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Abstract For exploiting the power of supercomputers like the HLRB-II cluster,
developing parallel algorithms becomes increasingly important. The matrix prefix
problem belongs to a class of issues lending themselves for parallelisation. We com-
pare the tree-based parallel prefix scheme, which is adapted from a recursive ap-
proach, with a sequential multiplication scheme where only the individual matrix
multiplications are parallelised. We show that this fine-grain approach outperforms
the parallel prefix scheme by a factor of 2−3 and also leads to less memory require-
ments. Unlike the tree-based scheme, the fine-grain approach enables many options
in the choice of the number of parallel processors and shows a better speedup per-
formance when increasing the matrix sizes. The usage of the fine-grain approach in
a quantum control algorithm instead of the coarse-grain approach allows us both to
deal with systems of higher dimensions and to choose a finer discretisation.

Introduction: The Prefix Problem

In general, the prefix problem is given as follows: Let ◦ be a binary operator and A
a set, which is closed under the operator ◦. Furthermore, let ◦ be associative, i.e. the
identity (a ◦ b) ◦ c = a ◦ (b ◦ c) holds for all a,b,c ∈ A . Then, for given elements
x1, . . . ,xM ∈A , the prefix problem means the computation of all the products

yi = x1 ◦ · · · ◦ xi . (1)

Analogously, the suffix problem amounts to computing of all the products
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zi = xi+1 ◦ · · · ◦ xM . (2)

In our applications, the elements xi denote quadratic matrices and the operator ‘◦’
describes the multiplication of two matrices.

Scope and Organisation of the Paper

This account comprises two sections. First, we present two approaches for the par-
allelisation of the prefix problem, the coarse-grain tree-based and the fine-grain 3D
block approach. The coarse-grain approach reorganises the numbering of the ma-
trix multiplication in such a way that the products may be computed in parallel,
whereas the fine-grain approach parallelises the individual matrix multiplications.
In Sect. 1.1 we describe the two methods, demonstrate their pros and cons and un-
derpin these statements with numerical results, i.e. speedup measurements taken on
the ALTIX and computation time measurements on different architectures.

Second, we present applications showing how matrix methods improve the com-
putation time of solutions to cutting-edge optimal quantum control problems. In
turn, these control methods pave the way to finding optimised experimental steerings
of quantum devices in realistic settings as they occur in a broad array of applications
in quantum electronics, nanotechnology, spectroscopy, and quantum computation.

Hardware and Software Setup

The improvements in matrix multiplication methods directly translate into faster
algorithms for the parallel prefix problem. As a main test bed, here we use high-
dimensional matrices as occurring in large quantum systems. To this end, we ex-
tended our parallelised C++ code of the GRAPE package described in [5].

Computations were performed on the HLRB-II cluster currently providing an SGI
Altix 4700 platform equipped with 9728 Intel Itanium2 Montecito Dual Core pro-
cessors with a clock rate of 1.6 GHz, which give a total LINPACK performance of
63.3 TFlops/s. The sequential linear algebra tasks were executed by usage of the
MATH KERNEL LIBRARY(MKL).

For comparing the performance of our program on different architectures, com-
putations were also performed on an Infiniband cluster with 32 Opteron nodes; each
node contains four AMD Opteron 850 processors (2.4 GHz) connected to 8 GB or
16 GB of shared memory. Each node is equipped with one MT23108 InfiniBand
Host Channel Adapter card, which is thus shared by 4 processors for communica-
tion. The sequential linear algebra tasks were executed by the implementation of
AMD’S CORE MATH LIBRARY (ACML).
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1 Parallelising the Prefix Problem

With regard to parallelisation, the matrix prefix problem defined in Eq. 1 offers both
a fine-grain and a coarse-grain approach.

1.1 Coarse-Grain versus Fine-Grain Approach

The idea of the fine-grain approach is to simply compute the matrix products
Π k

j=1U j sequentially for k = 1, ...,M and to parallelise the individual matrix mul-
tiplications. In contrast, the coarse-grain approach applies the following divide-and-
conquer approach to compute a product Uk1:k2 :

1. compute the products Uk1:κ for all κ = k1, ..., k̂−1, with k̂ =
⌈ 1

2 (k1 + k2)
⌉
.

