SMOOTHING AND REGULARIZATION WITH MODIFIED SPARSE
APPROXIMATE INVERSES
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Abstract. Sparse Approximate Inverses M which satisfy minps [|[AM — I||p have shown to
be an attractive alternative to classical smoothers like Jacobi or Gauss-Seidel [24]. The static and
dynamic computation of a SAI [3] and SPAI [11], respectively, comes along with advantages like
inherent parallelism and robustness with equal smoothing properties [5].

Here, we are interested in developing preconditioners that can incorporate probing conditions for
improving the approximation relative to high or low frequency subspaces. We present analytically
derived optimal smoothers for the discretization of the constant coefficient Laplace operator. On this
basis we introduce individual as well as global probing conditions in the generalized Modified SPAI
(MSPAI) approach [18, 19] which yields efficient smoothers, e.g. for Multigrid.

In the second part we transfer our approach to the domain of ill-posed problems to recover original
information from blurred signals. Using the probing facility of MSPAI we impose the preconditioner
to act as approximately zero on the noise subspace. In combination with an iterative regularization
method it thus becomes possible to reconstruct the original information more accurately in many
cases. Moreover, we are able to deal with discontinuities within signals using local corrections
in the preconditioner. A variety of numerical results demonstrates the usefulness of using sparse
approximate inverses as smoothers and regularizing preconditioners.
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larization
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For applying an iterative solution method to an ill-conditioned system of linear
equations Ax = b with sparse matrix A € R™*™, x,b € R", it is often crucial to include
an efficient preconditioner. Here, the original problem Ax = b is replaced by the
preconditioned system M Ax = Mb or Az = A(My) = b. Often used preconditioners
as Jacobi, Gauss-Seidel, or Incomplete LU (ILU) decomposition are of unsatisfactory
quality or strongly sequential. In a parallel environment both the computation of
the preconditioner M as well as the application of the preconditioner on any given
vector v should be efficient. Furthermore, an iterative solver applied on AMy = b or
M Az = Mb should converge much faster than for Az = b (e.g. it holds cond(M A) <
cond(A)).

The first two conditions can be easily satisfied by using a sparse matrix M as
approximation to A~!. Note that the inverse of a sparse system A is nearly dense,
but in many cases the entries of A~! are rapidly decaying, so most of the entries are
very small (see Demko [8] et al.).

Sparse approximate inverses can be computed by minimizing AM —1I in the Frobe-
nius norm, where I denotes the identity matrix. In this Frobenius norm minimization
we can include further approximation conditions, described by the Modified SPAI
(MSPATI) [18, 19] method. This additional feature allows us to control the approxi-
mation property of the preconditioner. So by means of probing vectors we can choose
subspaces for which the preconditioner satisfies certain conditions. This is especially
important for iterative solution methods that differ between high frequency and low
frequency components, e.g. smoothing in Multigrid or regularization techniques based
on iterative solvers.
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The outline of the paper is the following: In Section 1 we will give a survey of
SPATI and MSPAI and a short description of Multigrid methods and iterative solvers
for regularization problems. In Section 2 we show that for Multigrid methods the
smoothing property can be greatly improved by using MSPAI in comparison to SAI
or SPAI smoothers. With a different subspace approach we focus on the reconstruction
of signals associated to ill-posed problems in Section 3. We present numerical results
throughout the paper to demonstrate the impact of our approach at the corresponding
parts. A conclusion with a short outlook closes the discussion.

1. Introduction. Benson and Frederickson [3] were the first to propose the
computation of an explicit approximation M =~ A~! to the inverse of a system matrix
A € R™ "™ For an a priori prescribed sparsity pattern P this can be done in a static
way by solving

min ||AM — I||% = min Amy, — ep||? 1.1
i AN =30 min A el (1)

with my the k-th column of the preconditioner M and e; the k-th column of the
identity matrix I. P(A) denotes the pattern P of A and Py the pattern of the k-th
column of P. This well-known approach of providing a SAI preconditioner, naturally
leads to inherent parallelism which is one of its main advantages. Each of the n small
Least Squares problems regarding one column can be computed independently of one
another.

Using both the index set Ji, which is implicitly given by P, and contains the
indices j such that mg(j) # 0, and its corresponding so-called shadow Zj, that is
the indices of nonzero rows in A(:, J), each subproblem in (1.1) is related to a small
matrix Ak := A(Zy, Ji) if Py, is sparse. We refer to the reduced sparse column vectors
as My = mg(Jr) and é; := ex(Zy), respectively. The solution of every reduced
problem miny,, || A7y, — éx|l2 can be obtained e.g. by using QR decomposition using
Householder or the modified Gram-Schmidt algorithm.

