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Abstract

Due to its kinetic origin and the demand for a simulation model capable of predicting
microflows for microelectromechanical systems (MEMS), the lattice Boltzmann method
(LBM) has spurred considerable research interest during the last years. The multiple re-
laxation times lattice Boltzmann method (MRT-LBM) has emerged to be best suited for
this task, combining efficient computability and applicability to a wide range of scales.
Therefore, this model together with appropriate boundary conditions to model first-order
and second-order slip velocity models are implemented within the Peano framework, a
framework for solving partial differential equations. To further account for rarefaction
effects occurring at microscales, a Bosanquet-type effective viscosity approximation is re-
alized. This approximation incorporates the shortening of the molecular mean free path in
confined environments into the lattice Boltzmann method.

The implementation is validated by simulating distinct pressure-driven Poiseuille flow
scenarios and comparing the data with results obtained by the information-preservation
direct simulation Monte Carlo (IP-DSMC) method, solving the Navier-Stokes equation
with first- and second-order slip velocity boundary condition and solving the linearized
Boltzmann equation directly. The numerical data for the streamwise velocity, spanwise
velocity and the pressure deviation from the linear distribution, using the first-order slip
velocity consistent MRT-LBM, are in good accordance with the reference data in the slip
flow regime. To further increase the Knudsen number range the approach is applicable to,
the MRT-LBM employing the second-order slip velocity boundary condition and effective
viscosity calculation is utilized. The computed data based on this model agrees very well
with results of the IP-DSMC even in the transitional regime, thus indicating the proper
modeling of microflow dynamics.

Besides investigating the modeling capabilities of flows in the finite Knudsen number
range, the numerical stability properties of the MRT-LBM are examined and compared to
the widely used Bhatnagar-Gross-Krook lattice Boltzmann model (BGK-LBM). This model
serves as well as a reference to evaluate the computational costs of the MRT-LBM which
slightly derogates the overall performance within Peano. In contrast, the new bounce
back specular reflection, bounce back diffusive reflection and consistent flow field pressure
boundary conditions inflict insignificantly more computational costs.

The implemented approach is also applied to a complex fluid scenario in form of a mi-
croreactor as it would appear in realistic engineering scenarios. The calculated data is
validated against pressure-driven Poiseuille flow results and the validity of the presented
approach for the microreactor scenario is discussed.

ix





Contents

Acknowledgements vii

Abstract ix

Outline of the Thesis xiii

List of Symbols xv

I. Introduction and Theory 1

1. Introduction 3

2. Theory of the Lattice Boltzmann Method 7
2.1. Lattice Boltzmann Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2. Collision Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1. Bhatnagar-Gross-Krook Collision Operator . . . . . . . . . . . . . . . 10
2.2.2. Multiple Relaxation Times Collision Operator . . . . . . . . . . . . . 11

2.3. Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.3.1. Bounce Back Boundary Condition . . . . . . . . . . . . . . . . . . . . 13
2.3.2. Diffusive Reflection Boundary Condition . . . . . . . . . . . . . . . . 14
2.3.3. Specular Reflection Boundary Condition . . . . . . . . . . . . . . . . 14
2.3.4. Periodic Boundary Condition . . . . . . . . . . . . . . . . . . . . . . . 15
2.3.5. Consistent Flow Field Pressure Boundary Condition . . . . . . . . . 16
2.3.6. Equilibrium Pressure Boundary Condition . . . . . . . . . . . . . . . 17

2.4. Viscosity Adjustment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.4.1. Higher-Order Model Viscosity Adjustment . . . . . . . . . . . . . . . 18
2.4.2. Probabilistic Viscosity Adjustment . . . . . . . . . . . . . . . . . . . . 19
2.4.3. Approximated Viscosity Adjustment . . . . . . . . . . . . . . . . . . . 19

II. Implementation within the Peano Framework 21

3. Implementation 23
3.1. The Peano Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.2. The Lattice Boltzmann Component . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3. Multiple Relaxation Times Collision Operator . . . . . . . . . . . . . . . . . . 26

3.3.1. Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.4. Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.4.1. Bounce Back Diffusive Reflection Boundary Condition . . . . . . . . 32

xi



Contents

3.4.2. Bounce Back Specular Reflection Boundary Condition . . . . . . . . 34
3.4.3. Periodic Boundary Condition . . . . . . . . . . . . . . . . . . . . . . . 36
3.4.4. Consistent Flow Field Pressure Boundary Condition . . . . . . . . . 37

3.5. Viscosity Adjustment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.6. Microreactor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

III. Numerical Results and Conclusion 41

4. Validation 43
4.1. Reference Data Retrieval . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.2. Poiseuille Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.3. MRT-LBM, CFFPBC and BBDRBC Validation . . . . . . . . . . . . . . . . . . 43
4.4. Viscosity Adjustment and BBSRBC Validation . . . . . . . . . . . . . . . . . 49
4.5. Knudsen Minimum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5. Stability Comparison 57

6. Performance Evaluation 59

7. Application: Microreactor 65

8. Conclusion 75

Appendix 81

A. Multiple Relaxation Times D3Q19 Model 81

Bibliography 85

xii



Outline of the Thesis

Part I: Introduction and Theory

CHAPTER 1: INTRODUCTION

This chapter introduces the topic of simulating fluids on microscales and gives an overview
of existing simulation methods. Besides, it motivates the selection of the lattice Boltzmann
method for the further thesis.

CHAPTER 2: THEORY OF THE LATTICE BOLTZMANN METHOD

This chapter familiarizes the reader with the fundamentals of the lattice Boltzmann method
and establishes a common language for the following chapters. In particular, the functional
principle of the multiple relaxation times lattice Boltzmann method and boundary condi-
tions, required for microflow simulations, are explained.

Part II: Implementation within the Peano Framework

CHAPTER 3: IMPLEMENTATION

This chapter presents the details of the implementation of the multiple relaxation times
lattice Boltzmann method within the Peano framework. Furthermore, it discusses the re-
alization of the additional boundary conditions.

Part III: Numerical Results and Conclusion

CHAPTER 4: VALIDATION

This chapter validates the implemented lattice Boltzmann collision operator and the bound-
ary conditions by simulating standard fluid scenarios and comparing the obtained results
with reference data. Moreover, it shows that the new collision operator is able to simulate
microflows with finite Knudsen numbers.

CHAPTER 5: STABILITY COMPARISON

The numerical stability of the realized lattice Boltzmann method is investigated in this
chapter. For this purpose, the conditions under which the lid-driven cavity scenario can
be operated are determined and a comparison is made between the implemented approach
and the BGK lattice Boltzmann method.

CHAPTER 6: PERFORMANCE EVALUATION

This chapter determines the performance of the newly implemented components and com-
pares it to the BGK lattice Boltzmann method and standard boundary conditions.



Contents

CHAPTER 7: APPLICATION: MICROREACTOR

The numerical results calculated for a complex geometry, a microreactor, using the im-
plemented lattice Boltzmann method are presented in this chapter. The validity of the
approach is verified by comparing the obtained results with reference data from simple
fluid scenarios.

CHAPTER 8: CONCLUSION

This chapter closes the thesis with drawing a conclusion of the obtained results and giving
an outlook on future developments.

Appendix

A. MULTIPLE RELAXATION TIMES D3Q19 MODEL

The appendix A contains the definition of the D3Q19 lattice Boltzmann model.
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1. Introduction

The progresses on the field of semiconductor device fabrication and the adaption of it for
the production of microelectromechanical systems (MEMS) led to the widespread appli-
cation of these systems in a multitude of different fields. Applications of microelectrome-
chanical systems include amongst other things medicine, safety technology, biotechnology,
chemical analysis and home electronics. In general, they are everywhere applicable where
the combination of sensors and actuators controlled by electronics is useful. Due to the
proceeding miniaturization, these systems are getting cheaper which makes them even
more attractive for current applications and for applications where they are not used yet.
Many of the MEMS involve gas or fluid flows in microscale structures, because they work
with only little amounts of either. For example, micropumps which have a flow rate of
10−12 to 10−8 m3

s are widely used [25]. Therefore, a correct simulation of flows in these
environments would help the further development of new MEMS decisively. However,
comparison of experimental results and theoretical predictions showed that methods ap-
plied on macroscale scenarios yield incorrect results and thus cannot be used to simulate
gas and fluid flows on microscales [25]. That is the reason, why a new approach is needed
to overcome the limitations of current simulation techniques.

The prevailing standard approach for gas and fluid flow scenarios is solving the Navier-
Stokes equations by numerical means. However, the Navier-Stokes equations only yield
valid results for flows where the assumption holds that the fluid is a continuum and not
consisting of discrete particles. This assumption is true for fluid flows on macroscales but
not on microscales where the physical features of the containing particles become domi-
nant. The Navier-Stokes equations require that the fluid is close to its local thermodynamic
quasi-equilibrium, which cannot be reached by a fluid in a microscopic structure. This is
caused by the fact that the quantity of the molecule collisions, which is correlated to the
number of existing molecules, is insufficient on microscales. Moreover, the linear ’stress
- rate of strain’ and ’heat flux - temperature gradient’ relations, which is a prerequisite of
the Navier-Stokes equations, are not valid anymore as well [10].

The Knudsen number, which is defined as the ratio of the molecular mean free path λ
and the characteristic length scale of the flow system H :

Kn =
λ

H
(1.1)

can be used to describe the regime of a flow and thus measures the divergence from the
local thermodynamic equilibrium. The molecular mean free path is defined as the average
distance a molecule can travel between two consecutive collisions. In general, a fluid flow
can be classified into four different regimes: The continuum flow, slip flow, transition flow
and the free molecular flow. The corresponding Knudsen number ranges can be found in
Table 1.1.
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1. Introduction

Continuum flow Kn < 10−3

Slip flow 10−3 ≤ Kn < 10−1

Transition flow 10−1 ≤ Kn < 10
Free Molecular Flow 10 ≤ Kn

Table 1.1.: Flow regimes and corresponding Knudsen number ranges

Even on a macroscopic scale, regimes with a high Knudsen number can be found within
the Knudsen layer. The Knudsen layer is defined as the area between the wall and a cou-
ple of mean free path lengths away into the fluid. Since this area is comparable small in
a continuum flow, it can be neglected and the Navier-Stokes equations yield the correct
result. However, with increasing Knudsen numbers the Knudsen layer also increases and
thus its influence on the overall flow. If the Knudsen layer is of a comparable magnitude
as the characteristic length scale, then the Navier-Stokes equations produce qualitatively
wrong results, because they cannot model the non-linear velocity profile within the Knud-
sen layer properly. By applying a macroscopic slip boundary condition, it is possible to
amend the Navier-Stokes equations such that they can capture the velocity field outside
of the Knudsen layer accurately. But their deficiencies within the Knudsen layer remain.
This situation is illustrated in Fig. 1.1 using the scenario of the Kramers’ problem. The
Kramers’ problem looks for the velocity profile of a fluid which is bounded by one plate at
its lower end and is subject to a constant shear stress. As a consequence, the Navier-Stokes
equations with a no-slip boundary condition underestimate the expected flow rate, which
was also proven experimentally by Arkilic et al. in 1994 [2].

Fig. 1.1.: Velocity profile of the Kramers’ problem. Showing the actual slip velocity uslip and the
slip velocity of Navier-Stokes equations with macro-slip boundary condition us and with
no-slip boundary condition

In a microscopic environment there exist some more phenomena which pose challenges
for predicting the resulting flow. Viscous effects induce nonlinear pressure drops and den-
sity variations along the flow domain so that the flow is in general compressible. Moreover,
it is typical that the Mach number increases within a long microchannel and that it comes
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to a steady rarefaction along the channel [3]. That is the reason why all Knudsen number
regimes can be encountered. Therefore, an efficient model is required which can handle all
flow regimes and their characteristics in order to simulate these scenarios.

The vast development of microelectromechanical devices and the lacking knowledge
about the physics behind the MEMS has spurred a lot of research on the field of micro-
scopic flows with the aim to find a model suitable for simulating and predicting the be-
havior of these flows. The direct simulation Monte Carlo (DSMC) method, which solves
the Boltzmann equation by utilizing a probabilistic simulation, has been successfully ap-
plied to high-speed transition flows [5]. The DSMC method models the fluid by simulating
the movement of its molecules and their interactions with each other and the wall, respec-
tively. Due to the vast amount of molecules contained within a cubic micrometer of a
fluid, e.g. 1 µm3 of water contains approximately 3.3 · 1010 water molecules, the simula-
tion inflicts high computational costs and needs a lot of memory. Therefore, this approach
is hardly applicable to realistic engineering scenarios. Another approach is to solve the
Boltzmann equation directly. However, if one is only interested in the macroscopic de-
tails, this idea suffers from the same problem of feasibility caused by the corresponding
high dimensional state space. Since it is expected that the non-equilibrium phenomena
are influenced substantially by high-order kinetic moments, high-order lattice Boltzmann
methods were proposed to capture those phenomena accurately. Even though these mod-
els have been successfully used to simulate non-equilibrium phenomena, it was shown by
Tang et al. [28] that these models still fail to produce the correct results for fluid flows in
the Knudsen layer. They assume that the high-order models lack proper wall boundary
conditions to model the slip velocity and state that further research is necessary for the fi-
nal evaluation. The recent development of the information preserving direct Monte Carlo
(IP-DSMC) method seems to solve the deficiencies of statistical fluctuation and high com-
putational costs of the DSMC method. At the same time, it yields auspicious results over
a wide range of Knudsen and Mach numbers [9]. Besides of that, the lattice Boltzmann
method (LBM) caught the attention of several researchers over the past years, because it is
efficiently computable and due to its locality it is suitable for parallelization. This makes
it very attractive for applications in realistic engineering scenarios. Furthermore, the LB
method should potentially be able to simulate flows over all flow regimes quite accurately,
because it is a discretization of the Boltzmann equation which is valid for an arbitrary flow
regime [20].

Historically, the LBM was derived from the lattice gas cellular automaton (LGCA) where
the Boolean states were replaced by density distributions. The motivation was the lack of
Galilean invariance and statistical noise of the LGCA [31]. The connection between the
lattice Boltzmann equations and the Boltzmann equation was established by He and Luo
in 1997 [13] which put the LBM on a solid theoretical foundation. Moreover, it can be
shown that the incompressible Navier-Stokes equations can be retrieved from the lattice
Boltzmann equations in the limit of incompressibility. The details of the derivation can be
found in the work of Chen and Doolen [7]. This indicates the correctness of the LBM. In
1992, d’Humières proposed the generalized lattice Boltzmann equations [8] which work on
the moment space instead of simply using the density distributions for calculations. This
gives more adjustable parameters than the original LBM and thus it is possible to adjust
the model better to properties such as anisotropy, lack of Galilean invariance, dispersion,
dissipation and numerical stability of the method. Since the generalized lattice Boltzmann
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1. Introduction

equations allow to deal with every kinetic moment separately, it is also called lattice Boltz-
mann method with multiple relaxation times (MRT-LBM). Recently, the MRT-LBM model
in addition with a dynamic adjustment of the viscosity has been used to simulate mi-
crochannel flows even within the transition flow regime successfully [21].

Since the combination of the MRT-LBM model with a dynamic adjustment of the vis-
cosity yielded the most promising results even for relatively high Knudsen numbers com-
pared to the other approaches, it has been selected to be implemented within the Peano
framework. Besides its implementation, this thesis presents the validation of the proposed
approach by comparing the produced data with generally approved results. Moreover, the
MRT-LBM is compared to the lattice Bhatnagar-Gross-Krook (BGK-LBM) model concern-
ing the numerical stability, which is supposed to prove the superiority of the MRT-LBM.
Finally, the implemented approach with an adaptive grid, provided by the Peano frame-
work, is applied on a realistic microreactor to show the applicability of it on a realistic
scenario.
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2. Theory of the Lattice Boltzmann Method

2.1. Lattice Boltzmann Method

The Boltzmann equation can be used to describe statistically the behavior of a rarefied gas
far away from its thermodynamic equilibrium. It is considered to be a precise description
of the physics of a fluid under these conditions. Instead of considering every single par-
ticle of a fluid or to treat the fluid as a continuum, it rather describes it by providing the
statistical distributions of its particles and thus can be seen as a mesoscopic equation. A
particle of a fluid is characterized by its position x within the fluid domain and its current
velocity v at a certain time step t. The density distribution for these particles is then de-
noted as f(x, v, t). The number of particles within an infinitesimally small volume element
around x which have a velocity infinitesimally close to v is described by f(x, v, t) dx dv. If
an uniform force F is applied to all particles and no collisions happen between different
particles, then the density distribution functions evolve the following way over time:

f(x+ v dt, v +
F

m
dt, t+ dt) dx dv = f(x, v, t) dx dv (2.1)

But since particles will collide and this will change velocity as well as position of the par-
ticles, the equation has to be amended slightly:

f(x+ v dt, v +
F

m
dt, t+ dt) dx dv − f(x, v, t) dx dv =

∂f(x, v, t)

∂t

∣∣∣∣∣
coll

dx dv dt (2.2)

By dividing by dx dv dt and calculating the limit, the Boltzmann equation is finally ob-
tained:

∂f

∂t
+ v · ∇xf +

F

m
· ∇vf =

∂f

∂t

∣∣∣∣
coll

(2.3)

The righthand collision term is decisive because it describes how particles interact with
each other. One famous approach is called ’Stoßzahl Ansatz’ which only considers two
body collisions and assumes that particles are uncorrelated. However, the mathematical
calculation of this approach crystallized to be intractable, because the ’Stoßzahl Ansatz’
involved a double integral over the velocity space. Therefore, it is crucial to find another
representation for the collision term which models the physical behavior correctly and is
easy to compute. To denote a simplification of the collision process, the collision term is
set to ∂f

∂t

∣∣∣
coll

= Ω(f) with Ω(f) being the collision operator, whose details are discussed in
section 2.2.

