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Problem: Computation of Ground States

Given:
e Physical system with N particles (e.g., 1D spin chain)

e Couplings within the system (e.g., nearest-neighbor interaction)
) 2 (D)
O, ©, ® ® ®

o External interaction (e.g., exterior magnetic field)

| | | | |

@ ©, ® ® ®
Goal:
e Find ground state, i.e., the state related to the smallest energy of
the system.
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Mathematical Model

o The state of an individual spin is described by a unit vector in C2.
o The state space of a composed system is the tensor product of
the state spaces of the constituent subsystems.

e The state of the entire system is represented by a vector in c2".
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Mathematical Model

o The state of an individual spin is described by a unit vector in C2.
o The state space of a composed system is the tensor product of
the state spaces of the constituent subsystems.

e The state of the entire system is represented by a vector in c2".

o The overall energy of the physical system is described by the
Hamiltonian H € 2" *2"

e The Hamiltonian has a representation

M
H-Y aQ® o0 Ql e e
k=1

where the tensor factors Q§k) are identities or Pauli matrices.
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Mathematical Model

The state of an individual spin is described by a unit vector in C2.
The state space of a composed system is the tensor product of
the state spaces of the constituent subsystems.

The state of the entire system is represented by a vector in c2".
The overall energy of the physical system is described by the
Hamiltonian H € 2" *2"

The Hamiltonian has a representation

M
H:ZakQYc)@@Qg\’;) 6@2N><2N 7
k=1

where the tensor factors Q§k) are identities or Pauli matrices.

(01 O /10
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Then, the ground state corresponds to the eigenvector related
to the smallest eigenvalue.
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Example: Ising-ZZ Hamiltonian

Oo—06 6 O

®

H = 0.0, I1Ix®1
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Example: Ising-ZZ Hamiltonian

O—O——6B® O

H = 0.0, I1Ix®1
+ IR, ®0.0I1
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Example: Ising-ZZ Hamiltonian

O—O0——@ 0O O

H = 0.0, I1Ix®1
+ IR, ®0.0I1
+ I®I®o.®o.01
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Example: Ising-ZZ Hamiltonian

H = 0.0, I1Ix®1
+ I®o.,®0.,Q0IR1
+ I®I®R.Ro.x1
+ IIvlI® ®
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Example: Ising-ZZ Hamiltonian
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Example: Ising-ZZ Hamiltonian
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Example: Ising-ZZ Hamiltonian
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Example: Ising-ZZ Hamiltonian
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Example: Ising-ZZ Hamiltonian

l l l l l
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Sparsity Pattern of the Ising-ZZ Hamiltonian
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Problem Setting:
What is the smallest eigenvalue of the huge matrix H ¢ ¢2" *2" 2
e Minimization problem:

. U Hzx
min ———.
xz#0 XX

e Challenge: the vector space c2” grows exponentially in V.
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Problem Setting:
What is the smallest eigenvalue of the huge matrix H € 2" <29
e Minimization problem:

. U Hx
min —
xz#0 XX

e Challenge: the vector space c2" grows exponentially in V.
o Solution: Data-sparse representation format that
@ reproduces the underlying physical system,
@ scales only polynomially in IV,
© describes the right “corner” U/ C €2" of the Hilbert space,
Q allows for efficient computations of Hz and xy.

- xHHz - ¥ Hzx . yHHeffy
min X Imin = min T e
ecc2¥  xHz zed xHx yecroly(N) yH Negy
x#0 y#0
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Tensorization of the Vector
e Consider index i in its binary representation (i1, 4z, ...,in).
o Reshape 2" vectorinto 2 x 2 x --- x 2 tensor:

(xi)izl,_,,,zN <~ (wil,z'z,...,z’N)1’1,1‘2,...,1'1\,:0,1
1 11 %2 13 IN
[ — |
Ti \ ] iy iaig,ein
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Tensorization of the Vector
e Consider index i in its binary representation (i1, 4z, ...,in).
e Reshape 2" vectorinto 2 x 2 x --- x 2 tensor:
(xi)izl,...,zN A (Tiy igoosine )it iz, in=0,1

t 11 92 13 IN
L 1

oo ‘ ’ Tiyin,iz,.rin

Tensor Decomposition Schemes
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Tensorization of the Vector
e Consider index i in its binary representation (i1, 4z, ...,in).
e Reshape 2" vectorinto 2 x 2 x --- x 2 tensor:
(xi)izl,...,zN A (Tiy igoosine )it iz, in=0,1