1.1. The SPAI Algorithm. The SPAI algorithm is an additional feature in
this Frobenius norm minimization that introduces different strategies for choosing
new profitable indices in myj to improve on an already computed approximation.
We assume that by solving (1.1) for a given index set Ji, we already have deter-
mined an optimal solution my(J;) inducing the sparse vector my with residual ryg.
Dynamically we want to augment new entries in my and solve (1.1) for this en-
larged iI}deX~set jk ~such thaic we derive a reduction in the norm of the new residual
e = A(Zk, Ti)mi(Tk) — ex(Zi)-

Following Cosgrove, Diaz, Griewank [7], and Grote, Huckle [11], in SPAT we test
one possible new index j € Jpew out of a given set of possible new indices [Jpeq to
improve my. Therefore, we can consider the reduced 1D minimization problem

H}l\i}n |A(me + Njej) — exll, = rr)l\i‘n A A; + 7l - (1.2)

The solution of (1.2) is given by
L Ae;
11 4¢3
and leads to an improved squared residual norm
2 (riAe;)’
[l7ll” = TAe, 2

A =

P =
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For improving my, we only have to consider indices j in rows of A that are related
to nonzero entries in the old residual rx; otherwise they do not lead to a reduction of
the residual norm. Thus, we have to determine those column indices j, which satisfy
r{ Ae; # 0. Let us denote the index set of nonzero entries in r, by £. By J; we
denote the set of new indices that are related to the nonzero elements in the i-th row
of A, and by Jpnew := Uic +J; the set of all possible new indices that will lead to a
reduction of the residual norm. The one or more newly added indices 7. are chosen
to be a subset of J,cw, that corresponds to the maximal reduction in r. For the
enlarged index set J U J. we have to update the QR decomposition of the related
Least Squares submatrix and solve for the new column my.

It is possible to influence the sparsity and approximation quality during the com-
putation of the SPAI indirectly by different parameters, e.g. how many entries are to
be added in one step, how many pattern updates are to be done, which residual norm
should be reached or which initial pattern P is to be used. Note that SPAI can also
be applied on dense systems to compute a sparse preconditioner.

1.2. Modified SPAI. Holland, Shaw, and Wathen [16] have generalized the
SPAI ansatz allowing a sparse target matrix B on the right hand side in the form
minpa)—p |[AM — B||p. This approach is useful in connection with some kind of
two-level preconditioning: First compute a standard sparse preconditioner B for A
and then improve this preconditioner by an additional Frobenius norm minimization
with target B. From an algorithmic point of view, the minimization with sparse target
matrix B, instead of I, introduces no additional difficulties. Simply P (M) should be
chosen more carefully with respect to A and B.

In [18], we combine this approach with classical probing techniques [1, 2, 6],
which are, for example, applied to preconditioning Schur complements. In contrast

to classical probing, our basic formulation
Co By
M —
<P6T> (pr)

with sparse matrices Cy and By, is not restricted to special probing subspaces as it
allows any choice of e and f. The resulting preconditioner M satisfies both Cy M =~ By
and eT M ~ fT. We refer to the first n rows of (1.3), i.e. CoM — By, as full approz-
imation part and to the additional rows as probing part. The weight p > 0 enables
us to control how much emphasis is put on the probing constraints, and the matrices
e, f € R™** represent the k-dimensional subspace on which the preconditioner should
be optimal. Choosing p =0, Cp = A, and By = I in (1.3), leads to the classical SPAI
formulation. Setting Cy = I and By = A, we end up with a formulation computing
explicit sparse approximations to A. In this case the derived approximation on A can
have a considerably fewer number of nonzeros (nnz) than A but choosing f7 = €T A,
the preconditioner M will have a similar action on e’ as A.

Furthermore, it is also possible to include individual probing conditions for each
column my. As a new approach we use probing masks defined by sparse row vectors
sk, k € {1,...,n}, containing the same pattern as my, i.e. P(sg) = P(my), and
add the condition ming,, |§xmi — fx| to the Frobenius norm minimization of the k-
th column. Corresponding to 1y, S denotes the reduced form of s;. The masks
for each column of M can be stored in a sparse rectangular matrix S, whereby the
individual probing conditions result from diag(SM) = f. Compared to MSPAI using
global probing vectors e, f, this approach gives considerably more freedom for choosing
probing conditions individually for each column of the preconditioner. Note that

min _||[CM — Bljp = mi

n , (1.3)
P(M)=P P(M)=P

F
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e.g. for a tridiagonal pattern the mask §; = (1,0, —1) can be used to enforce a quasi
symmetry in the column vector my, such that mg_1 r = Mpy1 k.