In this formulation, it is still possible that a particle has an arbitrary velocity value which
makes it very hard to work with this equation. Therefore, the velocity space is discretized
into a finite set of velocities vi with the corresponding density distributions fi. Moreover, to
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2. Theory of the Lattice Boltzmann Method

further decrease the complexity of the equation, the spatial space is discretized by a square
lattice. The nodes of the lattice define the positions at which the distribution functions are
evaluated. For the further discussion the force term is considered to be zero, because it
can be incorporated into the collision operator, which will be shown later. The Boltzmann
equation is now transferred into the dimensionless form by dividing both sides by the
characteristic length scale H , the reference speed U , the reference density ρref and the
time between particle collisions tc,

∂f̂i

∂t̂
+ ci∇̂f̂i =

H

tcU
Ωi(fi) (2.4)

with f̂i = fi
ρref

, t̂ = t · UH , ci = vi
U and ∇̂ = H · ∇. This formula can now be discretized by

replacing the partial derivation and the gradient by its difference quotient:

f̂i(x̂, t̂+ ∆t̂)− f̂i(x̂, t̂)
∆t̂

+ cix
f̂i(x̂+ ∆x̂, t̂+ ∆t̂)− f̂i(x̂, t̂+ ∆t̂)

∆x̂

+ciy
f̂i(x̂+ ∆y, t̂+ ∆t̂)− f̂i(x̂, t̂+ ∆t̂)

∆y

+ciz
f̂i(x̂+ ∆z, t̂+ ∆t̂)− f̂i(x̂, t̂+ ∆t̂)

∆z

=
H

tcU
Ωi(fi) (2.5)

∆t̂ = ∆t · UH and the lattice spacing ∆x̂, ∆ŷ and ∆ẑ is chosen such that ∆x̂
∆t̂

= cix ,∆ŷ
∆t̂

= ciy

and ∆ẑ
∆t̂

= ciz hold.

f̂i(x̂, t̂+ ∆t̂)− f̂i(x̂, t̂)
∆t̂

+
f̂i(x̂+ ci∆t̂, t̂+ ∆t̂)− f̂i(x̂, t̂+ ∆t̂)

∆t̂

=
f̂i(x̂+ ci∆t̂, t̂+ ∆t̂)− f̂i(x̂, t̂)

∆t̂
=

H

tcU
Ωi(fi) (2.6)

If ∆t is set to tc, both sides are multiplied by ∆t̂ and all carets are discarded, then the lattice
Boltzmann equation is obtained:

fi(x+ ci∆t, t+ ∆t)− fi(x, t) = Ωi(fi) (2.7)

In order to describe a fluid flow, one is interested in the fluid density ρ and the velocity uuu,
which are macroscopic values and provide the most important information about a flow.
The fluid dynamics are mimicked by the collective behavior of the distribution functions
and the relevant macroscopic values can be retrieved from them by:

ρ =
∑
i

fi (2.8)

ρuuu =
∑
i

cifi (2.9)

However, with this formulation it is not possible yet to apply an external force to the flow.
Hence, Guo et al. [11] proposed to add an additional forcing term to the right side of the

8



2.1. Lattice Boltzmann Method

lattice Boltzmann equation and to shift the macroscopic velocity to account for the acting
force:

fi(x+ ci∆t, t+ ∆t)− fi(x, t) = Ωi(f) + ∆tFi (2.10)

with Fi being the forcing term. In order to obtain the general Navier-Stokes equations from
the lattice Boltzmann equation the macroscopic velocity has to be adjusted:

ρuuu∗ =
∑
i

cifi +
∆t

2
FFF (2.11)

The adjusted velocity is denoted by uuu∗ andFFF is the acting force. The forcing term Fi has to
be defined according to the collision operator and is shown in section 2.2. For the following
work, the asterisk is discarded.

The lattice Boltzmann equation is a discretization of the Boltzmann equation in time,
spatial and velocity space which makes it suitable for an iterative simulation called the
lattice Boltzmann method. For this purpose, the equation is further separated into a collision
step and a propagation step:

f∗i (x, t) = fi(x, t) + Ωi(fi(x, t)) + ∆tFi(x, t) (2.12)
fi(x+ ci∆t, t+ ∆t) = f∗i (x, t) (2.13)

with f∗i denoting the distribution after the collision took place. It is obvious that the sep-
aration does not change the semantic of the equation but it allows the simulation to first
compute the post collision distributions in each fluid node x at time t and then to prop-
agate them to the new destinations. By decomposing the simulation process into these
two steps, the propagation step, which might require non-local communication in parallel
environments, is separated from the pure local computation of the physics involved in the
collision process.

The set of discrete velocities describes how particles can move from one lattice node
to another, and thus determine the physical characteristics which the lattice Boltzmann
method can mimic. Without loss of generality, the 2-dimensional lattice Boltzmann equa-
tion model with nine-velocities denoted by D2Q9 will be the subject of further discussions.
The details of the D3Q19 model are given in appendix A. The velocities are defined by:

ci =


(0, 0), i = 0

(cos[(i− 1)π/2], sin[(i− 1)π/2])c, 1 ≤ i ≤ 4

(cos[(2i− 9)π/4], sin[(2i− 9)π/4])
√

2c, 5 ≤ i ≤ 8

(2.14)

with c = ∆x/∆t being the lattice velocity, ∆x the uniform lattice spacing and ∆t the time
between two simulation iterations. By choosing the velocities this way, it is assured that
particles can only be propagated from one lattice node to an adjacent lattice node within
one time step. The different velocity vectors are visualized in Fig. 2.1.
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2. Theory of the Lattice Boltzmann Method

Fig. 2.1.: Velocity vectors of the D2Q9 model

2.2. Collision Operators

The collision operators mimic the collision behavior of particles at the same location. The
requirements are that it is physically correct and that it is efficiently computable. In the
following, the BGK collision operator and the MRT collision operator are presented.

2.2.1. Bhatnagar-Gross-Krook Collision Operator

Because of the infeasibility of the ’Stoßzahl Ansatz’ and the need for an efficient collision
operator, Bhatnagar, Gross and Krook proposed an approximation for the collision opera-
tor in 1954 [4]:

Ωi(fi) = −τ−1(fi − feqi ) (2.15)

with τ being a parameter which is linked to the viscosity of the fluid and feqi is the Maxwell-
Boltzmann distribution of ci given the macroscopic fluid velocity uuu and density ρ. The
Maxwell-Boltzmann distribution describes the density distribution of a fluid in its equi-
librium state to which every fluid strives. The striving after the equilibrium is the idea
behind the BGK collision operator because the lattice Boltzmann equation describes a re-
laxation against the equilibrium state with this operator. The equilibrium distribution feqi
in its discrete form can be expressed as:

feqi = ρωi

ñ
1 +

ci · uuu
c2
s

+
(ci · uuu)2

2c4
s

− uuu2

2c2
s

ô
(2.16)

where cs = c/
√

3 is the speed of sound, uuu is the macroscopic velocity and ωi is a direction
specific weight. For the D2Q9 model the weights are defined as:

ωi =


4/9, i = 0

1/9, 1 ≤ i ≤ 4

1/36, 5 ≤ i ≤ 8

(2.17)
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The forcing term Fi can now be specified with respect to the relaxation parameter τ and
the force FFF :

Fi =

Å
1− 1

2τ

ã
ωi

ñ
ci − uuu
c2
s

+
ci · uuu
c4
s

ci

ô
·FFF (2.18)

In order to be valid, the model requires the parameter τ to fulfill the relation

µ = ρc2
s

Å
τ − 1

2

ã
∆t (2.19)

where µ is the dynamic viscosity of the fluid being simulated.
This defines an efficiently computable model, which can be used to simulate non-equilibrium

flows. That is the reason why this model is quite popular among fluid researchers, even
though it has some known deficiencies: The lattice Boltzmann method using the BGK col-
lision operator (BGK-LBM) is often used with bounce back boundary conditions to sim-
ulate the no-slip Dirichlet boundary condition, because of the simplicity and locality of
the bounce back boundary condition. However, Verhaeghe et al. have shown that the slip
velocity is dependent on the grid resolution if the walls are not fixed at a specific position.
And even if the walls are fixed, the slip velocity is still dependent on the viscosity of the
fluid, which is unphysical and simply a numerical artifact of the method [29]. To overcome
these problems, another collision operator has to be used.

2.2.2. Multiple Relaxation Times Collision Operator

The lattice Boltzmann equation with multiple relaxation times (MRT), also referred to as
the generalized lattice Boltzmann equation or the moment method, is a refined version of
the lattice Boltzmann equation with the BGK collision operator [16]. Instead of simulat-
ing the collision process by relaxing the distribution functions directly, the MRT collision
operator relaxes the kinetic moments, which can be retrieved from the distribution func-
tions. Relaxing the moments separately has the advantage that physical effects which
cause the relaxation of distinct moments occurring on different time scales can easily be
accommodated by determining the corresponding relaxation values. In addition, it is able
to overcome the deficiencies of the BGK collision operator because it has more degrees of
freedom, which can also be used to increase the numerical stability of the method signifi-
cantly.

The collision operator is defined as follows:

Ω(|f〉) = −(MMM−1SSSMMM)(|f〉 − |feq〉) (2.20)

where MMM is an orthogonal transformation matrix, which maps the distribution functions
onto the moment space, and SSS is the relaxation matrix. |f〉 = (f0, f1, . . . , f7, f8)T denotes
the column vector of the distribution functions and 〈f | = (f0, f1, . . . , f7, f8) the corre-
sponding row vector. The matrix

SSS = diag(τρ, τe, τε, τjx , τqx , τjy , τqy , τpxx , τpxy)
−1 (2.21)

contains for every moment an individual relaxation time. In order to have the maximum
number of freely adjustable parameters, the image of the projection with the matrix MMM
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2. Theory of the Lattice Boltzmann Method

has the same number of dimension as the inverse image space, namely the velocity space
V = R9. In the case of the D2Q9 model, there are 9 moments which are defined by the
matrix

MMM =



〈ρ|
〈e|
〈ε|
〈jx|
〈qx|
〈jy|
〈qy|
〈pxx|
〈pxy|


=



1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2

4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1


. (2.22)

All of these moments have a physically meaningful interpretation: 〈ρ| is the density mode;
〈e| is the energy mode; 〈ε| is related to the energy square; 〈jx| and 〈jy| are the x and y
components of the momentum; 〈qx| and 〈qy| correspond to the x and y components of the
energy flux; and 〈pxx| and 〈pxy| are related to the diagonal and off-diagonal component
of the stress tensor. The resulting moment vector |mmm〉 can be obtained by |mmm〉 = MMM · |f〉.
Applying the equilibrium distribution |feq〉 to the matrixMMM yields the moment equilibria
|mmmeq〉 = MMM |feq〉which are given by:

|mmmeq〉 = MMM |feq〉 =



ρ
eeq

εeq

jx
qeqx
jy
qeqy
peqxx
peqxy


=



ρ

ρ · (−2 + 3 · ‖uuu‖22)

ρ · (1− 3 · ‖uuu‖22)
ρ · uuux
−ρ · uuux
ρ · uuuy
−ρ · uuuy

ρ · (uuu2
x − uuu2

y)

ρ · uuux · uuuy


(2.23)

where uuu is the macroscopic velocity of the fluid and ρ its density.
The forcing terms Fi can also be mapped onto the moment space which gives the vector
|F 〉 and is defined as follows:

|F 〉 = MMM |F 〉 =



0
6 · uuu ·FFF
−6 · uuu ·FFF

FFF x
−FFF x
FFF y
−FFF y

2 · (uuux ·FFF x − uuuy ·FFF y)
uuux ·FFF y + uuuy ·FFF x


(2.24)

where FFF is the acting force.
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The general collision process can now be projected onto the moment space

|f∗〉 = |f〉+ Ω(|f〉) + ∆t|F 〉
= MMM−1MMM |f〉 −MMM−1SSSMMM(|f〉 − |feq〉) +MMM−1∆tMMM |F 〉

= MMM−1
Å
|mmm〉 −SSS(|mmm〉 − |mmmeq〉) + ∆t

Å
III − SSS

2

ã
|F 〉
ã

(2.25)

with (III − 1/2SSS)|F 〉 = MMM · |F 〉 [20] and III being the unity matrix.
In order to be valid, the model requires that the relaxation parameters τqxx = τqxy = τν

and τe fulfill the following equations:

µ = ρc2
s

Å
τν −

1

2

ã
∆t (2.26)

ζ =
1

2
c2
s

Å
τe −

1

2

ã
∆t (2.27)

where µ is the dynamic viscosity and ζ is the bulk viscosity of the fluid.
It is worth to mention that the MRT lattice Boltzmann method reduces to the BGK lattice

Boltzmann method with the relaxation parameter τ if all relaxation times are set to τα =
τ ∀α.

2.3. Boundary Conditions

Boundary conditions define how the lattice Boltzmann equation is treated at the borders
of the fluid domain and they are crucial for the macroscopic dynamics of the fluid. The
preferential goal of designing boundary conditions is to mimic the proper physical behav-
ior of the fluid at the border of the domain. However, it is also important for the lattice
Boltzmann method that the locality of calculations is retained, because otherwise it would
degrade the parallel properties of the method. The most popular boundary condition used
in conjunction with the LBM for solid borders is the bounce back boundary condition. It
realizes the no-slip assumption of fluids at solid borders by reversing the velocity of incom-
ing distribution functions. Furthermore, this behavior assures locality of calculations and
thus is perfectly parallelizable. However, using solely the bounce back boundary condition
for the simulation of microchannel flows might not be sufficient, because the assumption
of no-slip at the borders is no longer valid at microscopic scales for various reasons [18].
Hence, different boundary conditions have been developed to account for the slip veloc-
ity in microflows. This work will use the diffusive reflection boundary condition and the
specular reflection boundary condition to simulate the interaction between the fluid and
solid boundaries. For non-solid boundaries a periodic boundary condition and a pressure
boundary condition, which yields a consistent flow field, are presented. For the further
thesis, it is assumed that the solid walls are fully specified at every point by their inward
unit normal nnn, the density at the wall ρw and the velocity of the wall uuuw.

2.3.1. Bounce Back Boundary Condition

The bounce back boundary condition assumes that a particle which collides with the wall
is reflected in the opposite direction, which means that its momentum is reversed. This
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2. Theory of the Lattice Boltzmann Method

behavior can be described by:

fi(x, t+ ∆t) = f∗
i
(x, t) (2.28)

where fi denotes the opposing distribution function to fi such that ci = −ci. The equa-
tion can also be interpreted as if the node x would be adjacent to a node x + ci whose
distribution functions are symmetric to those of the node x, but with reversed directions.
Since these distributions cancel each other out halfway between both nodes, the bounce
back boundary conditions realizes effectively a no slip boundary which is located halfway
away from the boundary node x. The effective boundary can be seen in Fig. 2.2.

Fig. 2.2.: Bounce back boundary condition with the boundary node x, the virtual nodes behind the
boundary and the effective no slip boundary in the middle.

2.3.2. Diffusive Reflection Boundary Condition

The diffusive boundary condition is derived from the kinetic theory for nonabsorbing
walls [1]. The underlying idea of this boundary condition is that impinging particles lose
the memory of their movement direction and are scattered back according to the equilib-
rium distribution given the wall density ρw and the wall velocity uuuw. This behavior can be
described by:

fi(x, t+ ∆t) =

∑
(ck−uuuw)·nnn<0 |(ck − uuuw) ·nnn|f∗k (x, t)∑

(ck−uuuw)·nnn>0 |(ck − uuuw) ·nnn|feqk (ρw,uuuw)
· feqi (ρw,uuuw) (2.29)

with (ci − uuuw) · nnn > 0. The condition (ci − uuuw) · nnn < 0 enforces that all incidental distri-
butions are summed up and then redistributed over the outgoing distributions such that
they obey the equilibrium distribution with mass conservation. The process of the bound-
ary treatment is illustrated in Fig. 2.3. It is worth to mention that the particles are reflected
within the same node, which might not be intuitive but keeps the computation local.

2.3.3. Specular Reflection Boundary Condition

The specular reflection boundary condition is motivated by the observation of elastic col-
lisions between a relatively light particle and a heavy boundary, similar to a billiard ball
hitting the barrier of a pool table. The physical effect of such a collision is that the veloc-
ity component, which is orthogonal to the boundary, is reversed. This is described by the
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2.3. Boundary Conditions

Fig. 2.3.: In the left image, the incidental distributions before the collision with the wall are high-
lighted. In the right image, the diffusive scattering, after the particles have collided with
the wall, is shown. The thickness of the arrows indicates the value of the distributions.

following equation for the D2Q9 model, assuming that the wall is located above the node
x:

f4,7,8(x, t+ ∆t) = f∗2,6,5(x, t) (2.30)

The scenario above is shown in Fig. 2.4. Again it has to be mentioned that the distributions
are reflected within the same node such that the computation remains local.

Fig. 2.4.: In the left image, the incidental distributions before the collision with the wall are high-
lighted. In the right image, the specularly reflected distributions, after the particles col-
lided with the wall, are shown.

2.3.4. Periodic Boundary Condition

Besides of modeling the interaction of a fluid with solid boundaries, it is also necessary to
define conditions for boundaries at which the domain ends but not necessarily the fluid
stops. The borders at which the fluid can enter and leave the domain are called inlet and
outlet, respectively. One possible condition could be that the distributions which leave
the domain will be streamed into the domain at the other end. This behavior is realized
by a periodic boundary condition. The periodic boundary condition is quite useful if one
wants to simulate an infinitely long channel without the influence of perturbing boundary
conditions at the inlet and the outlet and without having to simulate vast domains. If the
periodic boundaries are located at x = (1, y) and x = (Nx, y) with y ∈ [1, Ny] and Nx, Ny

being the total number of lattice nodes in x and y direction, then the boundary can be
described by the following equations:

fi((1, y + ciy), t+ ∆t) = f∗i ((Nx, y), t), cix > 0 (2.31)
fi((Nx, y + ciy), t+ ∆t) = f∗i ((1, y), t), cix < 0 (2.32)
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2. Theory of the Lattice Boltzmann Method

The streaming process through a periodic boundary and the destinations of the distribu-
tions are shown in Fig. 2.5.