? 11 92 13 IN
L 1

Ti \ ] iy iaig,ein

Tensor Decomposition Schemes

z= Y a0a2 - 2al

Canonical Format: ! ’ ; Y
o® ) a® a®
bbb I !
s
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Tensorization of the Vector
e Consider index i in its binary representation (i1, 4z, ...,in).
e Reshape 2" vectorinto 2 x 2 x --- x 2 tensor:
(xi)izl,...,zN A (Tiy igoosine )it iz, in=0,1

? 11 92 13 IN
L 1

Ti \ ] iy iaig,ein

Tensor Decomposition Schemes

T = § Yityeoriin Al35, @A255, D - - QAN

J1seeIN
Tucker Format: i i is in
J Ja2 Js
{ y
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Tensorization of the Vector
e Consider index i in its binary representation (i1, 4z, ...,in).
e Reshape 2" vectorinto 2 x 2 x --- x 2 tensor:
(xi)izl,...,zN A (Tiy igoosine )it iz, in=0,1

? 11 92 13 IN
L 1

Ti \ ] iy iaig,ein

Tensor Decomposition Schemes

r = Z (Agil)Agz)"'A%N))eil,...,m

i1ye00iN
Matrix Product States: , , ,
11 12 13 N
\ \ \
. 59 . S . S. s .
IR pre Kt KR N
Qv
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91 i
(] (]
Tucker: (@) (a2)

e &
s
-
z

\ ay,0,03,...,0N

CP:
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mm

MPS:
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Matrix Product States: Example
Approximate vector of dimension 26 = 64
by an MPS related to V = 6 sites.

T = Tiyiyinisinds = Agu)Agu)Aéza)AiM)AS—:S)AgB)

[ [
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Matrix Product States: Example
Approximate vector of dimension 26 = 64
by an MPS related to V = 6 sites.

L1 = ©0,0,0,0,0,0 = Ag.O)AgO)A:gO)AElO)AE’)O)AéO)
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Matrix Product States: Example
Approximate vector of dimension 26 = 64
by an MPS related to V = 6 sites.

g — 11317171717070 = Agl)Agl)Agl)Afll)Aéo)AéO)
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Matrix Product States

r = Z (Ai(lh) ’ Agm) e A%N)) €irin.in -

i1ein

e Parameterization uses pair of D x D matrices along each mode.
o Matrix size D is called bond dimension or rank.
o MPS representation has only 2N D? instead of 2V entries. @V
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Matrix Product States

r = Z (A:(lu) . Agm) A%N)) €irig. in -

i1,000N

Parameterization uses pair of D x D matrices along each mode.
Matrix size D is called bond dimension or rank.

MPS representation has only 2N D? instead of 2V entries. @V
Ground states of 1D systems are well described by MPS:

D scales only polynomially in N. @V
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Matrix Product States

r = Z (A:(lu) . Agm) A%N)) €irig.in -

i1ein

Parameterization uses pair of D x D matrices along each mode.
Matrix size D is called bond dimension or rank.

MPS representation has only 2N D? instead of 2V entries. @V
Ground states of 1D systems are well described by MPS:

D scales only polynomially in N. @V

Ground state of the Ising-ZZ model of N = 60 sites:

e D DOF
1074 4 1,872

Traditional treatment

1070 8 7,456 200 — 1.1529 x 10'®
10°8 12 16,752
1071 18 37,656 approx. 4.6 Exabyte!!!

1072 25 72,600
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Computation of Inner Products

sy = Y (A A (BE) . BEY)

D150 N

_ Z ol o) Zb(“) plin)

- 1 k1,k2 N kN kl 1; mi1,ms2 N MmN ,M
i1in \ Ky

— Find an efficient ordering of the summations m;, k;, i;.