The field of applications using MSPAT is versatile: we can improve precondition-
ers resulting from ILU, IC, FSAI, FSPAI or AINV (see [4] for an overview) by adding
probing information. We also overcome the main drawbacks of MILU and classical
probing such as the restriction to certain vectors like (1,1,...,1)T as probing sub-
space and the rather difficult efficient implementation on parallel computers. The
numerical examples in [18, 19] demonstrate MSPAT’s effectiveness for preconditioning
various PDE matrices and preconditioning Schur complements arising from domain
decompositions.

1.3. Multigrid. The crucial observation leading to Multigrid (MG) methods is
the following: Applying a stationary iterative solver like Gauss-Seidel iteration gives
a satisfactory reduction of the error on the subspace related to high frequency com-
ponents. Therefore, Gauss-Seidel iteration is considered as a smoother in a first step
of the MG algorithm. The error mainly contains smooth components and can be
projected to a smaller linear system. This reduced system can be tackled recursively
by the same approach based on smoothing steps and projection on an again reduced
system. On the coarsest level the small linear system can be solved explicitly. Af-
terwards, the coarse solutions have to be prolongated step by step back to the finer
levels including postsmoothing steps.

Here, we are mainly interested in the smoother. To derive a convergent method
the smoother has to reduce the error in the high frequency subspace. For a given
matrix A and an approximate inverse smoother M the iteration k is described by
x*+D = 2(F) 4 M(b— Az*)) and thus the error is given by I — M A. As the eigenval-
ues and eigenvectors are analytically well-known for a discretization of the constant
coeflicient Laplace operator, it is possible to fully discuss the convergence behavior of
MG in this special case. For analyzing the smoothing property the eigenvalues are sep-
arated into high and low frequency eigenvectors. The projection P = UT (I — M A)U
on the high frequency subspace U gives the smoothing factor defined as the spectral
radius of P. In the constant coefficient case the smoothing factor can also be described
as 1 — ma, where a and m are generating functions representing A and M [10, 17].
Note, that the technique of generating functions is similar to Local Fourier Analysis
(LFA) used in standard Multigrid literature [26]. In 2D the functions are defined in
x,y € [0, 7], where the high frequency domain is given by the difference G between
the two squares [0, 7]? and [0, 7]? with corners at

0,7/2), (x/2,7/2), (w/2,0), (7,0), (m,m), and (0,7).
Thus, the smoothing factor is given by

= 1_ *
= s {|1 = m(z, y)az.y)}

In this paper we want to use MSPAI as a smoother. SAI was already considered by
Tang and Wan in [24] and SPAI by Grote and Broker in [5].

1.4. Iterative regularization. For ill-posed problems, as they arise in image
restoration, regularization techniques are important in order to recover the original
information. Let us consider the model problem

e 2 Hr S He v =0 (1.4)
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where x is the original image, H is the blur operator, n is a vector representing the
noise, and b is the observed image. We want to recover = as good as possible and as
fast as possible. Because H may be extremely ill-conditioned or even singular, and,
because of the presence of noise, (1.4) cannot be solved directly. Consequently, to
solve Hx = b on the signal subspace a regularization technique has to be applied.
One of the classical methods is the Tikhonov regularization [25] which solves

min { | Ha = b3 + 5 |bl13 } < (HTH + D) = HTb

instead of (1.4) for a fixed regularization parameter v > 0.

Another regularization method is based on an iterative solver such as the Conju-
gate Gradient (CG) method [1, 9] for spd matrices or CG on the normal equations in
the general unsymmetric case. The usual observation, which coincides with the CG
convergence analysis is that in the first iterations the error is reduced relative to large
eigenvalues. In later steps, the eigenspectrum related to noise and small eigenvalues
dominates the evolution of the approximate solution. Therefore, the restoration has
to stop after a few iterations before the method starts to reduce the error relative to
the noise space.

Preconditioning usually should accelerate the convergence without destroying the
quality of the reconstruction [12, 13, 23]. Structured preconditioners like Toeplitz or
circulant matrices are considered typically whenever spatially invariant blur operators
are treated. For general H, a preconditioner like ILU will lead to faster convergence
but the quality of the reconstruction will deteriorate because the preconditioner also
improves the solution relative to the unwanted noise subspace. Therefore, it is even
more demanding to develop preconditioners for general H, e.g. for spatially variant
blur.

The application of the preconditioner can have three positive effects:

» Reduce the necessary number of iterations.
» Result in a better reconstruction of the original vector.
» Result in a flat convergence curve such that it is easier to find the best re-
construction.
In general, we have to expect that not all three conditions can be reached simulta-
neously. Therefore, we have to present different preconditioners depending on the
application.