Fig. 2.5.: In the left image, the distributions at the left and right periodic boundaries are shown. In
the right image, the propagation of the distributions through the periodic boundaries is
shown.

It can be seen that nodes which have the same y coordinate and lie at the periodic bound-
aries are treated as if being adjacent. The boundary condition treatment is then simply the
same streaming step like it is done within the domain.

2.3.5. Consistent Flow Field Pressure Boundary Condition

A typical simulation scenario involves simulations of fluid flows through a specific geom-
etry which has an inlet and an outlet. At the inlet and outlet the fluid is streamed into
the domain at a specified pressure pin and pout which has to be mimicked by a pressure
boundary condition. One popular pressure boundary condition has been proposed by
Zou and He [33] and is based on the assumption that the non-equilibrium part of an out
streaming distribution can be used to predict the non-equilibrium part of the incoming
distribution. However, this approach does not assure that the flow field at the inlet and
outlet is consistent with the flow field at the inner nodes, because it only establishes that
either a certain velocity or density prevails at the boundary. The outside flow field, which
is usually consistent with the flow field inside the domain, is disregarded by this pressure
boundary, though. Hence, the flow field at the boundary does not fit the flow field which
would actually stream into the domain, although the macroscopic fluid values are valid.
Since this is crucial to obtain proper results, Verhaeghe et al. [29] proposed a pressure
boundary condition which is based on an extrapolation scheme. By introducing an addi-
tional layer of ghost nodes at the inlet and outlet which can store extrapolated values from
interior nodes, they achieve to maintain a consistent flow field at the boundaries with no
observable boundary layers. Since the pressure p is directly proportional to the density ρ
and fulfills the equation p = RTρ with R being the Boltzmann constant and T being the
absolute temperature of an isothermal flow, the terms pressure and density can be used
interchangeably. Thus, ρin and ρout are the densities corresponding to the pressures pin
and pout.

If the inlet and outlet is located at x = (1, y) and x = (Nx, y) with y ∈ [1, Ny] then the
ghost nodes are defined at the positions x = (0, y) and x = (Nx + 1, y) with y ∈ [1, Ny].
After the post-collision distributions have been calculated and before the streaming step
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has been carried out, the distributions at the ghost nodes have to be calculated according
to the following equations:

f∗i ((0, y), t) = 2f∗i ((1, y), t)− f∗i ((2, y), t), i ∈ {1, 5, 8} (2.33)
f∗i ((Nx + 1, y), t) = 2f∗i ((Nx, y), t)− f∗i ((Nx − 1, y), t), i ∈ {3, 6, 7} (2.34)

where y ∈ [1, Ny]. During the streaming step, the ghost nodes are treated like interior
nodes. Thus, the distributions of the ghost nodes are propagated to adjacent nodes. It is
worth to mention that some of the distributions of the corner nodes cannot be determined
by extrapolation and the following streaming step. For example, the distribution f5 at the
lower left corner node depicted in Fig. 2.6 has no adjacent ghost node from where it could
be propagated. Therefore, along with the distributions f2 and f6 facing away from the
lower wall, it is computed by applying the boundary condition of the neighboring wall.
After the streaming, the densities at the inlet and outlet have to be adjusted such that they

Fig. 2.6.: Illustration of the streaming process. The left image shows the post-collision distributions
values and the extrapolated values at the ghost nodes prior to the streaming step. The
right image shows how the distributions are propagated to adjacent nodes. The dashed
arrows indicate that the distribution results from a collision with a wall and grey arrows
are distributions from outside of the visualized domain.

fulfill on average the specified densities ρin and ρout. For this purpose, all distributions fi
at the inlet and outlet have to be normalized by the factor ρin

ρin
and ρout

ρout
, respectively. ρin

and ρout are the average densities along the spanwise direction y at the inlet and outlet and
can be calculated after the streaming step. Afterwards, the normalized values can be used
for the next collision step.

2.3.6. Equilibrium Pressure Boundary Condition

Another way to realize a pressure boundary condition is to replace the unknown distri-
butions with the equilibrium distributions given the macroscopic velocity uuuw and density
ρw at the boundary. These values can either be specified for the boundary or they can
be retrieved from the distribution functions before the streaming step is carried out. If
fi(x, t + ∆t) is unknown after the streaming step and x is located next to the equilibrium
pressure boundary, then it is replaced by:

fi(x, t+ ∆t) = feqi (uuuw, ρw). (2.35)
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In contrast to the pressure boundary condition specified in section 2.3.5, the equilibrium
pressure boundary condition does not produce a consistent flow field.

2.4. Viscosity Adjustment

The dynamic viscosity µ of a fluid is crucial for the dynamics of it and thus plays an impor-
tant role for the simulation. The viscosity describes the internal friction between moving
flow layers and the spanwise momentum conductivity. Furthermore, it determines the re-
laxation rate τ and τν in the BGK-LBE model and MRT-LBE model, respectively. Following
Li et al. [20], the gas is considered consisting of hard-sphere particles and the viscosity is
given by

µ ≈ 1

2
ρcλ (2.36)

where c =
»

8RT
π is the mean molecular velocity. This formula shows the direct connec-

tion of the mean free path λ and the viscosity µ. The mean free path is defined as the
average distance a particle can move between two consecutive collisions. However, in
confined flow systems, this distance is affected by wall collisions which occur especially in
the Knudsen layer. In Fig. 2.7 the influence of walls on the free mean path of gas particles
is depicted.

Fig. 2.7.: The mean free path of particles is significantly reduced by the proximity of solid walls and
thus the viscosity of the fluid in the Knudsen layer.

In a continuum regime, inter-wall collisions are insignificant and thus can be neglected.
But they represent the majority of the collisions in the Knudsen layer. The reduction of
the mean free path near walls is the reason why the linear relation between the shear stress
and the rate of strain no longer holds and why the Navier-Stokes equations are not capable
of capturing the Knudsen layer properly. Since the Knudsen layer dominates the domain
in a microscale flow system, it is essential to model the effect of wall collisions on the free
mean path and thus the viscosity, in order to obtain correct flow predictions. The adjusted
viscosity is denoted by effective viscosity µe.

2.4.1. Higher-Order Model Viscosity Adjustment

One correction to the LB equations has been proposed by Zhang et al. [32]. It is based on
the derivation of higher order velocity equations which can describe the Knudsen layer
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properly. The velocity equation which describes the velocity profile of the Kramers’ prob-
lem along the spanwise axis is given by:

u(y) =
τ

µ

[
y + λ

 
2

π
+

7

10C
λ(1− e−Cy/λ)

]
(2.37)

where τ is the shear stress applied to the flow system and C is a free parameter. For the
Kramers’ problemC was set to 1, which was determined empirically. Zhang et al. used this
equation to obtain a formula for the effective viscosity given the distance from the wall:

µe(y) =
µ0

1 + 0.7e−Cy/λ
(2.38)

with µ0 being the viscosity of the bulk flow.
The Knudsen layer effects could be captured for different flow scenarios up to Kn = 0.5

with this viscosity adjustment. However, the general problem is that the higher-order
equations have been derived from the Kramers’ problem and it is not assured that they are
uniformly valid.

2.4.2. Probabilistic Viscosity Adjustment

Another correction to the LB equations is based on the probability that a particle collides
with another particle or the wall and was first proposed by Stops in 1970 [27]. The collision
distance probability is assumed to be exponentially distributed such that the probability
of a particle having two consecutive collisions at x and dx is given by:

Pr(x) =
1

λ0
exp

Å−x
λ0

ã
dx (2.39)

with λ0 being the mean free path of the bulk flow. The effective free mean path λe for a
flow bounded by an upper and a lower plate can then be calculated by:

λe(y) = λ0

ñ
1 + (γ − 1) exp(−γ)− γ2

∫ ∞
γ

t−1 exp(−t) dt
ô

(2.40)

where γ = y/λ0 for particles moving downwards and γ = (L− y)/λ0 moving upwards.
With this formulation it is possible to tackle down the problem of Knudsen layer inter-

ference by computing the average of all effective mean free paths. However, this correction
has the problem that the integral

∫∞
γ t−1 exp(−t) dt cannot be solved analytically. There-

fore, a numerical quadrature scheme has to be applied, which inflicts high computational
costs.

2.4.3. Approximated Viscosity Adjustment

The viscosity is defined by Eq. (2.36) in a continuum flow regime. The larger the Knud-
sen number gets the more converges the mean free path against the characteristic scale
H , though. In the case λ >> H , the effective mean free path is H and the viscosity
µ∞ = a∞ρcH with a∞ being a numerical constant. Michalis et al. [22] found out that
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the effective viscosity can be approximated by the terms µ0 and µ∞. They conducted mi-
croflow simulations with the DSMC method to investigate the rarefaction effects on the
viscosity in the transition regime. The calculated densities and velocity profiles were used
to compute the actual viscosity of the fluid. With these results Michalis et al. showed
that the rarefaction effects could be captured satisfactorily by a Bosanquet-type effective
viscosity approximation:

µe =
µ0

µ0(1 + a ·Kn)
(2.41)

where a = a0/a∞. They further discovered that the parameter a depends on the Knudsen
number, but both parameters correlate only slightly over the majority of the transition flow
regime, though. Hence, Michalis et al. proposed to set a = 2 which produces satisfying
results. The effective viscosity is an approximation of the real viscosity and incorporates
the rarefaction effects on the viscosity over the whole fluid domain. Due to its simplicity
and efficient computability, the Bosanquet-type effective viscosity approximation has been
chosen for the implementation.

20



Part II.
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3.1. The Peano Framework

The multiple relaxation times collision operator and the viscosity adjustment for the lattice
Boltzmann equations are integrated into the Peano framework. In order to understand
the implementation of the aforementioned parts, this section describes the fundamentals
of the Peano framework. The Peano framework is developed at the chair for scientific
computing at the Technische Universität München with the purpose to provide general
means for the solution of partial differential equations. The main focus of Peano lies on
the field of computational fluid dynamics but also Poisson solvers for the heat equation
have been implemented, which demonstrates its universal applicability.

The basic concept of solving a partial differential equation is to discretize it in space
and in time if one is not only interested in the steady solution. Peano provides for this
purpose an adaptive Cartesian grid, which is based on k-spacetrees. The adaptive grid can
be refined and coarsened dynamically according to the requirements of the application.
Nevertheless, it still has only little amounts of administrative overhead because of the
structuring as a tree. The so defined vertices and cells are traversed during the execution
of the algorithm according to the Peano space-filling curve. An illustration of an adaptive
grid with multiple degrees of refinement is given in Fig. 3.1.

Fig. 3.1.: Adaptive grid with various degrees of refinement and traversal of cells.

This ordering and the use of stacks and streams for the storage of the vertex and cell
data assures a high degree of locality of data accesses. If the framework encounters a
cell or the vertices belonging to a cell, it issues certain events for them, such as touchVer-
texFirstTime, touchVertexLastTime and enterCell, which are handled by user defined event
handlers. Within these methods, the user can operate on the data stored at each vertex
and in each cell respectively, thus defining the logic of the solver. Besides of not having
to bother about the grid management and the data storage, the framework also frees the
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user from the task of parallelization. The design of the framework endorses the encapsu-
lation of calculations and their locality such that an efficient parallelization on shared and
distributed-memory systems is possible. The interested reader is recommended to read
the dissertation of Weinzierl [30], the lead author of Peano, which contains more precise
explanations of the functional principles.

For the further work, it is necessary to discuss the touchVertexFirstTime, enterCell and
touchVertexLastTime events in detail. The order in which these events are issued is gov-
erned by the grid structure: The grid is organized as a k-spacetree whose tree nodes repre-
sent the cells of the grid and each of the cells has 2D nodes associated to it, where D is the
number of dimensions. Leaf nodes represent cells which are not further refined in contrast
to interior tree nodes which denote a cell which is divided up into 3× 3 subcells. In order
to iterate over all cells and vertices, the tree is traversed according to the following pseudo
code:

Algorithm 1 Spacetree cell traversal

1: procedure TRAVERSE(cell)
2: ENTERCELL(cell)
3: if !ISLEAF(cell) then
4: subCells← GETSUBCELLS(cell)
5: for all subCell ∈ subCells do
6: vertices← GETVERTICES(subCell)
7: for all vertex ∈ vertices do
8: TOUCHVERTEXFIRSTTIME(vertex)
9: end for

10: end for
11: for all subCell ∈ subCells do
12: TRAVERSE(subCell)
13: end for
14: for all subCell ∈ subCells do
15: vertices← GETVERTICES(subCell)
16: for all vertex ∈ vertices do
17: TOUCHVERTEXLASTTIME(vertex)
18: end for
19: end for
20: end if
21: end procedure

The algorithm shows that the call order of the events for a cell and its corresponding
vertices is touchVertexFirstTime, then enterCell and last touchVertexLastTime.

3.2. The Lattice Boltzmann Component

The lattice Boltzmann component of the Peano framework is the implementation of the
lattice Boltzmann equations within the framework. This section gives a brief summary of
the functional principles of this component which is a prerequisite to understand the work
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of this thesis. The LB component has to store for each grid vertex the values of the distri-
bution functions, which define its state. This accumulates to much data compared to other
solver implementations. Since the Peano grid traversal involves a lot of vertex copy opera-
tions, the overall performance would be significantly derogated, if the required data were
stored within the Peano vertices. Therefore, the LB component further refines each Peano
vertex and sources the distributions functions out into a grid management service. This
alteration speeds the computations noticeably up. Moreover, the event handlers do not
have to be adjusted, because the grid management service is accessible from all methods
throughout the runtime of the simulation. The LB equations are realized by implementing
handlers for the events touchVertexFirstTime, enterCell and touchVertexLastTime, which are
now discussed in detail.

The first step of the lattice Boltzmann method is to calculate the post collision values
according to the collision operator. This is done in the touchVertexFirstTime event handler
by calling the corresponding collision treatment. Since the pre-collision distribution val-
ues are not needed for further computations, they are directly overwritten by the newly
computed values. Afterwards, the streaming step has to be executed. Because of the
component specific refinement of the Peano vertices, the streaming process is split into
a local streaming step, which propagates the distributions within the same Peano ver-
tex, and a non-local streaming step, which handles the distributions which are streamed
between different Peano vertices. The former is realized within the touchVertexFirstTime
event, because only local information is necessary to carry out the streaming. For the lat-
ter, the knowledge about the distribution functions of adjacent Peano vertices is required,
because the information is copied from one vertex to another. This requirement is ful-
filled by the enterCell event, because it gives access to the cell data and its defining ver-
tices. The streaming operation itself is not only copying the distribution functions such
that fi(x + ci, t + ∆t) = f∗i (x, t) holds, since this would imply that distributions which
have not been streamed yet might be overwritten. As a consequence, a second buffer for
the temporary data had to be maintained which would however double the memory re-
quirement of the application. Therefore, the AA-storage pattern is implemented which has
a very low-memory footprint [17]: Given two subcells x and x+ ci, the streaming process
has to propagate fi from subcell x to x+ ci and fi from subcell x+ ci to x. Instead of mov-
ing the distribution functions directly at the correct position in the respective cells, they are
swapped in place such that faai (x, t) = f∗

i
(x + ci, t) holds, with faai denoting the density

function due to the AA-storage pattern streaming step. It is important to stress at this point
that the density functions faai (x, t) and faa

i
(x + ci, t) can be stored at the same place as

f∗i (x, t) and f∗
i
(x, t) were stored. Thus, no auxiliary data buffer is required. However, the

implementation of this approach necessitates an extra step in which all distribution func-
tions are swapped in each subcell such that they are finally stored at the correct position.
This behavior is described by: fi(x, t+ ∆t) = faa

i
(x, t). The internal swapping is executed

in the touchVertexLastTime event, because when this event is issued, the local and non-local
streaming has been finished for the respective vertex. The whole streaming process with
the subsequent swapping is depicted in Fig. 3.2.

The boundary conditions are enforced by first determining which distributions actu-
ally collide with a wall and then to issue a respective boundary treatment event, if it is
necessary. The existing boundary treatment events are treatBoundaryBeforeCollision and
treatBoundaryAfterCollision which are both called in the touchVertexFirstTime event handler.
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(a) (b) (c)

Fig. 3.2.: AA-storage pattern with D2Q9: (a) shows the state after the collision. The locations of
the propagated distributions can be seen in (b) and the final state after the swapping is
visualized in (c).

The boundary data of each colliding distribution defines how it has to be treated and is
retrieved from the ReceiveBoundaryDataService. This service has been initialized with an
instance of the specified scenario to be simulated and forwards the queries to it. The im-
plementation of the interface AbstractBoundaryData4Scenario contains the actual boundary
data information which implies that every simulation scenario requires such an implemen-
tation.

The lattice Boltzmann component already provided the BGK collision operator and
boundary conditions such as bounce back, pressure inlet and outlet boundary conditions.
Within the context of this thesis, the MRT collision operator and additional boundary con-
ditions have been implemented as an extension of this component. The main concern of
the implementation was to integrate the new functionalities seamlessly so that they en-
hance the applicability of the lattice Boltzmann component to a wider range of scenarios
and that they can be used in the usual fashion.

3.3. Multiple Relaxation Times Collision Operator

The multiple relaxation times collision operator has been implemented as a specialization
of the AbstractCollisionModel. The AbstractCollisionModel defines an interface which is used
by the BlockCollisionModelManager to calculate the post collision distribution functions.
The BlockCollisionModelManager manages the existing collision operators and selects for
each collision the appropriate operator, which has been specified in the configuration file.
The implementation of the multiple relaxation times collision operator consists of four de-
composable tasks: Transformation matrix generation, moment equilibria and source term
generation, relaxation parameter model generation and the actual collision process.