Requires O(N D?) operations.
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Computation of the Sum of Two MPS

e Sum of two MPS vectors

z — Z (Ag_“)Agl2) A%N)) €ir.in
B1yiN
y= > (B{il)BéiQ)...Bz(f}”)) €iy.in
1yin
rT+y =
T ) (1 o) () e
iLin 2 N

¢ Adding MPS leads to an increase of the bond dimensions:
“MPSp+ MPSp = MPSD+D/”
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Computation of Matrix-Vector Products
e The MPS concept

By g = (A:(lu)Ang) A%N))
can be generalized to operators:
Oirin = (W1(i1,j1)W2(i2,j2) . W](\"iNJN)) )

o Application of such an MPO to an MPS leads to
l(z W1(i1,.7'1) ® A§j1)> . <Z W](ViN,J'N) ® A%N)>‘| 7
J1 IN
i.e., an MPS of larger bond dimension:

\“MPOL x MPSp = MPSL.D“\
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Variational Ground-State Computations

Variational ansatz:

. o Hzx . w?/{PusMPS
min —H ~ min "
x#0 XX TMPS  LypsTMPS

Find optimal matrix pairs A;ij) for all sites j:

H
(Z (Ag.il)A;iz) . AE\ZIN)) ei) H (Z (A;(lil)Agiz)

15 i

J J

A )

ij i

G5) i i i " i i
Al <Z(A§1)A§2)~~A§VN)>ei) <E(A§1)A§2)‘

AgN)) ei)
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Variational Ground-State Computations
Variational ansatz:
P Hz . N psHTyvps

minT ~ min T
x#0 XX TMPS  LypsTMPS

Use alternating least squares, variational MPS (vMPS)

H
i i GN) i i GnN)
(Z (x{af® ... Al )ez) H <z (x{af® ... Al )ez>
>
J

ij

i i

(1) ; ; ; H ; ; ;
X3 <Z (X;ll)Aglz)"'A%N))ei> (Z (X{Zl)AgQ)-HAE:}N)) ei)

3J J
. XTH1Xx,
= min o
X1 xPx,

Eigenvalue problem of size (2D? x 2D?).
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Variational Ground-State Computations

Variational ansatz:

. o Hzx . w?/{PusMPS
min —H ~ min "
x#0 XX TMPS  LypsTMPS

Use alternating least squares, variational MPS (vMPS)

H
~(i i GN) ~(i i GN)
(Z (AFVx {2 ... AQN )ez) H <z (AFV x{2) ... AQN )ez>
&
J

e L
2 —~a . . o~ . .
x§ <Z (RS0 XE) G ei) (Z (RS0 XG0 . aGw) ei)
i iy
. XPH2X»
= min o
Xy T XPX,

Eigenvalue problem of size (2D? x 2D?).
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Outline
Matrix product states:

r = Z (Ai(lzl) ’ Agtz) e Ag:]N)) €iin...in -

i1, IN

¢ MPS as data-sparse representation format to approximate
ground states.
e Computations with MPS:

e inner products,
e sum of MPS: “MPSp + MPSp: = MPSpip/”
e matrix-vector products: “MPO x MPSp = MPSy.p”

o Variational ground-state computations.
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Outline
Matrix product states:

r = Z (A:(lzl) ’ Ag‘2) U A%N)) €iin...in -

i1, IN

MPS as data-sparse representation format to approximate
ground states.

Computations with MPS:

e inner products,

o sum of MPS: “MPSp + MPSp = MPSD+D/”

e matrix-vector products: “MPO x MPSp = MPSy.p”
Variational ground-state computations.
Two approaches:

e Lanczos method in the MPS format,
o Connections between symmetries and MPS representations.
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The Lanczos Algorithm

Algorithm: Lanczos iteration for Hermitian matrix H
Choose initial guess ¢ # 0
Define By = ||rol and go = 0
for;=1,2,...,mdo
4 =7j-1/Bj1

uj = Hg;

Qj = q?uj

Tj = uj — g5 — Bj-195-1
Bj = llm;ll

T,, = tridiag(3, o, )
()\mina y) = elg(Tm)
v=Qy=(q1,.---,9m)yY
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The Lanczos Algorithm