2. compute the products Uk̂:κ for all κ = k̂, . . . ,k2;
steps 1 and 2 can be executed in parallel;

3. compute the products Uk1:κ := Uk1:(k̂−1)Uk̂:κ for all κ = k̂, . . . ,k2; all (k2−k1 +1)
products of this step can be computed in parallel.

This coarse-grain approach can then be extended recursively to a tree-like multi-
plication scheme as given in Fig. 1, as was first presented in [9]. In order to compute
all the interior products U1:k for k = 1, ...,M, we may at most use M

2 processors in
parallel. If a larger number of processors is available, the individual matrix mul-
tiplication itself would have to be parallelised as well. The tree-like coarse-grain
approach offers some advantages: the communication pattern is simpler than in
the fine-grain approach and we can expect good parallel speedups of the tree al-
gorithm, because the individual matrix multiplications are strictly sequential. How-
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Figure 1 Divide-and-conquer scheme for the parallel prefix computation. The dashed lines define
the processor scopes; solid lines denote communication between processors, and dotted lines and
boxes indicate where matrices have to be retained for next-level computations. Note that the result
matrices (grey boxes) are not balanced among the processes.
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ever, the tree-like approach increases the total computational work by a logarithmic
factor, because the parallel computation requires O(logM) subsequent steps, which
are given by the horizontal levels in Fig. 1. This additional overhead is saved in
the fine-grain approach, where the individual matrix multiplications themselves are
parallelised. Another disadvantage of the tree scheme is the fact, that the resulting
matrices U1:k are not balanced among the processes: In the special case of p = M

2
parallel processes, the first process holds M

2 result matrices, whereas the last pro-
cess holds only one of them. However, the balance missing here is recovered in the
fine-grain approach. For a detailed analysis of the tree scheme, we refer the reader
to our last report [11].

1.2 3D Block-Oriented Parallel Matrix Multiplication

In its most general form, the computation of the matrix product C = AB can be
formulated via the algorithm

1: for all (i, j,k) ∈ {1, . . . ,n}×{1, . . . ,n}×{1, . . . ,n} do
2: Cik←Cik +Ai jB jk
3: end for

(the matrix C is assumed to be initialised with zeros), where the Cik, Ai j, and B jk
may be simple matrix elements or even matrix blocks. Note, that the body of the
for-loop, i.e. all block operations of step 2, may be executed entirely in parallel. In
Fig. 2, these block operations are visualised as a cube of size n× n× n, where the
projections in the k-, i- and j- direction indicate which matrix blocks Ai j,B jk and
Cik are to be accessed, respectively.

Figure 2 Block operations in the 3D block multiplication algorithm. The projections onto the
planes below and right illustrate the accessed matrix blocks of the result matrix C and of one of the
operand matrices, respectively.



Fast Matrix Multiplication in Parallel Prefix Problems with Quantum Applications 5

Depending on the data distribution and also on the distribution of the block oper-
ations to the available processors, we may classify the algorithms for parallel matrix
multiplication into the following types:

1D algorithms parallelise the block operations into planes in the cube, which
corresponds to column-wise computation of the result matrix.

2D algorithms distribute the block operations into columns; usually these columns
work on individual blocks in the result matrix, such that all computations on that
result block are executed by a single processor (“owner computes”).

3D algorithms define a blocking on the three nested main loops of the algorithm.
Hence, the parallelisation is then purely work-oriented in the sense that a 3D sub-
block of block operations is assigned to each processor. Both result and operand
matrices may be distributed over several processors.

Naturally, these three classes of algorithms lead to different performance prop-
erties. Most importantly, 3D algorithms feature the lowest communication effort,
namely O(n2 p1/3) instead of O(n2 p1/2) for 2D, and O(n2 p) for 1D algorithms
(compare [6, 7]).

Under the influence of the performance study [2], where 3D algorithms showed
the best runtime performance for our problem setting, we implemented a 3D block
algorithm. The improved performance comes at the cost of a slightly higher mem-
ory requirement: O(n2 p1/3) additional matrix elements have to be distributed on p
processors, which is less than one additional matrix per processor. As we typically
store several matrices (up to 256 in our examples in Sect. 1.3) on each CPU, this
additional requirement is easily affordable. Details may be found in [1].