The transformation matrix defines which moments are used for the relaxation process
and defines how they are obtained from the distribution functions. The transformation
matrix has to be generated only once, when the collision operator is created, and is repre-
sented by the Q×Q matrix M with Q being the number of discrete velocities of the model.
The matrix M is semantically equal to the matrixMMM , specified in Eq. (2.22). However, due
to the fact that the discrete velocities are numbered distinctively in Peano, the columns are
slightly perturbed. For the relaxation process, the moment equilibria |mmmeq〉, given in 2.23,
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3.3. Multiple Relaxation Times Collision Operator

have to be generated as well. Since they depend strongly on the macroscopic values of a
subcell x at a time step t, they have to be calculated for every subcell and every time step.
The same holds as well for the forcing term, which is generated according to Eq. (2.24)
and depends on the external force acting on the subcell x and its macroscopic velocity. The
MRT collision operator has been implemented for the 2-dimensional D2Q9 model and the
3-dimensional D3Q19 model. The details of the transformation matrix and the moment
equilibria for the D3Q19 model can be found in the appendix A. The choice which model
is used by Peano, is done by #define statements defined in Table 3.1:

Model #defines

D2Q9
#define LB D2Q9
#define LB D2Q9 DIR 9

D3Q19
#define LB D3Q19
#define LB D3Q19 DIR 19

Table 3.1.: #define statements for different models.

The MRT-LB method defines several relaxation parameters τj with j ∈ [1, Q] which have
to be specified. Some of the moments, such as the momentum or the mass, are conserved
moments and thus should not be relaxed at all. However, this has already been incorpo-
rated into the moment equilibria such that the equilibrium for a conserved moment given
a subcell x and a time step t has the same value as the actual moment at the subcell x
given the time step t. Therefore, the relaxation value for these moments can be set to an
arbitrary value. For the D2Q9 model it holds: (τ1, τ2, τ3, τ4, τ5, τ6, τ7, τ8, τ9) = (τρ, τe, τε, τjx ,
τqx , τjy , τqy , τpxx , τpxy).

Beside the constraints given in Eq. (2.26) and Eq. (2.27), Verhaeghe et al. propose the
following relation for the relaxation time of the energy fluxes [29]:

τqx = τqy =
ρc∆x

16µ
+

1

2
(3.1)

This constraint ensures that the slip velocity caused by the bounce back boundary condi-
tion, which is a mere numerical artifact of the BGK collision operator, does not occur with
the MRT collision operator. However, this is only valid if the boundaries of the simulation
scenario are aligned to one of the lattice axis. The rest of the free parameters is set to the
relaxation time of the stresses τν . This yields for the Verhaeghe et al. proposed model the
following relaxation times:

SSSV erhaeghe = diag(1, τe, τν , 1, τqx , 1, τqy , τν , τν)−1 (3.2)

The definition of the relaxation matrix for the D3Q19 model can be found in the appendix
A.

However, this model is not suitable to model the second-order slip boundary condition
given by [20]:

uuus = A1σνλ
∂uuu

∂nnn

∣∣∣∣
wall
−A2λ

2 ∂
2uuu

∂nnn2

∣∣∣∣∣
wall

(3.3)
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where uuus is the slip velocity, σν = (2 − σ)/σ in which σ is the tangential momentum
accommodation coefficient, n the wall normal pointing in the fluid and A1 and A2 the slip
coefficients. Even though it is assumed that the Navier-Stokes equations for Kn ≥ 0.1
are invalid, they can predict the flow rate for 0 < Kn ≤ 0.3 quite precisely by using the
second-order slip boundary condition [12]. Therefore, Li et al. proposed an alternative
relaxation time for τqx and τqy such that the lattice Boltzmann method combined with a
proper boundary condition matches the second-order slip velocity boundary condition at
the macroscopic level:

τqx = τqy =
1

2
+

3c2∆x2 + 36πν2A2

48c∆xν
(3.4)

The respective boundary condition is discussed in section 3.4. The rest of the free param-
eters has not been specified so that they can be chosen through a von Neumann stability
analysis of the generalized lattice Boltzmann equation, whose details can be found in [16].
The resulting relaxation matrix is given by:

SSSLi = diag(1, τe, 50/57, 1, τqx , 1, τqy , τν , τν)−1 (3.5)

Under the assumption that the bulk viscosity can have an arbitrary value and thus the re-
laxation parameter τe, the MRT-LB method showed best stability for τe = 100/163. The def-
inition of the relaxation matrix for the D3Q19 model can be found in the appendix A. But
since this model cannot ensure the Dirichlet condition uuus = 0, if the bounce back boundary
condition is used, the model is not in general superior to Verhaeghe et al.’s model.

The stability of the model can be further amended by replacing τqx and τqy by their
respective values obtained by the Neumann stability analysis. However, it has to be stated
that the capability of modeling the second-order slip boundary condition is abandoned by
this change. In fact, the resulting model is similar to the BGK model and thus has the same
drawbacks, but it has also an improved numerical stability. The relaxation matrix is given
by:

SSSStability = diag(1, 100/163, 50/57, 1, 25/48, 1, 25/48, τν , τν)−1 (3.6)

The definition of the relaxation matrix for the D3Q19 model can be found in the appendix
A.

Since all models have their benefits as well as their deficiencies, all three models have
been implemented and the user can choose between them according to his requirements.
The selection of the model is achieved by specifying the model attribute in the collision-model
xml tag of the configuration file. Valid values are defined in Table 3.2:

Relaxation model SSS Model attribute value
Li∗ li
Verhaeghe verhaeghe
Stability stability

Table 3.2.: Values for the relaxation model selection.

with ∗ being the default value, if the attribute model cannot be found.
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3.3. Multiple Relaxation Times Collision Operator

The collision process employs the former specified model information to calculate the
post-collision distribution values. The details of the algorithm are given in algorithm 2.
It is worth to describe the function GENERATERELAXATIONTIMES in more detail, because

Algorithm 2 MRT collision algorithm

1: procedure COLLIDE(cell)
2: externalForce← GETEXTERNALFORCE( )
3: velocity ← GETVELOCITY(cell)
4: density ← GETDENSITY(cell)
5: pdfs← GETDISTRIBUTIONFUNCTIONS(cell)
6: F ← GENERATESOURCETERM(externalForce, velocity)
7: SSS ← GENERATERELAXATIONTIMES(velocity, density)
8: mmm[eq] ← GENERATEMOMENTEQUILIBRIA(externalForce, velocity)
9: mmm← CALCULATEMOMENTS(pdfs)

10: mmmdamped ←RELAXMOMENTS(mmm,mmmeq,SSS, F )
11: pdfsdamped ← CALCULATEDISTRIBUTIONFUNCTIONS(mdamped)
12: SETDISTRIBUTIONFUNCTIONS(cell, dfsdamped)
13: end procedure

the relaxation time for the stresses is dependent on the kinematic viscosity which plays
an important role in modeling microflows properly. Instead of using the bulk viscosity to
compute the relaxation time τν according to the Eq. (2.26), the effective viscosity at the
current cell is determined and used for the evaluation. The calculation of the effective
dynamic viscosity will be discussed in section 3.5.

3.3.1. Optimization

The MRT collision operator inflicts noticeably higher computational costs than the BGK
collision operator, which is mainly caused by the obligatory transformation from the ve-
locity space to the moment space and vice versa. The naive representation of the trans-
formation as a matrix entails 2 matrix-vector multiplications per collision, which have a
complexity of O(Q2). A close investigation of the transformation matrixMMM and its inverse
MMM−1 reveals, though that the number of floating point operations (FLOPS) can be consid-
erably decreased by combining subsets of distributions and re-using them. The optimized
moment calculation for the D2Q9 model is given by:

|mmm〉 =



ρ
e
ε
jx
qx
jy
qy
pxx
pxy


=



f0 + a+ b
−4 · f0 − a+ 2 · b
4 · f0 − 2 · a+ b

c+ d
−2 · c+ d
e+ f
−2 · e+ f
g − h
i− j


(3.7)
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The variables {a, b, c, d, e, f, g, i, j} contain the values of the evaluated subsets of the distri-
bution functions and are defined as:

a
b
c
d
e
f
g
h
i
j



=



g + h
i+ j
f1 − f3

f5 − f6 − f7 + f8

f2 − f4

f5 + f6 − f7 − f8

f1 + f3

f2 + f4

f5 + f7

f6 + f8



(3.8)

The optimized moment calculation reduces the number of necessary floating point opera-
tions from 153 FLOPS, using the matrix-vector multiplication, to 32 FLOPS. The optimized
distribution calculation given the moments is defined as:

f0

f1

f2

f3

f4

f5

f6

f7

f8


=



(ρ− e+ ε)/9
k + l
m+ n
k − l
m− n
o+ p
q + r
o− p
q − r


(3.9)

The variables {k, l,m, n, o, p, q, r} contain the values of the evaluated subsets of moments
and are defined as: 

k
l
m
n
o
p
q
r
s
t
u
v
x
w



=



s+ u
(jx − qx)/6
s− u

(jy − qy)/6
t+ v

(w + x)/12
t− v

(x− w)/12
(4 · ρ− e− 2 · ε)/36
(4 · ρ+ 2 · e+ ε)/36

pxx/4
pxy/4

(2 · jx + qx)/12
(2 · jy + qy)/12



(3.10)

The optimized distribution calculation reduces the number of necessary floating point op-
erations from 153 FLOPS, using the matrix-vector multiplication, to 41 FLOPS. The perfor-
mance gain compared to the naive implementation for the D2Q9 model is determined and
discussed in section 6.
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3.4. Boundary Conditions

3.4. Boundary Conditions

The new boundary conditions required that the existing boundary treatment procedure
had to be extended by an additional event treatBoundaryAfterSwapping. The treatBound-
aryAfterSwapping event is issued by the lattice Boltzmann component in the touchVertexLast-
Time handler just after the distribution functions of each subcell have been swapped. This
provides the possibility to make final adjustments to the distributions before the next it-
eration starts. In order to support distinctive pre- and post-streaming boundary treat-
ments, the ReceiveBoundaryDataService has been upgraded by an additional boundary data
retrieval method getBoundaryDataAfterStreaming. The newly introduced method is used
in the touchVertexLastTime handler to obtain the boundary data for the treatBoundaryAfter-
Swapping event. Furthermore, the boundary mechanism was amended such that the dis-
tribution functions are treated subcell wise and two additional events enterCell and exitCell
are issued by the new implementation. In order to understand the reason for this change,
the functional principle of the former boundary treatment has to be explained in detail:

1. Calculate for each subcell x′ of the Peano vertex x the distributions which collide
with a boundary

2. Store for each of these distributions a boundary data entry which identifies the bound-
ary type and contains boundary specific information

3. For each colliding distribution call the corresponding boundary treatment routine
separately

The problem with the former realization was that distributions of different subcells were
handled identically. Therefore, it was not possible to implement a pre- and post-treated
event. In order to solve this problem, the distributions are now associated with its owning
subcell which enables the subcell wise handling and thus a pre- and post-treated event.
The association has been achieved by introducing an additional distribution container
which stores distributions belonging the same subcell. Instead of iterating over all col-
liding distributions, the boundary treatment iterates now over all distribution containers.
For each container, the enterCell event is issued before the boundary treatment for a sub-
cell starts and the exitCell event is triggered at the end of the calculations for a subcell. The
refined boundary treatment works the following way:

1. Calculate for each subcell x′ of the Peano vertex x the distributions which collide
with a boundary

2. Store for each of these distributions a boundary data entry in the distribution con-
tainer belonging to the subcell x′

3. For each distribution container c do:

1. Issue an enterCell event

2. For each colliding distribution contained in c call the corresponding boundary
treatment routine

3. Issue an exitCell event
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3.4.1. Bounce Back Diffusive Reflection Boundary Condition

The bounce back diffusive reflection boundary condition (BBDRBC) is a linear combina-
tion of the bounce back boundary condition and the diffusive reflection boundary condi-
tion. The purpose of this condition is to mimic the slip velocity at the walls more properly
and it is defined as:

fi(x, t+ ∆t) = β · f∗
i
(x, t) + (1− β) · fDi (x, t) (3.11)

with fDi being given by Eq. (2.29) and β being the boundary coefficient which defines
to what extent the bounce back condition and the diffusive boundary condition affect the
overall result. This behavior can be motivated physically by the fact that the reflection of
particles depends on the angle the particles hit the wall and the surface at this spot. Since
this is in reality not identical for each particle, they might be reflected differently.

Considering Eq. (2.29) more closely reveals that fDi depends not only on itself but also
on all other distributions of the same subcell fulfilling (cj−uuuw)·nnn < 0. Let the set of indices
of these distributions be denoted by J . The set of indices fulfilling (ci−uuuw)·n > 0 is denoted
by I . In addition, fDi can be interpreted as a linear combination of all distributions f∗j , j ∈
J , with the mutual coefficient kij =

feqi (ρw,uuuw)∑
i∈I |(ci−uuuw)·nnn|feqi (ρw,uuuw)

with i ∈ I . The values for ρw
and uuuw can be either received from the macroscopic values at the corresponding subcell or
be defined beforehand. Since fDi is a linear combination, Eq. (3.11) is a linear combination
as well and depends only on the post-collision distributions f∗i . Hence, knowing for all
linear combinations the coefficients kij , defining how f∗j (x, t) contributes to fi(x, t + ∆t),
would render the calculation of the post-boundary distributions fi(x, t+ ∆t) possible.

Within the event handler for treatBoundaryAfterCollision, it is not practical yet to com-
pute fi(x, t + ∆t), because the general notion for this handler is that only the distribution
function for which it has been called should be modified. However, the treatBoundaryAfter-
Collision handler can be employed to build the matrixKKK = (kij) containing the coefficients
subsequently up. The initial state of the matrix KKK is the identity matrix and it is stored in
the class accommodating the event handler implementations, thus having the same life-
time. The newly introduced event exitCellAfterCollision is then suitable to determine the
post-boundary distributions, as it is called after the treatBoundaryAfterCollision handler has
been called for all relevant distributions and thus after the coefficient matrix has been com-
pleted. The sought-after distributions can finally be computed by:

|f(x, t+ ∆t)〉 = KKK · |f∗(x, t)〉 (3.12)

At the end, the coefficient matrix is reset to its initial state for the following boundary
treatments.

The situation that a subcell is a corner cell adjacent to two or more walls or next to a wall
corner, as it is depicted in Fig. 3.3, requires a special treatment. The first problem arises,
if a distribution collides with more than one wall as the distribution f5 does in Fig. 3.3a.
In this context, only walls which share a common side with the subcell x are considered.
It is not clear from which wall the distribution function should be diffusively reflected.
Therefore, one could argue to split the distribution function equally up among the adjacent
walls. This can also be motivated by the fact that c5 resulted from the discretization of the
velocity space and thus combines actually velocities evenly distributed around c5. This

32



3.4. Boundary Conditions

(a) (b) (c)

Fig. 3.3.: Corner cells (a), cells being adjacent (b) or being diagonally adjacent (c) to wall corners
demand a special treatment.

approach has a major drawback though: Assuming the separation of f5 has been carried
out and that uuuw = 0, then

fD7 =
feq7

feq4 + feq7 + feq8

· (f∗2 + f∗5 /2 + f∗6 ) +
feq7

feq3 + feq6 + feq7

· (f∗1 + f∗5 /2 + f∗8 )(3.13)

If it is further assumed that the initial state of the subcell was the zero velocity equilibrium,
then the equation simplifies to:

fD7 = feq7 +
feq7

feq4 + feq7 + feq8

· (feq2 + feq6 ) (3.14)

This equation shows that the equilibrium state is not preserved which is unphysical and
the main deficiency of splitting distribution functions among several walls. To overcome
this problem, distributions which collide with more than one wall are excluded from the
diffusive reflection process and instead are bounced back. This conserves mass and pre-
serves the equilibrium state once it is reached.

The second problem appears, if a distribution, which fulfills (ci − uuuw) · nnn < 0, does not
collide with a wall and is rather streamed to an adjacent subcell, as distribution f6 does
in Fig. 3.3b. Due to the streaming, the distribution f6 does not take part in the diffusive
reflection, which has to be considered to obtain proper results. Therefore, the Eq. (2.29) is
slightly amended:

fj(x, t+ ∆t) =

∑
c∈C |(cc − uuuw) ·nnn|f∗c (x, t)∑

i∈I |(ci − uuuw) ·nnn|feqi (ρw,uuuw)
· feqj (ρw,uuuw) (3.15)

with C being the set of indices of distributions relevant for the diffusive reflection. The
set C is calculated within the treatBoundaryAfterCollision handler. Given a wall colliding
distribution fi, the implementation computes first the wall from which it will be reflected.
The result has to be unique, because otherwise the considered distribution is bounced
back. Having retrieved the emitting wall, the algorithm checks for all other distributions
fc with (cc − uuuw) · nnn < 0, whether they collide with the same wall and whether this is the
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only adjacent wall. If either of these conditions is false, then the respective distribution
index will not be added to C and thus excluded from the diffusive reflection process. This
behavior ensures mass and equilibrium conservation.

The last special case is where a distribution collides with the corner of a wall as f5 does
in Fig. 3.3c. It is not obvious how a diffusive reflection from a wall corner should work
consistently. Hence, the standard approach of employing bounce back is used for f5 which
maintains mass and a possible equilibrium state additionally. The implementation does
not have to be changed though, because this case is already dealt with implicitly by check-
ing which distributions contribute to the diffusive reflection. Since f5 is the only distri-
bution colliding with a wall, the diffusive reflection behaves like a bounce back boundary
condition.

3.4.2. Bounce Back Specular Reflection Boundary Condition

The bounce back specular reflection boundary condition (BBSRBC) is like the bounce back
diffusive reflection boundary condition a linear combination of the bounce back and the
specular reflection boundary condition. Moreover, it has the same intention as its diffusive
counterpart: Mimicking slip velocity at walls more properly. The boundary condition is
defined as:

fi(x, t+ ∆t) = β · f∗
i
(x, t) + (1− β) · fSi (x, t) (3.16)

with fSi being the specular reflected distribution according to Eq. (2.30). The combination
of these two boundary conditions can again be motivated by the fact that in reality not all
particles behave identically. The way they bounce off a solid boundary is decisively influ-
enced by its velocity, the angle of impact and the surface condition at this place. Since it
is intractable to model all of these parameters, they have been approximated by the com-
bination of the bounce back and the specular reflection boundary condition. The extent to
which either of them happens, can be controlled by the boundary coefficient.