Algorithm: Lanczos iteration for Hermitian matrix H
Choose initial guess ¢ # 0
Define o = ||roll and go = 0
for;=1,2,...,mdo
4 =7j-1/Bj1

uj = Hg;
o = gq; u;
Tj = uj — ;g5 — Bi-1g5-1
;= llr4

T,, = tridiag(3, o, )
()\mina y) = elg(Tm)
v=Qy=(q1,.---,9m)yY

Computational tasks:
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The Lanczos Algorithm

Algorithm: Lanczos iteration for Hermitian matrix H
Choose initial guess ¢ # 0
Define o = ||roll and go = 0
for;=1,2,...,mdo
4 =751/

uj = Hg;

o = gq; u;

Tj = uj — ;g5 — Bi-1g5-1
;= llr4

T, = tridiag(8, o, 3)
()‘mina y) = eig(Tm)
v=Qy=(q1,---,qm)y
Computational tasks:

@ Application of the matrix to a vector
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The Lanczos Algorithm

Algorithm: Lanczos iteration for Hermitian matrix H

Choose initial guess ¢ # 0
Define 5y = ||rol/ and go = 0
for;=1,2,...,mdo

q; =Tj—1/Bi-1

uj = Hg;

Q= q?uj

Tj = uj — ;g5 — fj-195-1
B = lIr;ll

T,, = tridiag(3, o, )
()\mina y) = elg(Tm)
v=Qy=(q1,.---,9m)yY

Computational tasks:

@ Application of the matrix to a vector
© Computation of inner products
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The Lanczos Algorithm

Algorithm: Lanczos iteration for Hermitian matrix H

Choose initial guess ¢ # 0
Define 5y = ||rol/ and go = 0
for;=1,2,...,mdo

q; =Tj—1/Bi-1

'u,j = qu

o) = qj u;

Tj = uj — g5 — fj-1q5-1
B = llrsll

T, = tridiag(3, a, B)
()\mina y) = elg(Tm)
v=Qy=(q1, - --,qm)y

Computational tasks:
@ Application of the matrix to a vector
© Computation of inner products
© Sums and linear combinations of vectors
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Augmentation of the bond dimensions

e Increase of the bond dimension during the Lanczos algorithm

Lanczos algorithm

Bond dimension

for;=1,2,...,m
g =rj—1/Bj-1

u; = Hgq;

a; = q;.{uj

rj = Hq; — ajq; — Bj-10;-1
B = llrsll

v=QY=(q1,---,qm)y

D)
LD

LD + DU 4 pl-1) =
= pU+1

DMV 4+ D@ 4 ... L pm)
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Augmentation of the bond dimensions

e Increase of the bond dimension during the Lanczos algorithm

Lanczos algorithm

Bond dimension

for;=1,2,....m
g =rj—1/Bj-1

uj = Hg,

a; = q;.{uj

rj = Hq; — ajq; — Bj-10;-1
B = llrsll

v=QY=(q1,---,qm)y

D)
LD

LD + DU 4 pl-1) =
= pU+1

DMV 4+ D@ 4 ... L pm)

« Solution: keep the ranks D) bounded

= Projection required
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Compression/Projection of MPS

2
’yMPSD/ - $MPSDH2 =

Pp : Ypups,, F argmin
TMPSp

arg min {(Bfl) . ~~BI(\§N)> — (Agil) . ..A%N))}

(i5)
Aj

11, 00N 2

SVD-based truncation:
e Suppose Ay,...,A,_; are already constructed. B,. is D x D’

B® Uu® g tue. (OO o -y
() = (o) =™ (gin) 552"
« Define Alir) = US), a D x D matrix.

o Proceed with the D x D’ matrix f:rﬁHBii[f).
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Restarted Lanczos
Algorithm: Restarted Lanczos iteration

