
Technische Universität München

Steady-state Flow Simulations using Exact 
Jacobians on Cartesian Grids

Hans-Joachim Bungartz, Miriam Mehl, Tobias Neckel
Scientific Computing in Computer Science, 

Fakultät für Informatik
TU München

Germany

Africomp09, Sun City, January 07, 2009



Technische Universität München

Tobias Neckel Scientific Computing in Computer Science
Africomp09, Sun City, January 07, 2009

Outline

• Introduction

• Different Approaches for Jacobians
– Finite Differences

– Automatic Differentiation

– Analytic Differentiation

• Numerical Results

• Outlook



Technische Universität München

Tobias Neckel Scientific Computing in Computer Science
Africomp09, Sun City, January 07, 2009

Introduction

• Incompressible Navier-Stokes equations (NSE)

• Discretisation in Peano framework

– Low-order FEM (Q1P0) 

– Steady-state: preparation for implicit time integration

– Discrete NSE:
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Introduction

• Nonlinear system of equations

• Newton’s method (PETSc)

• Initial value

– Crucial for convergence

– Pseudo-timestepping (semi-implicit, PPE)



Technische Universität München

Tobias Neckel Scientific Computing in Computer Science
Africomp09, Sun City, January 07, 2009

Introduction

• Nonlinear system of equations

• Newton’s method (PETSc)

• Initial value

– Crucial for convergence

– Pseudo-timestepping (semi-implicit, PPE)



Technische Universität München

Tobias Neckel Scientific Computing in Computer Science
Africomp09, Sun City, January 07, 2009

Jacobian - Finite Differences

• FD untuned

– Use default B evaluation

– Very (!) slow

• FD (tuned)

– Manual implementation (no default B evaluation)

– Avoid unnecessary operator evaluations (due to stencil)
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Jacobian - Automatic Differentiation

• Apply chaine rule for derivatives computationally

– Example: Forward accumulation

– Backward accumulation

– Mixed

• Realisation in AD tools

– Source code transformation (function.cpp diff_function.cpp)

– Operator overloading (special data type)

Source: www.wikipedia.org
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Jacobian - Automatic Differentiation

www.autodiff.org
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Jacobian – Analytic Differentiation

• Block 1: linear

• Block 2: linear

• Block 3: non-linear
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Numerical Results

• Benchmark scenario:   Laminar flow around a cylinder 1)

– Lift and drag forces for comparison

– Regular Cartesian grids

– Re = 20

• PETSc solver
– Explicit assemblation of 

– GMRES + ILU

– rtol = atol = 1e-7

1) S. Turek and M. Schaefer, “Benchmark Computations of Laminar Flow around a Cylinder”
Vieweg, Notes on Numerical Fluid Mechanics 52, 1996 
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Numerical Results - I

220x41

N=26,406
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Numerical Results - I

220x41

N=26,406

Untuned FD: 

Time J = 1198
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Numerical Results - I

ADOL-C 
datatype

(operator 
overloading)

220x41

N=26,406
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Numerical Results - I

220x41

N=26,406
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Numerical Results - II

440x82

N=106,622

ADOL-C 
datatype

(operator 
overloading)
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Numerical Results - III

660x123

N=240,670
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Numerical Results - III

660x123

N=240,670

time J 220 4 440 2.25 660

FD 0.8 4.2 3.4 2.2 7.45

6.6 7 6.4

ANALYTICAL 0.12 4 0.49 2.4 1.17

8 7.5 7.5

ADOL-C 0.98 3.8 3.72 2.3 8.74

~ 7

~ 8
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Conclusion

Criterion FD ADOLC ANALYTICAL

Easy to implement 0 0 0

No code duplication - + -

No manual choice of   . - + +

Less non-lin. its 0 +? +?

Less linear its 0 +? +?

Runtime Jacobian - - +

Runtime B 

(+ pseudo-timestepping)

+ - - +
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Outlook

• ADOL-C tapeless 
– Faster

– N fixed at compile time

• Matrix-free
– All 3 approaches for Jacobian usable

– Element-wise matrix-vector multiplication

– No preconditioning use built-in geometric multigrid when available

• 3D
– Implementation completed (all 3 approaches)

– Convergence problems (ILU)

• Implicit time integration 
– Euler

– Trapezoidal rule

• Adaptive grids 
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Thanks for your attention!
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Backup - Peano

Regular (lexicographic) Adaptive (spacetree)

• Framework for different applications (Poisson, NSE, etc.): “plug-in concept”

• Cartesian grids + cell-wise operator evaluation
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Backup – Adaptive Grid

42501 cells
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Backup II – Cylinder Benchmark 3D

416642 cells
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Backup III – 3D adaptive Drift-Ratchet
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Backup IV – Peano Architecture
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