Calculating fi(x, t + ∆t) requires the knowledge of the bounced back distribution fi
and the specular reflected distribution fSi . It is possible to get access to this information
within the treatBoundaryAfterCollision handler, however, it is more practical to compute all
resulting distributions of a subcell x at the same time. For this purpose, the Eq. (3.16) is
regarded as a linear combination which depends on the post-collision distributions f∗i . The
corresponding coefficients lii and lij , with cj being the pre-specular-reflected direction, can
be evaluated in the treatBoundaryAfterCollision handler given a colliding distribution fi. All
coefficients are stored in a matrixLLL = (lij) which is initialized to be the unity matrix. First,
all adjacent walls from which fi will be reflected are determined to obtain the reflection
direction ck by inverting all those components of ci which have an adjacent wall. Knowing
the indices of the bounced back distribution fi and the reflection direction ck permits to
set lii = β and lki = (1 − β). After treatBoundaryAfterCollision has been called for all wall
colliding distributions, the coefficient matrix LLL is fully known and can be used within the
exitCellAfterCollision handler to compute the sought-after distributions:

|f(x, t+ ∆t)〉 = LLL · |f∗(x, t)〉 (3.17)

Afterwards, the matrix LLL is reset to its initial value so that it can be used for further calcu-
lations.
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The bounce back specular reflection boundary condition requires a special treatment
for certain situations which arise in complex geometries. All special cases are identical
to those of the bounce back diffusive reflection boundary condition and are depicted in
Fig. 3.3. The first case emerges, if the subcell x is a corner cell which implies that two
distributions have to be specularly reflected from the walls to the same distribution. This
situation is illustrated in Fig. 3.3a for the distributions f6 and f8. For any given boundary
coefficient β 6= 1, the bounce back specular reflection has the deficiency that the subcell x
diverges from an equilibrium state. To show this issue, the distribution f7(x, t + ∆t) after
the boundary treatment is examined:

f7(x, t+ ∆t) = β · f∗5 (x, t) + (1− β) · (f∗6 (x, t) + f∗8 (x, t)) (3.18)

Assuming that x was in an zero velocity equilibrium state yields:

f7(x, t+ ∆t) = (2− β) · feq7 (x, t) (3.19)

Since divergence from equilibrium state is unphysical, specular reflection cannot be used
for the distributions f6 and f8. A closer investigation of the problem reveals that the
boundary condition preserves the equilibrium state if the specular reflection is only ap-
plied to distributions fulfilling a certain criterion: If ci is the direction being specularly re-
flected in the subcell x and cj is the resulting direction, then there must not be a boundary
adjacent to x in the direction −(ci + cj). Otherwise, the bounce back boundary condition
has to be employed for the distribution fi. This behavior can be motivated by consider-
ing that the macroscopic velocity of the corner cell should converge against zero in the
direction ci + cj with decreasing cell size. If fi were specularly reflected though, it would
induce a movement in the direction ci + cj . This happens because the distribution fk, with
ck = −cj , points into a corner, and thus fk is bounced back. As a consequence, more
particles stream into the direction ci + cj compared to −(ci + cj). In order to prevent this
from happening, the algorithm which computes the reflection direction cj checks addition-
ally whether any inverse of a non-inverted component points to a confining boundary. If
this is the case, then the boundary coefficient is set to β = 1 for the distribution fi. This
implementation preserves the mass as well as a possible equilibrium state.

The second special case appears, if a subcell x is adjacent to a wall corner so that a
distribution fi will be streamed to an adjacent subcell and its counterpart fĩ, which can
be derived from fi by mirroring ci at the wall normal nnn, will be specularly reflected. This
situation is shown in Fig. 3.3b for the distributions f5 and f6. The problem which occurs is
that the subcell x diverges again from its equilibrium state, if specular reflection is applied
to f5. This can be seen by examining the post-treated distribution f7(x, t+ ∆t):

f7(x, t+ ∆t) = β · feq5 (x, t) (3.20)

For all β 6= 1 it holds that f7(x, t + ∆t) will not be the equilibrium distribution. To over-
come this problem, specular reflection is only carried out for those distributions fi whose
counterparts fĩ are also reflected. Otherwise, fi is simply bounced back. Therefore, the
implementation checks the counterparts prior to reflection to decide how they should be
handled.

The last case arises, if a distribution collides with the corner of a wall as the distribution
f5 does in Fig. 3.3c. Since this is the only distribution which could be reflected specularly
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and thus contributing to other distributions, the equilibrium state would be destroyed for
any β 6= 1. Therefore, the specular reflection is prohibited for these cases where no adjacent
wall sharing a common side with the subcell x exists and the bounce back condition is
applied instead. This can be easily realized within the treatBoundaryAfterCollision handler,
because the adjacent walls are calculated to obtain the reflection direction.

3.4.3. Periodic Boundary Condition

The periodic boundary condition has been implemented as an extension of the kernel, be-
cause all solvers can benefit from it. Moreover, it employs a similar mechanism which has
already been realized for the parallelization of grids. Currently, the periodic boundary
condition is only supported for the regular grid, which is a Cartesian grid and does not
have the adaptive features of the spacetree grid. Even though it is supposed to provide
the user with a simplified prototyping environment, it still exhibits a quite similar appli-
cation work flow compared to the spacetree grid and thus it should be possible to transfer
the implementation of the periodic boundaries to the spacetree grid without substantial
changes.

The basic idea behind the implementation is to duplicate the boundary vertices at one
side of the domain, treat them like usual vertices during the iteration and to synchronize
the contents of the vertex pairs at the end of each iteration such that both represent the
same information and enable distributions to be streamed through them. The duplication
is realized by expanding the global domain by an additional layer of vertices in each direc-
tion in which periodicity shall be established. This is done such that the new vertices e ∈ EEE
are always added to the grid at the highest coordinates of the domain. Each of these extra
vertices can be associated with a vertex o ∈ OOO from the other end of the domain. Each of
these pairs represents conceptually the same vertex of the grid. Fig. 3.4 shows how a grid
with x periodicity looks like after the expansion. During the iteration, the extra vertices are

Fig. 3.4.: Grid expansion due to periodic boundaries in x direction: The blue area indicates the orig-
inal grid and the red area are the additional verticesEEE whose association to its conceptual
counterpartsOOO in the dark blue area is shown by dashed lines.

treated like usual vertices which means that the collision operator is applied to them, they
take part in the streaming step and are subject to boundary treatments. However, the way
they are seen by the application is worth mentioning: Even though the new vertices extend
the grid, they do not expand the domain size of the simulation scenario. Their Cartesian
coordinates equal those of the vertices they are associated to which has been achieved by
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modifying the RegularGridVertexEnumerator to make it aware of the periodicities and to
wrap around the corresponding coordinates. This way, the vertices e ∈ EEE are treated as if
they were the vertices o ∈ OOO even though they are physically different.

The decisive step which distinguishes the vertices v ∈ EEE ∪ OOO from the other vertices
takes place at the end and the beginning of the iteration. At the end of each iteration, syn-
chronization information of all vertices e ∈ EEE are sent to the vertices o ∈ OOO and vice versa.
When the new iteration then starts, the received data is merged with the respective ver-
tex such that associated vertices contain the same information and enable distributions to
cross the periodic boundary. The actual synchronization information and actual merging
procedure has to be provided by the application component, because the kernel does not
know the internal representation of the vertex data. Due to this synchronization mecha-
nism, the real result of an iteration is delayed by half an iteration, which does not affect
the overall outcome though.

The presented implementation is inherently parallelizable, because the only thing which
has to be modified in a distributed environment is how the synchronization information
is transmitted to the remote node hosting the other end of the periodic boundary. The
destination for the transmission can be determined during the setup in which a domain
decomposition defines which part of the domain is assigned to which node. The imple-
mentation can decide with the help of the domain decomposition information, whether
the local node or a remote node is the destination. In the former case, it uses shared mem-
ory and in the latter case it utilizes the message passing interface to communicate with the
destination.

The periodicities of the grid can be controlled by the configuration file. The xml tag
regular-grid has been extended by boolean attributes periodic-x, periodic-y and periodic-z,
each of them indicating the periodicity for one dimension. The default value, if the at-
tribute has not been specified, is false.

3.4.4. Consistent Flow Field Pressure Boundary Condition

The consistent flow field pressure boundary condition (CFFPBC) is the implementation of
the pressure boundary condition presented in section 2.3.5. The operating principle mod-
elled after Verhaeghe et al.’s description can be decomposed into four tasks: Extrapolation,
streaming, density calculation and normalization.

The extrapolation has been implemented within the treatBoundaryAfterCollision event
handler, because the extrapolation scheme requires the post-collision distributions as it
has been specified in Eq. (2.31) and Eq. (2.32). Since the extrapolation is treated conceptu-
ally like any other boundary condition, but without having any effect on the distributions.
From now on, the data entries for a boundary treatment shall be called boundary actions
and are distinguished by its boundary type. The existing framework restricted the use of
boundary actions to one action per distribution, thus, preventing distributions to be used
for the extrapolation and to collide with a wall at the same time. That is the case for f5

in Fig. 3.5. The combination of both calculations does not cause any problems, because
only one of them changes the distribution functions. Hence, the boundary treatment has
been changed such that an arbitrary number of boundary actions for a distribution is now
supported. However, the user, who specifies the boundary actions, is now accountable
that only one action writes data back to the distribution functions. Peano does not provide
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means to realize ghost nodes as they were proposed by Verhaeghe et al. in [29]. There-
fore, each ghost node is assigned a unique identifier which is utilized by the boundary
implementation to store the extrapolated value in a map. The fact that the lifetime of the
boundary instance, containing the boundary event handlers, is limited from the beginning
of an iteration to its end does not interfere with the storage pattern of the extrapolations,
because they are directly streamed to persistent subcells after the swapping. The stream-

Fig. 3.5.: Distribution f5 is required for the extrapolation of f ′5 and collides with the wall.

ing of the lattice Boltzmann component does not propagate the extrapolated values to its
destinations, because there are no actual cells from where they could be streamed. As a
consequence, it has to be achieved manually by the boundary condition after the stream-
ing step. The treatBoundaryAfterSwapping event offers the possibility to retrieve the extrap-
olated values from the map by the ghost node’s id and to assign it to the respective interior
subcells.

After the event treatBoundaryAfterSwapping has been called for all distributions of a sub-
cell, its density will not change until the next streaming step. Thus, the exitCellAfterSwap-
ping handler can be employed to sum up the density at the pressure boundaries. The
normalization of the distribution functions cannot be carried out until all relevant bound-
ary cells have been visited which is only ensured at the end of the iteration. Since, the
next opportunity for the normalization is the enterCellBeforeCollision event, which will be
called during the next iteration, a persistent storage mechanism for the average density is
essential. For this purpose, the DensityAccumulationService has been implemented, which
accumulates the densities of a pressure boundary given an unique identifier for the bound-
ary.

The last step of the CFFPBC is the normalization, which has been realized within the
enterCellBeforeCollision handler. The handler first retrieves the average density ρ at the cor-
responding pressure boundary from the DensityAccumulationService and then normalizes
all distribution values by multiplying the factor ρref

ρ with ρref being the beforehand de-
fined reference density at this boundary.

When working with this boundary condition, one has to pay attention to shock waves
which cannot be damped away. The reason for their formation is usually a spontaneous
increase of pressure which can happen at the boundaries. If there is an inlet and an outlet
causing a pressure gradient ∆p = pin−pout, it is crucial to initialize the simulation domain
beforehand with a linear density distribution to avoid this problem.

3.5. Viscosity Adjustment

The viscosity adjustment has the task to calculate the effective kinematic viscosity of a fluid
at a given position x. It is worth mentioning, that the viscosity adjustment works on the
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kinematic viscosity ν instead of the dynamic viscosity µ. They can be used interchangeably
for an incompressible flow, because both are related linearly to each other by the density
ρ:

µ = ρ · ν (3.21)

The assumption that µ stays constant throughout the whole simulation domain requires
to adjust the kinematic viscosity ν in case of density variations. For the following calcu-
lations, a reference density ρref is defined which is then used to calculate the reference
kinematic viscosity νref .

The service ViscosityCalculation encapsulates the viscosity calculation which makes it ac-
cessible from all points within the application and enables the convenient management
of various viscosity calculation strategies (VCS). The implementation applies the strat-
egy pattern to select the specified VCS at runtime and requires the VCS to implement the
interface ViscosityCalculationModel. The selection is achieved by specifying the attribute
viscosity-strategy of the xml tag collision-model which can be currently assigned the values
given in Table 3.3: The constant viscosity calculation strategy simply returns the reference

viscosity-strategy Value Description
vcs-constant Constant viscosity calculation strategy:

Returns reference kinematic viscosity
vcs-effective Effective viscosity calculation strategy:

Calculates the kinematic viscosity accord-
ing to Eq. (2.41)

Table 3.3.: Values for the viscosity calculation strategy selection.

kinematic viscosity which has been defined for the whole scenario adjusted for the prevail-
ing density ρ at position x. Given the reference kinematic viscosity νref and the reference
density ρref , the constant kinematic viscosity is calculated by:

νconst =
ρref
ρ
· νref (3.22)

The effective viscosity calculation strategy computes the effective kinematic viscosity ac-
cording to Eq. (2.41). For this purpose, it determines the reference Knudsen numberKnref
given the reference kinematic viscosity νref , the lattice spacing ∆x and the characteristic
length scale H at a position x [21]:

Knref =

 
3 · π

2
· νref ·∆x

H
(3.23)

The reference kinematic viscosity νref has to be adjusted by the factor ρref
ρ with ρ being

the prevailing density at the position x, due to the assumption that µ is constant. This
also affects the reference Knudsen number which then gives the following formula for the
effective viscosity:

νe =

ρref
ρ · νref

1 + a · ρrefρ ·Knref
(3.24)
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3.6. Microreactor

The microreactor is the internal realization of a real application scenario within Peano. The
geometry is based on a really existing microreactor which was designed for an improved
photocatalytic water treatment [19]. The reactor is built up of a rectangular reaction cham-
ber which is connected to the inlet and outlet by tree-branch shaped microchannels. The
tree structure of the connecting channels is supposed to make sure that the reaction cham-
ber is uniformly filled with water. The horizontal projection of the microreactor is depicted
in Fig. 3.6.

Fig. 3.6.: Microreactor consisting of a rectangular reaction chamber (blue) connected to the inlet and
outlet (red) by a tree-branch like microchannel system (green)

The implementation consists of the scenario implementation specifying the boundary
types, defining the dynamics of the fluid at borders, and the geometry implementation.
The latter has been realized as a built-in geometry which can be controlled by the configu-
ration file. The shape of the microreactor is created at the start of the application according
to the following parameters: tree-depth, shrinking-factor, channel-width, channel-offset and
ratio-reactorchamber. The tree-depth specifies the number of branches of the microchannel
system. At each level, the channels shrink by the factor shrinking-factor starting initially
with channel-width. The channel-offset defines the distance from the upper and lower end
of the reaction chamber at which the first microchannel is connected to the reaction cham-
ber. Finally, the ratio-reactorchamber is the fraction of the overall domain size which shall
be occupied by the reactor chamber. The position of it is always centered. The values of
channel-width and channel-offset are interpreted as being relative sizes of the y component
of the domain size. All parameters have to be specified as attributes of the xml tag microre-
actor which has to be nested within the xml tag builtin-geometry-configuration inside of the
configuration file.
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4. Validation

Within this section, the implementation of the MRT-LB method and the new boundary
conditions are validated by comparing the obtained numerical results of several fluid sce-
narios with those published by Verhaeghe et al. [29] and Li et al. [20]. Verhaeghe et al.
proposed the consistent flow field pressure boundary condition (see section 2.3.5) and em-
ployed it with the MRT-LBM on different Poiseuille flows. Li et al. further refined this ap-
proach by incorporating the Bosanquet-like effective viscosity adjustment which increases
the prediction accuracy of the MRT-LBM in the finite Knudsen number range. To fur-
ther show the applicability of the current implementation on fluid flows in the transition
regime, it is shown in section 4.5 that it can capture the Knudsen minimum properly.

4.1. Reference Data Retrieval

In the majority of the cases, the numeric data which were used to generate the graphs
contained in research papers are neither included in these papers nor are they stored at
a public accessible place. As a consequence, the comparison of computed data with the
results from other sources is quite difficult and the data has to be directly extracted from
the graphs. In order to ensure a high accuracy of the extracted data though, the freely
available semi-automatic data extraction tool Engauge Digitizer has been employed for this
task. This tool attempts to detect the graphs contained in a chart, which can also be user-
directed in cases of a wrong recognition, and can then determine the values at the found
data points given the axis scales. However, it is unavoidable that the extracted data is
slightly defective after the retrieval process.

4.2. Poiseuille Flow

The Poiseuille flow is characterized by a fluid streaming through a straight tube which is
aligned to the x axis. The driving force of the flow is a pressure gradient which is caused
by different pressures at the inlet and outlet of the tube. Since this thesis only considers the
2 dimensional case, the round tube is modelled by two parallel plates which confine the
streaming fluid. The Poiseuille flow has been chosen as the testing scenario, because it has
been continuously subject of research papers and thus there exists a multitude of reference
data obtained with different methods.