Choose initial guess o # 0 ;
foriter =1,2,... do
Define 8y = ||rol| and go = 0 ;
for;=1,2,....,mdo
qj =rj—1/Bj-1;
u; = HQj )
a; = q;u; ;
T =Uj — Q5 — PBi-1G5-1 ;
Bj = lIr;ll ;
T, = tridiag(8, a, 8) ;
(Amin, y) = €ig(Tm) ;
v=Qy=(q1,---,qm)yY ;
ro = Pp(v)
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Numerical Results (Ising Hamiltonian N = 25)

restart parameter m = 3

T T =
E —— Lanczos
1 P=2 o owps
% - —— Lanczos
_ {| D=3 e
=~ |
= 1 p=4 — Lanczos
< _; ---- vMPS
‘ =
. 1 _ —— Lanczos
< 4] P=5% . omPs
g —— Lanczos
4 D=6 ___. vMPS
4| ----Lanczos (full vector)
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Numerical Results (Ising Hamiltonian N = 25)

restart parameter m = 4
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Numerical Results (Ising Hamiltonian N = 25)

restart parameter m =5

107! ‘ E
1l peo — Lanczos
10-2 1 - ---- vMPS
§ D=3 Lanczos
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Dynamical Adaptation of the Bond Dimension

F | e standard Lanczos
100 p E
E 1l — D=1
1l 1| — D=2
10~ E E
— ’ i 1| — D=3
= 102} 4] — D=4
= F 1| — D=5
’|< 103 % o dynamical approach
. r 1
U= E
1075 ]
106 L ! ! ! ! ! ! 4
5 10 15 20 25 30 35
outer iteration
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Matrix and Vector Symmetries

o A € R™*™is persymmetric, if a; ; = ant1—jnti1—i:

1 1
A= JAYT = AT

=J

e A is symmetric persymmetric, if a; ; = a;; = @nt1—intri—j-
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Matrix and Vector Symmetries

o A € R™*™is persymmetric, if a; ; = ant1—jnti1—i:

1 1
A =JATT = AT

=J

e A is symmetric persymmetric, if a; ; = a;; = @nt1—intri—j-
e A vector v € R" is called symmetric, if v; = vy 414!

v = Jo
o A vector v € R" is called skew-symmetric, if v; = —vp, 14!
v = —Jv
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Symmetries of Spin-; Hamiltonians

Symmetry of Spin Hamiltonians

Hamiltonians of typical physical models (Ising-ZZ, various Heisenberg
models) are real-valued and symmetric persymmetric.
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Symmetries of Spin-; Hamiltonians

Symmetry of Spin Hamiltonians

Hamiltonians of typical physical models (Ising-ZZ, various Heisenberg
models) are real-valued and symmetric persymmetric.

Eigenvectors of Symmetric Persymmetric Matrices ([CB76])

The eigenvectors of a symmetric persymmetric matrix are either
symmetric or skew-symmetric.
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Symmetries of Spin-; Hamiltonians

Symmetry of Spin Hamiltonians

Hamiltonians of typical physical models (Ising-ZZ, various Heisenberg
models) are real-valued and symmetric persymmetric.

Eigenvectors of Symmetric Persymmetric Matrices ([CB76])

The eigenvectors of a symmetric persymmetric matrix are either
symmetric or skew-symmetric.

Ground States of Spin Hamiltonians

| A\

Ground states of typical physical models (Ising-ZZ, various
Heisenberg models) are either symmetric or skew-symmetric.
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MPS Representation of Symmetric Vectors

Tiyioinenin—1iin = T3 0 in iy = Jr =2 (BF)

Flip-operator i := 1 — i.

Example (N=3):z=(a b ¢ d d ¢ b a)T

Theorem: MPS Representation of the Vector Symmetry ([Huckle13])

@ If all MPS matrix pairs (A{”, A{") are connected via
A U AU, j=1,... N 1
J J4%3 Jj+1 J gocog ) ( )

with involutions Uj (sz = I), the represented vector is
symmetric (BF).