In the 3D block algorithm, the number D of blocks per index dimension is chosen
such that D is the smallest power of 2, which fulfills D3 ≥ p (p is the number of
processes). Hence, each of the D2 blocks of the result matrix C is computed by p/D2

processes, and each processor performs D3/p block operations, all of which work
on a single matrix block Cik. Altogether, each process will perform the following
two steps:

for all local block operations (i, j,k) do
fetch Ai j and B jk from remote processes
Cik←Cik +Ai jB jk

end for
accumulate all results for block Cik (group-collective operation).

The accumulation of the results in Cik is a group-collective procedure, which is
performed in parallel by all p/D2 processes that compute the same block Cik. The
accumulation is organised as a pairwise accumulation of data, as illustrated in Fig. 3.

After log2(p/D2) subsequent steps, each process has computed one part of the
block Cik—these parts are then broadcasted to the other processes. Note that, within
the for-loop to compute the block operations, communication and computation may
be overlapped such as to hide communication costs.

During a computation U1:k = U1:k−1Uk, only blocks of the matrices U1:k−1 and
Uk are accessed. Hence, if U1:k−1 and Uk were stored on only one process each,
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process 0 process 1 process 2 process 3

step 1:

step 2:

Figure 3 Communication pattern for the 3D block approach during the accumulation of results
within a single matrix block Cik. In each successive step, pairs of processes exchange and accu-
mulate their partial results: the number of exchanged rows is halved and the distance between two
communicating processes is doubled. Gray boxes represent rows that are sent to the corresponding
process, black boxes represent rows that are received and accumulated to local data.

we would obtain a communication bottleneck. We therefore distribute each matrix
onto all available processes before starting the prefix computation. The granularity
of this distribution is given by the subblocks used in the accumulation step (compare
Fig. 3). Subblock l of a matrix Uk will be stored on process (l + k) mod p (p the
number of processes). After each accumulation process, the computed matrix U1:k
will be correctly distributed to all processes. After the entire prefix loop, the result
matrices U1:k will be assembled in a final global communication step, such that again
all matrices are stored on a separate processor.

1.3 Numerical Results

In this section, we want to present some performance results of the 3D block ap-
proach. As already mentioned in the hardware setup at the beginning of our report,
we evaluated these results both on the HLRB-II cluster and on an Infiniband cluster.

Figure 4 shows the speedups achieved when using 8, 16, 32, 64, 128 or 256 pro-
cessors for M = 2048 matrices of size 512× 512 and M = 256 matrices of size
1024× 1024 respectively and when using 32, 64, 128, 256 or 512 processors for
M = 512 matrices of size 2048× 2048 and accordingly M = 64 matrices of size
4096× 4096. We see that the speedups become increasingly better by augmenting
the matrix size: for matrices of size 1024× 1024, the achieved parallel efficiency
on the HLRB-II is only about 30% for 256 processors, whereas for matrices of size
4096× 4096, we get an efficiency of about 65% for 256 processors. This is both
due to communication overhead and due to decreased performance of the sequen-
tial matrix multiplication for very small matrix blocks. The illustrated results also
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Figure 4 The speedups achieved on the HLRB-II cluster compared to the speedups on the Infini-
band cluster. These speedups were measured for different configurations of the matrix size n and
number M of matrices being multiplied. Please note, that the Infiniband cluster only offers 128
cores.

show that due to the better communication interconnect, the HLRB-II enables larger
speedups than the Infiniband cluster.

For comparing the fine-grain to the coarse-grain approach in terms of runtime
performance, we measured the computation times of both methods on the HLRB-II
for the same problem settings and numbers of processes as in the previous speedup
measurements. Despite the less-than-optimal speedups, the 3D block multiplication
outperforms the parallel prefix scheme, which can be seen from Fig. 5. As expected,
the performance advantage of the 3D block method grows for larger matrix sizes:
for matrices of size 512× 512, we get about the same computation times for 256
parallel processes, whereas for matrices of size 2048× 2048, the 3D approach is
more than 2 times faster than the tree-wise method. Recall that for the coarse-grain
tree-like method, at most M

2 parallel processors may be used. This is why no further
speedups are to be expected in the problem configurations of Fig. 5 c) and d).
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Figure 5 Comparison of the tree-like and the 3D block approach due to computation time. These
results were achieved on the HLRB-II cluster.