4.3. MRT-LBM, CFFPBC and BBDRBC Validation

The MRT-LBM and CFFPBC are validated by simulating the flow through a long mi-
crochannel at whose ends a different pressure is applied. The channel is modelled by a

43



4. Validation

grid of the size Nx ×Ny = 1100× 11. The ratio of the height to the length of the channel is
H/L = 1/100. The CFFPBC is used for the inlet and outlet which are located at the left and
right end of the channel. The average outlet density is set to ρout = 1.0. The BBDR bound-
ary condition is applied to the upper and lower plate of the channel and the boundary
coefficient β is chosen such that the velocity prediction at the walls equals the predicted
slip velocity of the Navier-Stokes solution employing the first-order slip velocity model
[29]:

uuus = σvKnH
∂uuu

∂nnn

∣∣∣∣
wall

(4.1)

with σv = (2 − σ)/σ and σ being the tangential momentum accommodation coefficient
which is considered to be 1 in this thesis and n being the wall normal. In order to fulfill
this model, the boundary coefficient is defined as:

β =
3µ−KnHcρout
3µ+KnHcρout

(4.2)

The Poiseuille flow is simulated for the Knudsen numbers Kn = 0.0194, 0.194 and 0.388,
which covers the slip and transition regime. For Kn = 0.0194 the average pressure at the
inlet is set to ρin = 1.4 and for Kn = 0.194 and 0.388 it is set to ρin = 2.0. For all these
values, the macroscopic streamwise and spanwise velocity uuux and uuuy and the pressure
deviation from the linear distribution, how it is predicted by the no-slip incompressible
Navier-Stokes solution, are calculated. The deviation of the pressure from the linear profile
is defined as:

δp(x̃) =
p(x̃)− pN (x̃)

pout
(4.3)

pN (x̃) = (1− x̃) · pin + x̃ · pout (4.4)

with x̃ = x/L being the normalized variable x.
The computed pressure deviation from the linear distribution along the centerline of the

channel is shown in Fig. 4.1. The results for the streamwise velocity uuux at the outlet can
be seen in Fig. 4.2 and those of the spanwise velocity uuuy at the outlet in Fig. 4.3. In order
to compare the calculations with the data from other sources, the streamwise velocity is
normalized by

Umax =
H2

8µ
·
∣∣∣∣∂p∂x

∣∣∣∣ · Å1− 4(ỹ − 0.5)2 + 4 · Kn
p̃

ã
(4.5)

with ỹ = y/H and p̃ = p/pout and the spanwise velocity is normalized by

Vmax =
H3

16µp
· ∂

2(p2)

∂x2
·
(

1− 4

3
(ỹ − 0.5)2 + 8Kn · ∂

2p̃

∂x2
·
Ç
∂2(p̃2)

∂x2

å−1)
(ỹ − 0.5).(4.6)

Umax and Vmax are the predicted streamwise and spanwise velocities according to the
Navier-Stokes solution with the first-order slip boundary condition from Eq. (4.1).

For the simulation, the relaxation matrix SSSV erhaeghe and no viscosity adjustment are
employed. The present MRT-LBM shall be denoted by ”Present LBM: 1st Order” in the
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graphs, because it is consistent with the first-order slip velocity model. The kinematic
viscosity ν is chosen such that the dynamic viscosity µ of the fluid stays constant. The
results are checked against those of Verhaeghe et al. [29] (LBM Verhaeghe et al.), who used
an identical model to simulate the same scenario. Hence, they can serve to validate the
present implementation.

From Fig. 4.1, Fig. 4.2 and Fig. 4.3, it can be seen that the present LBM shows almost
identical results compared with the LBM of Verhaeghe et al.. The differences of δp,uuux/Umax
and uuuy/Vmax are insignificantly small and are likely related to the data retrieval process
which caused the slight deviation. The good congruence indicates the correctness of the
MRT-LBM , the CFFPBC and the BBDRBC.

For further comparison, the solution of the Navier-Stokes equations using the first-order
slip boundary condition (Slip NS) and the results of the information-preservation DSMC
(IP-DSMC) of Shen et al. [26] are also presented. Their data have been extracted from the
graphs included in [29]. The largest L2 normed differences of δp, uuux/Umax and uuuy/Vmax
between the slip Navier-Stokes solution and the present LBM occur for Kn = 0.388 and
are 6%,2% and 16%, respectively.

The streamwise velocity calculated by the IP-DSMC, which is assumed to compute more
accurate results than the Navier-Stokes solution for high Knudsen numbers, differs only
marginally from the velocity obtained with the present LBM. The largest L2 normed de-
viation of uuux can be found at the walls of the channel for Kn = 0.388 and amounts to
13.5%. A more significant difference can be reported for the pressure deviation which in-
creases with increasing Knudsen numbers. The maximum δp calculated by the present
LBM for Kn = 0.0194 is about 17% higher, for Kn = 0.194 50% higher and for Kn = 0.388
100% higher than the respective maximum δp predicted by the IP-DSMC. These deviations
demonstrate that the MRT-LBM using SSSV erhaeghe and the first-order slip velocity model is
not suitable to model the characteristics, especially the slip velocity, of a flow system in
the transition regime. However, this does not happen surprisingly, because the first-order
slip velocity model is no longer valid for Kn = 0.388. In order to model transitional flows
more properly, more sophisticated models are required. One possible approach, which is
discussed in the next section, is to include higher-order velocity derivatives and an effec-
tive viscosity expression.
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Fig. 4.1.: Pressure deviation according to the present LBM: 1st Order (solid red line), LBM proposed
by Verhaeghe et al. (black 4), first-order slip Navier-Stokes solution (green �) and IP-
DSMC proposed by Shen et al. (blue ◦) from the the linear distribution along the centerline
of the channel of Poiseuille flows with different Knudsen numbers: (a): Kn = 0.0194; (b):
Kn = 0.194; (c): Kn = 0.388.
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Fig. 4.2.: Normalized streamwise velocity at the outlet according to the present LBM: 1st Order
(solid red line), LBM proposed by Verhaeghe et al. (black4), first-order slip Navier-Stokes
solution (green �) and IP-DSMC proposed by Shen et al. (blue ◦) of Poiseuille flows with
different Knudsen numbers: (a): Kn = 0.0194; (b): Kn = 0.194; (c): Kn = 0.388.
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Fig. 4.3.: Normalized spanwise velocity at the outlet according to the present LBM: 1st Order (solid
red line), LBM proposed by Verhaeghe et al. (black 4), first-order slip Navier-Stokes so-
lution (green �) and IP-DSMC proposed by Shen et al. (blue ◦) of Poiseuille flows with
different Knudsen numbers: (a): Kn = 0.0194; (b): Kn = 0.194; (c): Kn = 0.388.
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4.4. Viscosity Adjustment and BBSRBC Validation

In this section, the MRT-LBM using a viscosity adjustment strategy is validated by sim-
ulating two different Poiseuille flow scenarios. The first one assumes that the applied
uniform pressure gradient is so small that the fluid can be considered incompressible. The
effect of the pressure gradient is then modelled by a steady external force which acts on
all particles. Furthermore, it is assumed that the flow channel is infinitely long which can
be realized by a periodic channel for the numerical investigation. In contrast to that, the
channel is considered to be finite and the fluid to be slightly compressible for the second
Poiseuille flow scenario. The setting of the second flow scenario resembles a more realistic
scenario. In fact, the scenario is similar to the one simulated in section 4.3 which permits
the comparison of both methods.

A possible method to model the microflows more precisely is to incorporate higher-
order velocity derivatives into the model and to take the effect of the confining walls on
the molecular mean free path and thus the viscosity into account. Therefore, the boundary
conditions are designed such that the predicted slip velocity equals those of the Navier-
Stokes solution using the second-order slip velocity model defined by Eq. (3.3). In order
to accommodate the viscosity adjustment this model has been slightly amended:

uuus|wall = A1σλe
∂uuu

∂nnn

∣∣∣∣
wall
−A2λ

2
e

∂2uuu

∂nnn2

∣∣∣∣∣
wall

(4.7)

with λe = (µe/p)
»
πRT/2 being the effective molecular mean free path. Li et al. concluded

in their work [21] that the flow rates obtained withA1 = (1−0.1817σv) andA2 = 0.8 match
best those calculated by the linearized Boltzmann equation. For all scenarios, the BBSR
boundary condition is employed to model solid boundaries and the boundary coefficient
is determined by:

β =
1

1 +A1σv
»
π/6

(4.8)

This enables the MRT-LBM in conjunction with the adjusted relaxation times defined in
Eq. (3.4) to model the second-order slip velocity model properly. Thus, SSSLi has been used
as the relaxation matrix for the simulations. The Bosanquet-type viscosity approximation
has been chosen for the viscosity adjustment strategy. In order to distinguish the present
MRT-LBM using the second-order slip velocity model from the MRT-LBM employing the
first-order slip velocity model as it has been used in Fig. 4.3, the former is denoted by
”Present LBM: 2nd Order, VA”, with ”VA” standing for viscosity adjustment, and the latter
by ”Present LBM: 1st Order”.

For the first Poiseuille flow scenario, the periodic boundary condition is applied at the
inlet and outlet in order to achieve the periodic channel. The grid size has been chosen
to be Nx × Ny = 54 × 54 and the uniform external force, which acts only in the stream-
ing direction, is set to FFF x = 10−4 ∆x2

∆t . The resulting streamwise velocity profiles for the
Knudsen numbers Kn = (2/

√
π) · k with k = 0.1, 0.2, 0.4, 1, 2 and 4 are shown in Fig.

4.5. In the graphs, the velocities have been normalized by the average streamwise velocity
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uuux = 1
H ·

∫H
0 uuux dy which is approximated by:

uuux =
∑
x∈C

uuux(x)

w(x)
(4.9)

with w(x) being the width of the cell at position x and C the set of cell positions lying on a
vertical line.

Kn Present LBM: 2nd Order, VA LBM Guo et al. Ohwada et al.
0.1128 0.3487 0.3345 0.3206
0.2257 0.4996 0.4849 0.4484
0.4514 0.6308 0.6443 0.5634
1.1284 0.7408 0.7951 0.6844
2.2568 0.7837 0.8548 0.7490
4.5135 0.8062 0.8866 0.7978

Table 4.1.: Normalized slip velocities calculated by different methods

The obtained velocity profiles are compared with those of Li et al. [21] who employed
the exact identical LBM with the same viscosity adjustment strategy and thus can be used
to validate the MRT-LBM, the Bosanquet-type viscosity approximation and the BBSRBC.
The present LBM agrees very well with the results of Li et al. for all Knudsen numbers. The
deviation is insignificant for all settings and thus can be neglected. The high congruence
indicates the correctness of the implemented MRT-LBM, the Bosanquet-type viscosity ap-
proximation and the BBSRBC. Additionally, the solution of the Navier-Stokes equation us-
ing the second-order slip velocity model proposed by Hadjiconstantinou [12], henceforth
denoted by second-order slip Navier-Stokes solution, and the solution of the linearized
Boltzmann equation by Ohwada [23] are presented in the graphs. It can be seen that the
second-order slip Navier-Stokes solution has a good agreement with the linearized Boltz-
mann equation and the present LBM for Kn = 0.1128. However, with increasing Knudsen
number the velocity profile of the second-order slip Navier-Stokes solution starts to de-
viate from the results of the other methods and becomes gradually a straight line. This
clearly overestimates the actual slip velocity given by the solution of the linearized Boltz-
mann equation. In contrast to that, the velocity profiles of the present LBM with viscos-
ity adjustment match very well with those of the linearized Boltzmann equation over the
whole Knudsen number range. The results underline the positive effect of the viscosity
adjustment on the simulation of microflows.

To see the effects of distinct viscosity adjustment strategies on the slip velocity, Table 4.1
contains the normalized slip velocities obtained with several methods [21]. The present
MRT-LBM using the second-order slip velocity model and viscosity approximation is com-
pared to the solution of the linearized Boltzmann equation by Ohwada et al. and to the
results produced by Guo et al.’s LBM model. Guo et al. utilized a MRT-LBM which is
also consistent with the second-order slip velocity model but rather employs the prob-
abilistic viscosity adjustment which is based on Stops’ expression of effective viscosity
as it has been explained in section 2.4.2. The table entries indicate that there is a good
agreement between the present LBM and Guo et al. results for Knudsen numbers up to
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Kn = 0.4514. But with increasing Knudsen numbers, the probabilistic viscosity adjust-
ment overestimates the slip velocity noticeably whereas the predicted slip velocities by the
approximated viscosity adjustment matches better with those of the linearized Boltzmann
equation.

The channel for the second Poiseuille flow scenario is modelled by aNx×Ny = 2000×20
grid such that H/L = 1/100. Moreover, the CFFP boundary condition is employed to
simulate the inlet and outlet of the channel. The average outlet density is set to ρout = 1 and
the average inlet density to ρin = 2. The solid walls are modelled by the BBSR boundary
condition with the boundary coefficient β as it has been defined in Eq. (4.8). The scenario
is simulated for Kn = 0.194 and 0.388. The resulting streamwise velocity uuux at the outlet
is depicted in Fig. 4.6 and the pressure deviation along the centerline of the channel, as it
has been defined by Eq. (4.3), in Fig. 4.7. The streamwise velocity is normalized by the
maximum velocity umax so that it is comparable to other results.

The obtained results for the streamwise velocity and the pressure deviation are in a
very good agreement with the results of Li et al.. The vanishingly small differences can
be related to the data extraction process and thus the congruence further approves the
validity of the implemented MRT-LBM, the Bosanquet-type viscosity approximation and
the BBSRBC. In order to show the superiority of the MRT-LBM using the second-order slip
velocity model and viscosity adjustment over the MRT-LBM which only employs the first-
order slip velocity model concerning the accuracy of microscale simulations, the results
of the present LBM: 1st Order and of the IP-DSMC proposed by Shen et al. [26] are also
plotted in the graphs. It can be seen that the present LBM: 2nd Order, VA agrees better,
especially at the walls, with the velocity profile of the IP-DSMC for Kn = 0.194 and Kn =
0.388. However, at least for Kn = 0.194 the present LBM: 1st Order yields acceptable
results for the streamwise velocity. The largest L2 normed differences of the present LBM:
2nd Order, VA and the present LBM: 1st Order for Kn = 0.194 are 7% and 9% and for
Kn = 0.388 3% and 19%, respectively. But the difference of both models becomes more
obvious, if one examines the graphs of the pressure deviation. The pressure deviation
graph of the LBM: 2nd Order, VA matches much better the corresponding graph of the IP-
DSMC than the present LBM: 1st Order does. In fact, the latter cannot predict the density
deviation for high Knudsen numbers adequately. The LBM: 1st Order overestimates the
maximum pressure deviation by 48% for Kn = 0.194 and 89% for Kn = 0.388 whereas the
LBM: 2nd Order, VA does it only by 15.7% and 6.6%, respectively.
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Fig. 4.5.: Normalized streamwise velocity profiles according to the present LBM: 2nd Order, VA
(solid red line), LBM proposed by Li et al. (black 4), second-order slip velocity Navier-
Stokes solution by Hadjiconstantinou (green �) and the solution of the linearized Boltz-
mann equation by Ohwada et al. (blue ◦) of Poiseuille flows with different Knudsen num-
bers:(a):Kn = 0.1128; (b):Kn = 0.2257; (c):Kn = 0.4514; (d):Kn = 1.1284; (e):Kn = 2.2568
and (f):Kn = 4.5135
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Fig. 4.6.: Normalized streamwise velocity profile at the outlet of a pressure-driven Poiseuille flow
with different Knudsen numbers: (a):Kn = 0.194 and (b):Kn = 0.388. The graph includes
the results obtained with the present LBM using the second-order slip velocity model and
viscosity adjustment (solid red line); the LBM proposed by Li et al. (black 4); the IP-
DSMC proposed by Shen et al. (blue ◦) and the present LBM using the first-order slip
velocity model (solid green line).
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Fig. 4.7.: Pressure deviation along the centerline of the channel of a pressure-driven Poiseuille flow
with different Knudsen numbers: (a):Kn = 0.194 and (b):Kn = 0.388. The graph includes
the results obtained with the present LBM using the second-order slip velocity model and
viscosity adjustment (solid red line); the LBM proposed by Li et al. (black 4); the IP-
DSMC proposed by Shen et al. (blue ◦) and the present LBM using the first-order slip
velocity model (solid green line).
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4.5. Knudsen Minimum

The Knudsen minimum denotes a phenomenon which occurs in flow systems with high
Knudsen numbers and was first mentioned by Knudsen in 1909 [15]. Knudsen discovered
that the mass flow through a tube decreases with an increasing Knudsen number until it
reaches a minimum and then starts to increase. Furthermore, he found out that the mass
flow is 5% higher than the minimum when the flow reaches the free molecular flow regime.

For an accurate prediction of microflows, it is essential that a simulation method can
capture this flow characteristic. Therefore, the mass flow through a periodic channel with
a constant uniform external force acting on the fluid is investigated, in order to see whether
the present LBM: 2nd Order, VA can model the Knudsen minimum. The channel is repre-
sented by a grid of the size Nx × Ny = 54 × 54 at whose left and right end the periodic
boundary condition is applied. The streamwise force is set to FFF x = 10−4 ∆x2

∆t . The results
of the dimensionless flow rate can be found in Fig. 4.8. The flow rate is given by [21]:

Q =
p ·
∫H

0 ρ · uuux dy
FFF xH2

»
RT/2

(4.10)

with
∫H

0 ρ · uuux dy approximated by:∫ H

0
ρ · uuux dy ≈

∑
x∈C

ρ(x) · u
uux(x)

w(x)
(4.11)

where w(x) is the width of cell at the position x and C is the set of cell positions lying on a
vertical line.

The graph includes additionally the results obtained with the LBM proposed by Li et al.
[21], the solution of the Navier-Stokes equation using the second-order slip velocity model
proposed by Hadjiconstantinou [12] and the direct solution of the Boltzmann equation
by Cercignani et al. [6] who utilized a variational approach to solve it. The mass flow
rate predicted by the present LBM conforms very well to the flow rate of Li et al.. This
was expected, since both methods already produced congruent results for the former flow
scenarios. Moreover, it can be seen that the Navier-Stokes solution is only suitable for
the mass flow computation for Knudsen numbers up to Kn ≈ 0.3. For higher Knudsen
numbers the flow rate of the Navier-Stokes solution starts to deviate considerably from
the other methods. The solution of the Boltzmann equation and the present LBM produce
similar results, even though the mass flow rate is slightly smaller for 0.1 < Kn < 1.1
and slightly larger for 1.1 < Kn than the mass flow rate predicted by the latter method.
The Knudsen minimum is successfully captured by the present LBM at Kn ≈ 0.9 which is
consistent with findings of other researchers: Karniadakis and Beskok [14] determined the
flow rate minimum to appear at Kn ≈ 1 and Cercignani et al.’s solution of the Boltzmann
equation identified the minimum to be located at Kn ≈ 1.