© Any symmetric vector (BF) can be represented by an MPS
fulfilling relations (1).

e Reduction factor: ~ 2
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MPS Representation of Symmetric Vectors

Theorem: Uniqueness Result for Symmetric Vectors ([Huckle13])
Assume that the MPS matrices (over KK) are related by

AV =u; 1 APV

with square matrices V; and U; of appropriate size (j = 1,...,N). If

any choice of matrices A;O) results in the symmetry of the
represented vector x, i.e.,

Jr = x,
then U; and V; are—up to a scalar factor—involutions for all j:

U? = u;I and V? = v;I. Furthermore, U; = ¢; - V;, j = 1,..., N with
constants c;.

o This theorem gives an argument to use involutions as heuristic.
e An involution has as eigenvalues +1 = choose U; = J.
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Exploiting Symmetries in Computations

¢ Impose symmetry conditions into variational ground-state search
e Suppose that the desired ground-state vector = is symmetric.
Jr=2z = 2l (z —Jx)=2" (T -J)x=0.

—_——
=0

e Therefore,

HEr Hpp H—g
_yHySyHy+py (H )Y
yty yHy yty
y" (H+p(I—-J))y
yHy

o Apply ground-state algorithm (e.g., vMPS) to the modified
Hamiltonian

H(p):=H+p(I —J) forsome p>0.
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Numerical Results: Number of lterations

Table : Ising-ZZ model of N = 60 spins: Number of ALS sweeps until

convergence.
D
P 2 3 4 ) 6 7 8 9 10
0 9 8 6 6 4 4 6 6 3
0.1 7 7 5 6 4 4 6 6 3
0.5 ) 6 ) ) 4 4 ) 6 3
1 5 6 5 5 4 4 5 6 3
2 5 ) ) ) 4 4 ) 6 3
10 5 4 5 ) 4 4 8 ) 3
100 ) 4 ) ) 4 4 9 6 3
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Numerical Results: Number of lterations

Table : Heisenberg-XXX model of N = 100 spins: Number of ALS sweeps
until convergence.

D

p 2 3 4 5 6 7 8 9 10
0 66 71 28 13 16 35 13 1 22
0.1 48 24 22 8 12 43 9 8 27
0.5 13 10 14 6 31 9 8 17
1 8 10 15 5 8 20 9 8 15
2 6 14 16 5 8 20 9 8 14
10 4 6 46 5 10 9 9 8 9
100 5 5 29 10 9 9 9 9 10
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Numerical Studies: Convergence

1072 F
)i
i
_ -3 | 4 D =10:
~ iv B - p=1

,<"‘ A\ P g B e e O ,

\ 0 D =15
- (L el R\ = ——p=0
s A = p=1

D =20
—A—p=
—5 | OB — i —
10 —Hp=1

5 10 15 20
outer ALS iteration

Figure : Heisenberg-XXX model of N = 100 spins: Approximation error.

K. Waldherr: Numerical Linear and Multili A ic App toQ Tensor Networks

Festkolloquium Thomas Huckle, November 8, 2013



Te i Universitat Mii

Conclusions

o MPS as data-sparse format to approximate ground states:
o efficient computations,
o represent ground states properly,
« variational methods based on local update schemes.
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Conclusions

o MPS as data-sparse format to approximate ground states:

o efficient computations,

o represent ground states properly,

« variational methods based on local update schemes.
o Restarted Lanczos method in the MPS format:

e convergence against reference solution,

e projection may even improve the approximation,

o further information on the desired spectrum.
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Conclusions

o MPS as data-sparse format to approximate ground states:
o efficient computations,
o represent ground states properly,
« variational methods based on local update schemes.
o Restarted Lanczos method in the MPS format:
e convergence against reference solution,
e projection may even improve the approximation,
o further information on the desired spectrum.
e Vector symmetries and MPS
o Connection to MPS representations (via involutions),
o symmetry-adapted ground-state search improves variational
MPS methods,
e introduces some kind of uniqueness in case of degenerate
ground states.
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Conclusions

o MPS as data-sparse format to approximate ground states:
o efficient computations,
o represent ground states properly,
« variational methods based on local update schemes.
o Restarted Lanczos method in the MPS format:
e convergence against reference solution,
e projection may even improve the approximation,
o further information on the desired spectrum.
e Vector symmetries and MPS
o Connection to MPS representations (via involutions),
o symmetry-adapted ground-state search improves variational
MPS methods,
e introduces some kind of uniqueness in case of degenerate
ground states.

Thank you for your attention.
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