2 Application: Optimal Quantum Control

In view of novel quantum- and nano-technology, quantum control plays a key role
for steering quantum hardware systems [4]. Moreover for exploiting the power of
such quantum devices, one has to manipulate them by classical controls with the
shapes of these controls critically determining the performance of the quantum sys-
tem. Providing computational infrastructure for devising optimal shapes by using
high-performance computer clusters is therefore tantamount to using the power
of present and future quantum resources. To this end, numerical schemes like the
GRAPE (GRadient Ascent Pulse Engineering) algorithm [8] have been introduced.
— However, the task of finding optimised quantum controls is computationally
highly demanding in the sense that the classical resources needed grow exponen-
tially with the size of the quantum system.

The examples presented here refer to a particularly interesting class of quantum
states known as cluster states. Their power lies in the fact that they are highly cor-
related (i.e. entangled). While preparing those states as initial states is challenging,
it makes the actual quantum information processing step very efficient [3, 10], be-
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cause the latter then reduces to local operations on each qubit. So minimising the
time cost for this preparatory step is relegated to our numerical algorithm GRAPE,
which is significantly improved by the fast matrix multiplication schemes presented.

2.1 Linear Algebra Tasks in the GRAPE Algorithm

The GRAPE algorithm provides a method for optimal quantum control based on
gradient flows. In order to get a first impression about the complexity of the GRAPE

0: define as quality function f
(
U(tM)

)
:= Re tr{U†

GU(tM)};
1: set initial control amplitudes u(0)

j (tk) for all times tk with k = 1, . . . ,M;
2: starting from U0 = I, calculate the forward-propagation for all t1, . . . , tM

for simplicity, take uniform ∆ t := tk+1− tk:

U(tk) = e−i∆ tHk e−i∆ tHk−1 · · ·e−i∆ tH1 ,

where Hk := H0 + ∑ j u j(tk)H j comprises a non-switchable drift term H0, the control ampli-
tudes u j(tk) and control Hamiltonians H j .

3: likewise, starting with T = tM and W (T ) = eiφ ·UG compute the back-propagation for all
tM , tM−1, . . . , tk+1 (which we naturally label as W †(tk), because ideally W †(tk)U(tk) = e−iφ I)

W †(tk) := W †(T ) e+i∆ tHM · · ·e+i∆ tHk+1 ;

4: calculate ∂ f (U(tk))
∂u j

= Re tr
{

W †(tk)(−i∆ t H j)U(tk)
}

5: with u(1)
j (tk) = u(0)

j (tk) + ε
∂ f
∂u j
|t=tk update all the piece-wise constant Hamiltonians Hk and

continue with step 2.

Algorithm 1: Gradient Flow Algorithm GRAPE for Optimal Quantum Control [8]

algorithm, we consider the pseudo code given in algorithm 1. It describes a step-
wise optimisation in conjugate gradients: In each iteration step, we compute the
Hamiltonian quantum evolution given by the matrix exponentials at every time step
k. Then forward (step 2) and backward propagation (step 3) are given by a sequence
of evolutions of the quantum system under M piecewise constant Hamiltonians Hk.
The gradient ∂ f (U(tk))

∂u j
of the performance function f (i.e. the projection of the time

evolution U(T ) onto the desired target W (T )) is given by the trace (calculated in
step 4) and needed for the update of the control amplitudes in step 5. The control
amplitudes may be initialised by a suitable guess for the initial values u(0)

j (tk) in
step 1 or by setting them to some constant.

From a computational point of view, the GRAPE algorithm makes heavy use of
the following linear algebra tasks:

1. the computation of the matrix exponentials Uk := e−i∆ tHk , where Hk denotes a
large and sparse Hermitian matrix,

2. the matrix multiplications in the prefix and postfix problems (steps 2 and 3).
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Figure 6 Runtime of one iteration of the GRAPE algorithm for different problem sizes. We com-
pare the runtimes for using the parallel prefix scheme (‘old’) vs. using the 3D parallel matrix
multiplication (‘new’) for systems with 9 and 10 spins, where the number M of matrices varies
between 128 and 1024. The number of parallel processes is chosen as p = M

2 .