55



4. Validation

0

1

2

3

4

5

6

7

8

0.1 1 10

Q

Kn

LBM Li et al.
2nd Order Slip NS
Cercignani et al.
Present LBM: 2nd Order, VA

(a)

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

2.1

2.2

1

Q

Kn

LBM Li et al.
2nd Order Slip NS
Cercignani et al.
Present LBM: 2nd Order, VA

(b)

Fig. 4.8.: Dimensionless flow rate predicted by present LBM: 2nd Order, VA (solid red line), LBM
proposed by Li et al. (black4), second-order slip velocity Navier-Stokes solution by Had-
jiconstantinou (green �) and Cercignani et al.’s solution of the Boltzmann equation (blue ◦)
over (a) a wide range of Knudsen numbers and (b) a narrowed Knudsen number range.
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5. Stability Comparison

This section shows that the MRT-LBM can have a higher numerical stability than the BGK-
LBM, if the relaxation parameters are chosen properly. For this purpose, the lid-driven
cavity scenario is investigated which is a standard fluid simulation scenario and already
well understood. The setting is a cuboid which contains the fluid. Beside one side of the
cuboid, all sides are static and modelled by the bounce back boundary condition. The
single non-static side moves steadily over the fluid with a constant velocity and thus con-
veying a constant rate of momentum to the fluid. This has the effect that the fluid inside
the cuboid starts to stream circularly. A schematic draft of the scenario is depicted in Fig.
5.1. The velocity with which the lid is moved is decisive for the outcome of the simula-
tion. Given τν and thus the kinematic viscosity of the fluid, there is a maximum velocity
at which the simulation gets unstable. By determining this velocity and comparing the
results, it is possible to partly evaluate the stability features of a method. The lid-driven

Fig. 5.1.: Setting of a lid-driven cavity.

cavity is modelled by a grid of the size Nx ×Ny = 24× 24 and the bounce back boundary
condition is applied to all sides except for the lid. For the lid, a slightly modified bounce
back scheme is employed which incorporates the effect of the lid movement on the fluid
and is defined by:

fi(x, t+ ∆t) = f∗
i
(x, t)−

2ρwωi · (uuuw · ci)
c2
s

(5.1)

with uuuw and ρρρw being the macroscopic velocity and density at the wall. In order to rec-
ognize the transition point, the lid velocity is slowly increased until an abnormal density
increase occurs which indicates the instability of the simulation. In this case the threshold
is set to ρthreshold = 3 such that any cell containing a density greater or equal to ρthreshold
denotes the current lid velocity as the maximum velocity. This defines in conjunction with
the current τν the transition point. The value of the threshold is chosen arbitrarily, and its
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only purpose is to indicate an unstable simulation. The lid velocity is increased each time
by a value of 0.0005 and 1000 iterations are calculated between successive raises so that the
effect of the increased velocity can be evaluated.

The results of the BGK-LBM and the MRT-LBM using the SSSStability relaxation matrix are
shown in Fig. 5.2. If the viscosity is small, then the MRT-LBM can simulate lid-driven
cavities with lid velocities twice as high as the velocities the BGK-MRT can simulate. This
underlines the superiority of the MRT-LBM concerning stability for lid-driven cavities.
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Fig. 5.2.: Dimensionless lid velocity at which the lid-driven cavity simulation gets unstable depend-
ing on τν . The MRT-LBM using SSSStability (green �) is compared to the BGK-LBM (red4).
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It has already been shown that the MRT-LBM can simulate microflows more accurately
than the BGK-LBM. Moreover, the former method can achieve a better stability than the
latter one, given that the relaxation parameters are chosen wisely. However, these benefits
come with the price of higher computational costs which are inflicted by the transforma-
tion from the velocity space into the moment space and vice versa. This section evaluates
how much the implemented MRT-LBM derogates the overall performance of simulations
using the Peano framework compared to those carried out with the BGK-LBM. Besides,
the performance increase due to the optimization of the transformation process within
the MRT collision operator is measured and analyzed. But also the complexity of the
newly implemented boundary conditions are determined and compared with the stan-
dard boundary conditions, which were already implemented within the framework.

The measurement is done by applying the different methods to a square grid which is
bounded by the bounce back boundary condition. This boundary condition is chosen, be-
cause it inflicts the least amount of computational costs of all boundary conditions. Thus,
the performance can directly be related to the implementation of the collision operator and
the Peano framework. The size of the reference grids is chosen to be Nx ×Ny = 900× 900,
1200 × 1200 and 1800 × 1800 which is large enough on the testing system to avoid mea-
surement fluctuations due to timing inaccuracies. To further decrease fluctuations which
might be caused by background processes, the mean of 100 measurements is taken, which
is also done for all other subsequent performance evaluations. The specifics of the testing
system can be found in Table 6.1 and the performance results in Fig. 6.1. The performance
is given in million lattice updates per second (MLUPS) which is defined as the ratio of the
number of calculated cells in one iteration and the time it takes to calculate the iteration.

CPU name Intel(R) Core(TM)2 Duo CPU P8600
Clock rate 2.4 GHz
L2 cache 3 MByte
Memory 4 GByte

Table 6.1.: Specifics of the testing system

First of all, it can be seen that the performance of all methods increases slightly from the
grid size 900 × 900 to 1200 × 1200 but then stays the same for 1800 × 1800. This indicates
that the administrative overhead of the Peano framework is insignificant for the latter case
and thus is not disturbing the validity of the measurement. The BGK-LBM achieves 2.357
MLUPS on a 1800 × 1800 grid whereby the MRT-LBM and the optimized MRT-LBM can
accomplish 71% and 79% of it. The decrease in performance can be explained by the more
complex computation which involves two linear transformations. Moreover, the imple-
mentation of the relaxation time generation, which has been designed with the purpose
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Fig. 6.1.: Performance in million lattice updates per second (MLUPS) of the BGK-LBM, MRT-LBM
and optimized MRT-LBM on differently sized grids.

to be easily extendable, diminishes the overall performance as well. Comparing the op-
timized MRT-LBM with the naive MRT-LBM implementation shows that the reduction of
floating point operations increased the performance by 11%. But besides hard-coding the
relaxation time calculation, there is hardly potential for any further performance increase.

The computational complexity of the bounce back specular reflection and the bounce
back diffusive reflection boundary condition compared to the bounce back boundary con-
dition are investigated by simulating a square lattice of the sizes Nx × Ny = 12 × 67500,
12× 120000 and 12× 270000 bounded by each of the boundary conditions. Since only the
computational costs of the boundary conditions should be relevant for the performance
evaluation, the grid layout has been chosen such that the ratio of boundary nodes to in-
terior nodes is maximal. In order to further decrease disturbing effects of the LBM on the
performance measurement, the whole collision step has been disabled. The results, which
are normalized by the performance of the bounce back boundary condition, are shown in
Fig. 6.2.

It can be observed that the relative differences are almost identical on the differently
sized grids. This has been expected because the grid size is large enough so that the ad-
ministrative overhead of Peano is insignificant and the ratio of boundary nodes to interior
nodes is for all settings the same. Moreover, the graph shows that the BBDR boundary con-
dition performs the worst and achieves about 81.5% of the bounce back boundary condi-
tion’s performance. On the contrary, the BBSR boundary condition reaches approximately
91.7% of the bounce back boundary condition’s performance. This can be explained by
the fact that the BBDRBC is more complicated than the BBSRBC due to the mandatory
calculations of the equilibrium distributions.

In order to evaluate the effects of the new boundary conditions on a practical scenario,
which has not been designed to have a maximum surface, the different boundaries are
applied to a square lattice of the sizes Nx × Ny = 900 × 900, 1200 × 1200 and 1800 ×
1800. Since this test is supposed to show the performance degradation if the standard
boundary conditions are substituted by the new boundary conditions in existing scenarios,
the collision step has to be enabled for the measurements. In this case, the BGK-LBM is
employed and the results, normalized by the performance of the bounce back boundary
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Fig. 6.2.: Normalized performance of the LBM without collision step on differently sized grids with
different boundary conditions. The newly implemented boundary conditions, bounce
back specular reflection and bounce back diffusive reflection, are compared to the bounce
back boundary condition.

condition, are shown in Fig. 6.3.
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Fig. 6.3.: Normalized performance of the BGK-LBM on differently sized grids with different bound-
ary conditions. The newly implemented boundary conditions, bounce back specular re-
flection and bounce back diffusive reflection, are compared to the bounce back boundary
condition.

The measurement shows that the relative differences decrease with increasing grid size,
since the ratio of boundary nodes to interior nodes gets smaller. Moreover, the maximum
performance diminishment of the BBSRBC and the BBDRBC compared to the bounce back
boundary condition is 1.3% and 1.7%, respectively. This shows that the usage of the new
boundary conditions causes only imperceptibly higher computational costs than the costs
of the bounce back boundary condition. It is because the computation is still dominated
by the streaming and collision step of the LBM and the overhead of the Peano framework.

The performance of the consistent flow field pressure boundary condition is compared
to the equilibrium pressure boundary condition which has already been implemented in
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the lattice Boltzmann component of the Peano framework. The grid is simulated for the
sizes Nx ×Ny = 12× 67500, 12× 120000 and 12× 270000. The choice of the sizes is again
motivated by the aim to minimize the non-boundary related computations. Therefore, the
collision step has been disabled as well. The left and right border of the lattice is supposed
to be the inlet/outlet and is modelled by the respective pressure boundary condition. For
the upper and lower border, the bounce back boundary condition is used. The results,
which are normalized by the performance of the equilibrium pressure boundary condition,
are shown in Fig. 6.4.
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Fig. 6.4.: Normalized performance of the LBM without collision step on differently sized grids
with the equilibrium pressure boundary condition and the consistent flow field pressure
boundary condition at the inlet and outlet.

It can be seen, that the CFFP boundary condition has a clearly worse performance than
the equilibrium pressure boundary condition. The former achieves only about 40% of the
performance of the latter boundary condition. Considering that the CFFP boundary algo-
rithm involves more complex operations, such as extrapolation and density normalization,
which are split up among all boundary treatment events, this result has been expectable,
though. Furthermore, a slight performance derogation of the CFFP boundary condition
with increasing grid size can be observed. Even though it is in the per mille range, it is
likely to be caused by the map, which stores the extrapolation values. Since it is realized
as a red-black tree, the access time of an element is in O(log(n)) and this seems to have an
effect on the overall performance.

Since the computational costs of the CFFP boundary condition seem to be noticeably
higher than those of the equilibrium pressure boundary condition, it is interesting how this
boundary condition affects the performance of a more practical scenario. For this purpose,
the performance of the BGK-LBM on a square lattice of the sizes Nx × Ny = 900 × 900,
1200 × 1200 and 1800 × 1800 with each of the pressure boundary conditions is measured.
The setting is a simple pressure driven-Poiseuille flow where the solid walls are modelled
by the bounce back boundary condition. The pressure boundary conditions are used to
mimic the behavior of the inlet and outlet, respectively. The results of the measurement
are depicted in Fig. 6.5.

The relative performance of the CFFP boundary condition compared to the standard
pressure boundary condition increases the larger the grid are. This can be explained by
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Fig. 6.5.: Normalized performance of the BGK-LBM on differently sized grids with the equilibrium
pressure boundary condition and the consistent flow field pressure boundary condition at
the inlet and outlet.

the decreasing ratio of boundary nodes to interior nodes. Therefore, the smallest grid,
Nx × Ny = 900 × 900 which yields the highest difference, is considered now. The CFFP
achieves 91.5% of the performance of the equilibrium pressure boundary. Considering a
former performance loss of 60%, this is an acceptable result. Moreover, it demonstrates
again, that the computational complexity of the boundary conditions are subordinated to
the overall complexity of the lattice Boltzmann component.
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7. Application: Microreactor

This section contains the numerical results of the microreactor scenario as it has been de-
scribed in section 3.6. Since there is no experimental data of the real microreactor avail-
able, the results are verified by checking whether the mass flow rates at different points
of the microreactor are consistent and whether the velocity profiles within the tree-branch
shaped microchannels match those of simple pressure-driven Poiseuille flows.

For this scenario, the adaptive grid of the Peano framework is employed, whose func-
tional principle is explained in the work of Rohde et al. [24]. The spacetree grid is suitable
for the representation of the microreactor because the microreactor consists of microchan-
nels, which have to be finely resolved, and the reaction chamber, which can be represented
by a coarser grid. The initial size of the grid is N1

x ×N1
y = 54×54 and it has two additional

refined layers. Thus, the finest grid has a resolution ofN3
x×N3

y = 486×486 and the ratio of
height to length is H/L = 1. The inlet and outlet of the microreactor are modelled by the
equilibrium pressure boundary condition which has been specified in section 2.3.6. The
inlet density is set to ρin = 1.01 and the outlet density to ρout = 1. The kinematic viscosity
and bulk viscosity are set to ν = 0.1443375673·∆x2/∆t and ζ = 0.075·∆x2/∆t. The bounce
back specular reflection boundary condition is applied to the rest of the solid walls and the
boundary coefficient is given by Eq. (4.8). The parameters for the microreactor geometry
can be found in Table 7.1. Since the scenario involves microflows, the MRT-LBM consis-
tent with the second-order slip velocity model using viscosity adjustment is employed for
the finest grid and the BGK collision operator is applied on the coarser grids, which only
occur in the reactor chamber. Several details of the simulated flow within the reactor are
visualized in Fig. 7.2.

The points at which the mass flow rates are calculated are depicted schematically in Fig.
7.1 and the numeric values are listed in Table 7.2. The mass flow rates have been calculated
by Eq. (4.11).

Parameter Value
shrinking-factor 0.75
offset-channels 0.1
channel-width 0.05
tree-depth 2
ratio-reactorchamber 0.2

Table 7.1.: Values of parameters of the microreactor geometry used for the simulation.

It can be seen that the mass flow rates agree very well at mirrored checkpoints xi and
x−i and that the sum of flow rates after a branch equals approximately the flow rate before
this branch. The numeric values of pre- and post-branch mass flow rates in conjunction
with their percental deviation is given in Table 7.3. The summarized post-branch flow
rates are slightly greater than the pre-branch flow rate which holds for pre-corner and
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Fig. 7.1.: Points at which the mass flow rate is calculated to check for consistency.

Checkpoint Mass flow rate
x1 1.46444e− 05
x2 7.33745e− 06
x3 7.33745e− 06
x4 7.33767e− 06
x5 7.33767e− 06
x6 3.68119e− 06
x7 3.68133e− 06
x8 3.68133e− 06
x9 3.68119e− 06
x10 3.68112e− 06
x11 3.68142e− 06
x12 3.68134e− 06
x13 3.68113e− 06

Checkpoint Mass flow rate
x−1 1.46447e− 05
x−2 7.33757e− 06
x−3 7.33757e− 06
x−4 7.33775e− 06
x−5 7.33775e− 06
x−6 3.68122e− 06
x−7 3.68135e− 06
x−8 3.68135e− 06
x−9 3.68122e− 06
x−10 3.68113e− 06
x−11 3.68143e− 06
x−12 3.68135e− 06
x−13 3.68113e− 06

Table 7.2.: Mass flow rates at different checkpoints.

post-corner flow rates as well. This is unphysical and should actually not occur. The error
might be caused by the treatment of special boundary cases (see section 3.4.2) which arise
at channel branches and corners. It has not been validated yet that applying bounce back
to particular distributions instead of reflecting them specularly in certain cases produces
the right results and this deserves further investigation. Nevertheless, the errors are so
small that they would be insignificant for most real engineering scenarios.

Next, the streamwise velocity profiles at a couple of checkpoints are compared to those
obtained from simple pressure-driven Poiseuille flows. The simple Poiseuille flows are
simulated with the MRT-LBM under the same conditions as they appear in the straight
channel parts containing the checkpoints. Thus, they act as the reference data. The inlet
and outlet pressures for the Poiseuille flows are determined by calculating the average
pressure at the beginning and end of each straight channel section in the microreactor. All
details used for the simulation of the reference flows can be found in Table 7.4 and the
computed results from the microreactor and the straight channels are shown in Fig. 7.3.
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Branch Left hand side Right hand side Error
x1 ≈ x2 + x3 1.46444e− 05 1.4675e− 05 0.2%
x4 ≈ x6 + x7 7.33767e− 06 7.36252e− 06 0.3%
x5 ≈ x8 + x9 7.33767e− 06 7.36252e− 06 0.3%
x−4 ≈ x−6 + x−7 7.33775e− 06 7.36257e− 06 0.3%
x−5 ≈ x−8 + x−9 7.33775e− 06 7.36257e− 06 0.3%
x−1 ≈ x−2 + x−3 1.46447e− 05 1.467514e− 05 0.2%

Table 7.3.: Pre- and post-branch mass flow rates and their respective errors.

Attribute Value
Kn 0.155465
Nx ×Ny 95× 18
∆x 1

486
ρin 1.0089050295
ρout 1.0077155401

(a)

Attribute Value
Kn 0.155588
Nx ×Ny 37× 18
∆x 1

486
ρin 1.0073841437
ρout 1.0069181424

(b)

Attribute Value
Kn 0.215802
Nx ×Ny 42× 13
∆x 1

486
ρin 1.0057815318
ρout 1.0051810863

(c)

Attribute Value
Kn 0.156492
Nx ×Ny 95× 18
∆x 1

486
ρin 1.0022926002
ρout 1.0011000605

(d)

Attribute Value
Kn 0.156254
Nx ×Ny 37× 18
∆x 1

486
ρin 1.0030916723
ρout 1.0026248948

(e)

Attribute Value
Kn 0.216006
Nx ×Ny 42× 13
∆x 1

486
ρin 1.0048301843
ρout 1.0042295736

(f)

Table 7.4.: Simulation details for the simple Poiseuille flows emulating the straight channel sections
containing: (a):x2; (b):x4; (c):x10; (d):x−2; (e):x−4; (f):x−10.

