 2 (if we ignore different choices for Dj.11), and in the reverse
symmetry only half of the matrices can be chosen. Note, that this will not only
lead to savings in memory but also to faster convergence and better approximation
in the applied eigenvalue methods because the representation of the vectors has
less degrees of freedom and allows a better approximation of the manifold that
contains the eigenvector we are looking for.

3.2.7.  Further Symmetries

In this paragraph we analyze further symmetries such as

x = (Z) . (59a) T = (_bb> , (59b) T = ibzg . (59¢)

The following lemma states results for the symmetry (59a).

Lemma 3.10: If the first matrixz pair is of the type
0 1
(A, AM)=(B. B), (60)
the represented vector takes the form (59a) and, vice versa, any vector of the

form (59a) can be expressed by an MPS fulfilling (60).

Proof: The given MPs relation (60) implies %o,,,..i, = T1,isis,..i, for all
i2,...,1p. Hence, the represented vector x is of the form (59a).

In order to specify an MPS representation for a vector  fulfilling (59a) we consider
any MPS representation (see, e.g., Lemma 3.1) for the vector b,

b= Y tr (Bgz)Bgs> . .ng>) Cininis

7:27~~7ip
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The definition B(lo) = B(ll) = Ip, results in the desired relations

1'0’1-2,.“,% = 33171-27.”’% = tr (B:([il)B(zi2) e ng)> = tr (B(212) “e ng)) — big,...,ip .

(I
Remark 7:
(1) The proof works for PBC and OBC. In the latter case B(lil) specializes to
a scalar.
(2) The second symmetry (59b) corresponds to the relation A(ll) = —A(lo).

Adapting the proof to this case would give B(lo) = Ip, and B(ll) = —Ip,.
(3) The symmetry type (59c) is related to Ag) = :l:AéO). The construction
would analogously read Bg,o) = Ip, and Bg) ==+Ip,.
(4) Similarly, we can impose conditions on the MPS representation that certain
local matrix products are equal resulting in symmetry properties of x. So

the condition A(IO)A(zo) = A(ll)A(zl) leads to x0,0,i,,....i, = T1,1,is,...,i,-
Imposing the conditions AYAL = APAL = APAL = AMAD
leads to the symmetry 0,0,4,,....i, = T1,1,i5,....ip = T0,1,i5,rip = T1,0,i5,..msiy-

In the following theorem we state certain necessary relations for the MPS repre-
sentation of symmetries, which are of the form (59a).

Theorem 3.11: Assume that the MPS matrices (over K) are related via
1 0
A =valOu

with matrices V. and U. If any choice of matrices A}O)} Jj=1,...,p for fixed A}l),
j > 1, results in a vector x of the form

(3

then U =¢cI =V~ and so A(ll) = A(IO).

Proof: The assumption leads to the equation
tr (A - VAP U) ALY - Al ) =0

for all choices of matrices A§ij), j > 2. From Lemma 3.2 we obtain A(lo) = VA(IO)U

for all choices of A(lo). Hence, due to Lemma 3.3, U = cI and V = I/c for a nonzero
c. This gives U =cI = V1 O

Remark 8: The result of Theorem 3.11 can be easily adapted to the case (59b).

Moreover, it can be generalized to symmetries such as (59¢), which are of the form

xilv'“uirzouir-f-Qu“')iP = xil)"~77:7‘1177:7‘+27“'77:17'
3.2.8. Closing remarks on symmetries

Let us conclude this paragraph on symmetries with some remarks on applications.
So far, we have seen that there are different symmetries which can be represented
by convenient relations between the MPS matrices. Furthermore we proposed con-
venient normal forms and attested related uniqueness results. It is more difficult
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to exploit such symmetry approaches in numerical algorithms such as eigenvector
approximation. As standard methods like DMRG ([22]) usually do not preserve our
proposed symmetries, one would have to consider other techniques such as gradient
methods, which are already in use in QI groups (see, e.g., [19]).

4. Conclusions

Based on a summary of definitions and properties of structured matrices, we have
analyzed matrix symmetries as well as symmetries induced by open or periodic
boundary conditions (as well as their interdependence). In order to describe sym-
metry relations in physical 1D many-body quantum systems by Matrix Product
States or Tensor Trains we have developed efficient representations. To this end,
normal forms of MPS in a general setting as well as in special symmetry relations
have been introduced that may be useful to cut the number of degrees of freedom
of p two-level systems down and may lead to better theoretical representations as
well as more efficient numerical algorithms.
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