The trace evaluations in step 4 are about in the same complexity class as the
matrix exponentials, but they offer no possibility for algorithmic improvement.

The computation of the matrix exponentials was already an issue in the re-
port [11] of 2008. By using a Chebyshev series approach instead of dealing with
the eigendecomposition of the Hamiltonians, we could save a factor of 30 % in
computation time without loss of accuracy. For details, see [1, 11].

Therefore, only the computation of the forward and backward propagation, which
is an instance of the prefix problem Eq. 1 or the suffix problem Eq. 2, respectively,
is left for computational improvement.

2.2 Numerical Results

For the computation of the forward and backward propagation, we may now use
and compare the methods considered in Sect. 1. A 1D algorithm (see Sect. 1.2) had
already been considered in the original work by Gradl et al. [5]. However, it was
found to be inferior to the coarse-grain parallel prefix scheme, both with respect
to runtime as well as due to increased memory and communication requirements.
Therefore, the additional computation costs of log(M) matrix multiplications in-
volved by the tree-like propagation were accepted in order to be able to deal with
systems of larger size (see [11]). With the 3D block approach presented in Sect. 1.2,
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we now have a second algorithm beside the tree-like propagation for the computa-
tion of the forward- and backward-propagation (steps 2 and 3 of algorithm 1).

Fig. 6 gives the runtimes for one complete iteration of the GRAPE algorithm on
the HLRB-II cluster using the tree-like (‘old’) or the 3D block (‘new’) approach.
For either setting, the total runtime is split up into three parts: computing the matrix
exponentials, forward- and backward-propagation, and computation of the gradients
(steps 4 and 5 of algorithm 1). The number p of processors was chosen as p = M

2 ,
which means best performance for the tree-like method (cp. Sect. 1.1).

Using the 3D matrix multiplication gives a substantially better performance even
for the 9-spin problem, where the matrix sizes are comparably small (512× 512).
For the 10-spin problem (matrix size 1024×1024), the 3D matrix multiplication is
already more than 2 times faster than the parallel prefix scheme. Note that compared
to the tree-like approach any other number of parallel processes would lead to even
better results for the block approach and that due to Sect. 1.3, the speedup behaviour
of the 3D method will become increasingly better when raising the number of spins
(i.e. the matrix size).

After demonstrating benchmark results, we finally present a practical applica-
tion. Table 1 summarises the computation times for the calculation of 100 iterations
for two real problem settings, namely an 8-spin and a-10 spin instance of finding op-
timal controls for a quantum dynamic state-to-state transfer preparing cluster states.

Table 1 Parallel runtimes for the computation of the first 100 GRAPE iterations on p processors
for different matrix sizes 2n× 2n and number M of matrices. Note that n directly corresponds to
the number of qubits (spins).

Problem Size Parallel Runtime [s]
matrix dimension 2n×2n # matrices M # processes tree 3D block

n = 8 64 32 324 362
n = 8 64 128 324 191
n = 8 128 64 388 391
n = 8 128 128 388 240
n = 8 256 128 836 427
n = 10 128 64 36842 21260
n = 10 128 128 36842 10609

3 Conclusions

Summing up, in order to fully exploit the power of the HLRB-II cluster, we devised
a 3D approach for the parallel prefix multiplication of matrices. It efficiently par-
allelises the three loops occurring in matrix multiplication while keeping memory
demands as well as communication costs low. Compared to the tree-like ‘divide and
conquer’ matrix multiplication scheme (reported previously [11]), the 3D approach
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presented here saves the additional logarithmic factor in the total computational
work, provides more opportunities for parallelisation and promises good parallel
speedups for large problem sizes. With matrix multiplication being in the core of
many algorithms, we anticipate that the general scheme shown here awaits broad
application for improving parallel prefix algorithms on high-speed clusters.

As an instance, we demonstrated the gain in CPU time in an algorithm optimising
the preparation of quantum states in an important class of problems.
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