The profiles show that the farther a checkpoint is away from the outlet and inlet, the
more deviates the respective streamwise velocity profile from the velocity profile of the
emulating pressure-driven Poiseuille flow. The largest L2 normed differences at each
checkpoint are listed in Table 7.5. It can be stated that the errors are acceptable small
such that the results are still in good agreement. The slightly increasing divergence might
be related to errors induced by the special boundary treatment in the corners and at the
branches of the channel system. These inaccuracies might accumulate over the distance
and finally cause the rising error.

But the impact of the complex geometry has to be considered as well. As Fig. 7.4 shows,
the spanwise velocity profile of the flow in the microreactor at the checkpoint x2 is fun-
damentally distinct from the expected velocity profile of a Poiseuille flow. This might be
caused by the dynamics of the fluid flowing through a channel system with changing di-
rections. Therefore, the movement to the left wall can be explained by the bounce off effect
from the right wall after the fluid passed the first branch. Additionally, the expectation of
the following right turn could affect the fluid as well such that it streams to the other wall.

The influence of the geometry becomes also manifest in the density distribution along
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Checkpoint Error
x2 0.98%
x4 2.44%
x10 6.9%

Checkpoint Error
x−2 0.8%
x−4 2.44%
x−10 7.02%

Table 7.5.: L2 normed differences between the streamwise velocity profile at different checkpoints
within the microreactor and the respective velocity profile obtained from a pressure-
driven Poiseuille flow.

the centerline of the channel as it is depicted in Fig. 7.5. For comparison, the density
distribution of a simple Poiseuille flow, emulating the straight channel part containing x2,
is included in the graph. Since the corners of the microreactor cannot be modelled by a
pressure driven Poiseuille flow, the reference scenario is limited to the middle part of the
channel, which is free of disturbing corners. It can be seen, that the results agree very
well and that there is only a slight deviation at the end of the channel. However, the graph
illustrates as well that the density distribution of the microreactor at the beginning and end
is no longer a linear relation. This is clearly the effect of the complex geometry, because
the beginning of the channel is influenced by the branch before x2 and the end by the
corner after x2. Since the pressure-driven Poiseuille flow predicts an almost linear density
distribution, it is questionable whether it can act as a suitable source of reference data in
corners and at branches.

In order to verify the flow behavior in corners, the flow in a s-shaped channel segment
is investigated. The channel, as it is depicted in Fig. 7.6, is represented by a regular grid
of the size Nx × Ny = 240 × 240 and the inlet/outlet is modelled by the consistent flow
field pressure boundary condition. The inlet density is set to ρin = 1.01 and the outlet
density to ρout = 1.0. The kinematic viscosity is chosen to be ν = 1.718666 ·∆x2/∆t. The
whole scenario is calculated with the MRT-LBM for the relaxation matrices SSSV erhaeghe and
SSSLi, specified in Eq. (3.2) and Eq. (3.5). The former one is employed in conjunction with
the bounce back boundary condition for the solid walls to realize a no slip flow and is
denoted by ”No Slip SSSV erhaeghe”. The latter MRT-LBM is combined with the bounce back
specular reflection boundary condition and the Bosanquet-type viscosity approximation,
as it has been used for microflow simulations, and is denoted by ”SlipSSSLi”. The boundary
coefficient β of the BBSRBC is chosen accordingly to Eq. (4.8).

The results of both methods are shown in Fig. 7.7. The density distributions along the
centerline behave in both corners similarly: In the first corner, the density increases slightly
until it reaches a maximum, which is approximately in the middle of the incoming chan-
nel segment. Then the density starts to decrease linearly until it reaches the region of the
second corner. The decrease slows down until it hits a minimum, which is again approx-
imately in the middle of the outgoing channel segment. Afterwards, the density begins
to grow until the wall is reached. These observations can be explained by the dynamics
of the fluid particles which are basically pressed into the corners where they change their
movement direction. Since this process takes some time and the fluid is slightly compress-
ible, they accumulate in the corners. Because the investigated density distributions are
very similar to the observed distribution in the microreactor as regards quality, it can be
assumed that the predicted flow behavior in the microreactor is correct. The steep de-
cline and ascent after and before the stationary points, respectively, are probably related to
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the coarser resolution of the channel in the microreactor. Although the present approach
seems to be capable of simulating flows in complex geometries, they still deserve further
research. In particular, experimental data obtained from more elaborate geometries, such
as the real microreactor, could help tremendously to verify the calculated results not only
qualitatively but also quantitatively.

69



7. Application: Microreactor

(a) (b)

(c) (d)

(e) (f)

Fig. 7.2.: Several details of the simulated flow within the microreactor:(a) shows the flow velocity
indicated by different colors; (b) shows the density indicated by different colors; (c) shows
the flow field specified by arrows at a branch; (d) shows the flow field specified by arrows
at a corner; (e) shows the flow field specified by arrows in the reaction chamber between
two microchannels; (f) shows the differently resolved grids at the border of the reaction
chamber.
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Fig. 7.3.: Streamwise velocity profiles at different checkpoints of the microreactor calculated with
the MRT-LBM (solid red line). For comparison, the results of the MRT-LBM (dashed black
line) applied on a pressure-driven Poiseuille flow, with the same settings as the straight
channel part containing the checkpoint, are also plotted. The considered checkpoints are:
(a):x2, (b):x−2, (c):x4, (d):x−4, (e):x10 and (f):x−10.

:
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Fig. 7.4.: Spanwise velocity profile at different checkpoints calculated with the MRT-LBM (solid
red line). For comparison, the results of the MRT-LBM (dashed black line) applied on a
pressure-driven Poiseuille flow, with the same settings as the straight channel part con-
taining the checkpoints, are also plotted. The considered checkpoints are: (a):x2 and (b):x4
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Fig. 7.5.: Density distribution along the centerline of the straight channel part containing x2, cal-
culated with the MRT-LBM (solid red line). For comparison, the density distribution of a
pressure-driven Poiseuille flow with the same settings using the MRT-LBM (dashed black
line) is included.
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Fig. 7.6.: S-shaped channel setting with the line along which the density distribution is investigated.
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Fig. 7.7.: Density distribution along the centerline of the middle channel segment. The results have
been calculated with the MRT-LBM using the SSSV erhaeghe relaxation matrix and bounce
back boundary conditions to simulate a no slip flow (solid red line) and with the MRT-
LBM using the SSSLi relaxation matrix and BBSRBC to simulate a slip flow (dashed black
line).
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8. Conclusion

In the context of this thesis, the multiple relaxation times lattice Boltzmann method has
been implemented within the Peano framework, to model microflows with finite Knudsen
numbers. The separation of the relaxation times for different moments facilitates captur-
ing the dynamics of a flow more precisely and to reduce higher-order discretization errors.
Moreover, this model is able to overcome the deficiencies of the BGK lattice Boltzmann
method that arise in conjunction with the widely used bounce back boundary condition,
due to the increased number of freely adjustable parameters. By implementing the bounce
back specular reflection and bounce back diffusive reflection boundary conditions and us-
ing them with the MRT-LBM, it has the ability to model higher-order slip velocity models
which significantly improves the prediction accuracy for microscopic flow systems.

The validity of the MRT-LBM implementation and the bounce back diffusive reflection
boundary condition has been established by comparing the data of several pressure-driven
Poiseuille flows with the results of Verhaeghe et al. [29] who employed the same model.
The highly identical results further indicate that the consistent flow field pressure bound-
ary condition, which has been proposed by Verhaeghe et al. and is used in the pressure-
driven Poiseuille flow scenarios, has been realized correctly. Furthermore, the validation
showed that the MRT-LBM can simulate flows in the slip flow regime properly by model-
ing the first order slip velocity model. Within this regime, the streamwise velocities, span-
wise velocities and the pressure deviation along the centerline of the channel agree very
well with the results of the IP-DSMC and the Navier-Stokes solution using the first order
slip velocity boundary condition. However, this does not hold anymore for the transition
flow regime, where the results start to differ significantly from the IP-DSMC results. This
shows the necessity for more elaborate means to model the dynamics within the Knudsen
layer more accurately.

To further account for the Knudsen layer effects, a higher-order slip velocity model has
to be incorporated into the LBM. This has been achieved by implementing the bounce back
specular reflection boundary condition with which the MRT-LBM is now consistent with
the second-order slip velocity model. In order to enable the MRT-LBM to simulate flows in
the transitional regime more properly, the effect of confining walls on small scales has to be
incorporated, too. The molecular mean free path is considerably shortened in the near-wall
region because the molecules collide not only with other molecules but also with the wall.
This effect increases the more the Knudsen layer dominates the overall flow and thus has a
noticeable effect in the transition flow regime. The decreasing free mean path is responsible
for the non-linear shear-stress relation in the Knudsen layer, because the viscosity of a fluid
depends on the mean free path. It has been recently discovered by Michalis et al. [22]
that this effect can be successfully modelled by a Bosanquet-type approximation formula
giving an effective viscosity, which expresses the viscosity dependence on the Knudsen
number adequately for the transition flow regime. Since this approach does not suffer
from an ominous performance degradation as it is the case with Stops’ expression, which
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8. Conclusion

involves solving a non-trivial integral, the MRT-LBM has been extended by the Bosanquet-
type effective viscosity calculation.

The obtained numerical results for the fluid flow through a periodic microchannel and
through a long microchannel with pressure boundary conditions using the enhanced MRT-
LBM show a high degree of congruence with the results of Li et al. [21], the current imple-
mentation is based on. Therefore, it can be concluded that the implementation of the vis-
cosity adjustment and the bounce back specular reflection boundary condition within the
Peano framework are valid. Furthermore, the simulations prove that the combination of
the second-order slip velocity model and the effective viscosity calculation meliorates the
prediction accuracy for the transitional flows explicitly compared to the MRT-LBM with-
out these additions. The streamwise velocity profiles and the pressure deviations from
a linear distribution are in a good accordance with the results obtained with IP-DSMC
and the solution of the linearized Boltzmann equation. Moreover, it has been carved out
that the Bosanquet-type effective viscosity approximation produces more precise slip ve-
locities than the more sophisticated approach using Stops’ expression. Beside capturing
the macroscopic fluid characteristics properly, the current model is also able to mimic the
Knudsen minimum, which is in particular a microflow phenomenon, accurately and thus
fulfilling an important prerequisite for calculating precise results in the transitional regime.

The MRT collision operator cannot only be employed to solve the problems of the BGK
counter-part and to model higher-order velocity derivatives, but also to improve the nu-
merical stability of the LBM significantly. By choosing the relaxation parameters according
to the von Neumann stability analysis, it has been shown that the lid-driven cavity fluid
scenario using the MRT-LBM can be operated with clearly higher lid velocities before the
simulation collapses. Considering that the BGK collision operator is only a special case of
the MRT collision operator it becomes clear that the latter one can be for any scenario at
least as stable as the first mentioned operator. These findings underline convincingly that
the MRT-LBM is superior to the BGK-LBM considering the numeric capabilities.

However, these advantages have to be paid by higher computational costs, which are
mainly inflicted by the linear transformation of the distribution functions from the ve-
locity space to the moment space, where the relaxation is carried out, and vice versa to
obtain the altered distribution functions. The strongly increased number of involved float-
ing point operations is responsible for a performance degradation of 29% compared to
the BGK collision operator. By using the inherent relations between different sets of dis-
tribution functions and moments, the transformation process could be streamlined such
that the optimized MRT variant derogates the original performance now only by 21%. In
spite of this obvious disadvantage, the benefits of the implemented approach outweigh the
higher computational costs explicitly. Especially, if the performance of other approaches
capable of simulating microscopic flow systems such as the DSMC or the direct solution
is considered, it becomes obvious that the computational efficiency of the lattice Boltz-
mann method has not been abandoned. Furthermore, it has been shown that the newly
introduced boundary conditions hardly affect the overall performance of the Peano frame-
work. Even though the computational complexity of the bounce back specular reflection
and bounce back diffusive reflection boundary condition is an order of magnitude higher
than the bounce back boundary condition, the calculation of the collision and the stream-
ing step excluding the boundary treatment is still several orders of magnitudes higher and
thus rendering the effect of the boundary conditions negligible. Only the consistent flow
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field pressure boundary condition has a noticeable impact on the computation time due to
the employed extrapolation scheme and the subsequent density normalization. The per-
formance reduction is still justifiable though, since pressure boundaries usually occupy
only a small amount of the boundaries in a simulation scenario.

Besides simulating standard fluid scenarios, the current implementation of the MRT-
LBM has also been applied to a more complex geometry as it appears in realistic engineer-
ing scenarios. The flow within a microreactor, consisting of a rectangular reaction chamber
and a tree-branch shaped microchannel system to lead the fluid through the chamber, as
it has been employed by Lei et al. [19] for an enhanced photocatalytic water treatment,
has been investigated. The streamwise velocities and thus the mass flow rates agreed well
with the predictions of simple pressure-driven Poiseuille flows, emulating the conditions
within the microreactor. However, the spanwise velocity and the density distribution in
the corners of the scenario showed a qualitatively different behavior in the complex geom-
etry compared to the straight channel of a Poiseuille flow. Considering that fluid particles
accumulate in corners due to their inertia, it is not surprisingly that this happens. Addi-
tional simulations with s-shaped tubes, modeling slip and no slip flows, showed that the
predicted densities in corners are qualitatively correct. Nevertheless, it is desirable to ob-
tain experimental data from the microreactor, in order to conclusively verify the computed
results.

What is still left to be done for future works is the validation of the MRT-LBM with
viscosity adjustment on three dimensional fluid scenarios which has not been part of this
work. It is conceivable that the height to width ratio of a channel can have a noticeable
impact on the fluid behavior. Moreover, the implications of complex geometries and the
boundary treatment in the corners and at branches deserve further study. This has to
be done for the two dimensional as well as three dimensional space. This could help to
reach a final statement about the applicability of the current LBM on complex geometries
such as the microreactor. Another field of activity remains the design of arbitrarily aligned
boundary conditions for microflows and the implementation within Peano. This requires
an extension of the boundary treatment mechanism of Peano to incorporate the informa-
tion of wall normals. In order to simulate the presented pressure-driven Poiseuille flow
on distributed memory systems, the viscosity accumulation service of the consistent flow
field pressure boundary has yet to be parallelized. And finally, the periodic boundary con-
dition described in this thesis and implemented for the regular grid, has to be realized for
the spacetree grid from which not only the lattice Boltzmann component would benefit
but all other components as well.
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A. Multiple Relaxation Times D3Q19 Model

The D3Q19 is a 3-dimensional lattice Boltzmann model with 19 discrete velocities which
are given by:

ci =


(0, 0, 0) i = 0

(±1, 0, 0)c, (0,±1, 0)c, (0, 0,±1)c 1 ≤ i ≤ 6

(±1,±1, 0)c, (±1, 0,±1)c, (0,±1,±1)c 7 ≤ i ≤ 18

(A.1)

with c = ∆x/∆t being the lattice velocity.

The corresponding weights for the equilibriums approximation are defined as follows:

ωi =


1/3 i = 0

1/18 1 ≤ i ≤ 6

1/36 7 ≤ i ≤ 18

(A.2)

The transformation matrix which maps the vector of all distribution functions onto a
vector of 19 moments has the following form:
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The resulting 19 moments are the mass density ρ, the kinetic energy part independent of
the density e, the kinetic energy part square independent of the density and the kinetic
energy ε, the momentum in each direction jx, jy, jz , the energy mass flux independent of
the mass flux qx, qy, qz , the symmetric traceless viscous stress tensors 3pxx, pww = pyy −
pzz, pxy, pyz, pxz and higher-order moments which do not have a physical interpretation
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3πxx, πww,mx,my,mz . The moments are arranged in the following order:

MMM · |f〉 = (ρ, e, ε, jx, qx, jy, qy, jz, qz, 3pxx, 3πxx, pww, πww, pxy, pyz, pxz,mx,my,mz)
T

The moment equilibria are given by:

|mmmeq〉 = MMM · |feq〉 =



ρ

ρ · (−11 + 19 · ‖uuu‖2)

ρ · (3− 11/2 · ‖uuu‖2)
ρ · uuux

−ρ · 2/3 · uuux
ρ · uuuy

−ρ · 2/3 · uuuy
ρ · uuuz

−ρ · 2/3 · uuuz
ρ · (3 · uuu2

x − ‖uuu‖
2

3 · (−1/2 · pxx)
ρ · (uuu2

y − uuu2
z)

−1/2 · pww
ρ · uuux · uuuy
ρ · uuuy · uuuz
ρ · uuux · uuuz

0
0
0



(A.3)

with uuu being the macroscopic fluid velocity.
The forcing terms are defined by:

|F 〉 = MMM · |F 〉 =



0
38uuu ·FFF
−11uuu ·FFF
FFF x

−2/3FFF x
FFF y

−2/3FFF y
FFF z

−2/3FFF z
2 · (2FFF x · uuux −FFF y · uuuy −FFF z · uuuz)
−2FFF x · uuux +FFF y · uuuy +FFF z · uuuz

2 · (FFF y · uuuy −FFF z · uuuz)
−FFF y · uuuy +FFF z · uuuz
FFF x · uuuy +FFF y · uuux
FFF y · uuuz +FFF z · uuuy
FFF x · uuuz +FFF z · uuux

0
0
0



(A.4)
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with FFF being the acting force.
The relaxation matrices for the different relaxation models are given below:

SSSV erhaeghe = diag(1, τe, τν , 1, τqx , 1, τqy , 1, τqz , τν ,

τν , τν , τν , τν , τν , τν , τν , τν , τν)−1 (A.5)
SSSLi = diag(1, τe, 5/7, 1, τ̃qx , 1, τ̃qy , 1, τ̃qz , τν ,

5/7, τν , 5/7, τν , τν , τν , τν , 50/99, 50/99, 50/99, 50/99)−1 (A.6)
SSSStability = diag(1, 100/119, 7/5, 1, 6/5, 1, 6/5, 1, 6/5, τν ,

7/5, τν , 7/5, τν , τν , τν , 50/99, 50/99, 50/99)−1 (A.7)

with τe being defined by Eq. (2.27), τν being defined by Eq. (2.26), τqx , τqy , τqz being defined
by Eq. (3.1) and τ̃qx , τ̃qy , τ̃qz being defined by Eq. (3.4).
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