Using preconditioners within iterative methods to restore original data has been
successfully proposed by Nagy, e.g. in [20, 21], mostly in connection with nearly
structured problems. Furthermore, for the analysis and solution of discrete ill-posed
systems there are several MATLAB packages such as Regularization Tools developed
by Hansen [15] and Restore Tools developed by Nagy [22].

2. MSPAI Smoothing.

2.1. A 1D model problem. To derive approximate inverse smoothers we con-
sider the standard 1D discretized Laplace operator with constant coefficients which is
of the form A,x = b, with A; := tridiag(—%, 1, —%) The matrix A; is related to the
generating function or symbol

————— =1 —cos(z). (2.1)

The high frequency part of A; is represented by (2.1) for « € [§, 7] =: I;. Hence the
optimal smoothing parameter w in the Jacobi smoother 1 —way (z) is found by solving
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the problem

ol

min max |1 — waq ()| = min max |s(x)] =

1
. (2.2)
w xz€ly w zxel 3

The solution can be found by replacing (2.2) with the maximum over the two boundary
values min,, max {|s(%)], |s()|}.

2.1.1. Analytical derivation of the optimal smoother. As approximate
inverse smoother we choose a trigonometric polynomial of the same degree

my(x) = a+ 2bcos(z) (2.3)

and a tridiagonal Toeplitz matrix M = tridiag(b, a, b), respectively. The smoothing
condition for (2.3) can be written as

minmax |1 —mj (2)as ()] = min max|s(z)|

or using the boundary values of I; as
minmacc {|1 — 1 (m/2)as (x/2)], 11— ma (m)as (m)], 11— ma (w)aa ()]}
:miglmax {la—1],12(a = 2b) — 1|, |1 — m1(u)ai (u)|} (2.4)

in which u € I is the local extreme point of the function 1 — mj(x)ai(xz) with

derivative equal to zero. We thus obtain for u = % — 4 the quadratic condition

(a + 2b)?

s(u) = % 1 (2.5)

and the overall solution (a,b) = (12, +) which leads to

4 16 4
M. = tridi -, =, = . 2.
3opt = tridiag (17, e 17) (2.6)
The related smoothing factor for this optimal preconditioner m(z) is % = 0.0588,
which is significantly smaller than the optimal smoothing factor of % = 0.333 related

to w = % for the Jacobi smoother.

2.1.2. Individual probing masks. The minimization conditions (2.4) on a and
b can be also seen as conditions for the entries of the matrix directly. A column k
of M is described by the three values (mg_1_ g, Mk g, Mik+1x)° =: 7 where the main
diagonal entry is related to a and the upper and lower entries to b. Therefore, we
can translate the two linear minimization conditions of (2.4) into individual probing
masks §; on entries of M directly:

83L1 . min|(0, l,O)ﬁ”Lk - 1‘ and 53L2 : min (—1, 1, —1)7?% - 1 .
I g 2
Notice that we refer to individual probing conditions as local probing conditions.
There are several possibilities to eliminate and replace the quadratic condition (2.5)
by linear conditions that can be related to masks itself. In one possible method we
assume that the linear conditions of (2.4) are satisfied exactly. Inserting a = 1 into the
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second condition yields b = %. We replace the denominator of the quadratic condition
with this value and get the new linear condition

2b)2
n (a;l)1‘Inibn|(a+2b)22|%mibn’a+2b\@’
a, 7 a, a,

which is related to the probing condition with isotropic probing mask
S353 ¢ min )(1, 1, 1)y, — \/5’ .
mg

We call a mask 8 to be isotropic if the minimization ming, |8x7i, — fx| can be
described by one probing vector e € R" with e(Jy) = s, a € R, and k € {1,...,n},
in the form minpyp—p HeTM — fTHz' Here for instance 8 = (—1,1,—1) of S812 is
related to e = (1, —1,1,—1,...)7 and 8, = (1,1,1) of S373 to e = (1,1,...,1)7.

In our following numerical experiments we are interested in a comparison between
MSPAI with probing conditions, the optimal smoother M3, (2.6), and the tridiag-
onal preconditioner given by SPAI. The SPAI matrix is derived by the minimization
over the Frobenius norm in which the reduced Least Squares problem for a typical
column of M is given by

05 0 0 0

1 —-05 0 0
min|[[ -05 1 05|, — |1 (2.7)
T 0 —05 1 0

0 0 —05 0

2

The inner columns of the solution of (2.7) have Toeplitz structure described by the
matrix tridiag (2, £, 2) related to the generating function m(z) = ¢ + 2 cos(z). Pre-
conditioning with the SPAI matrix results in the smoothing factor 0.250. Indeed, this
is a degradation compared to the smoothing factor 0.0588 for the optimal derived
smoother M3,y but still an improvement compared to Jacobi. Note that MSPAI
minimizes the 2-norm of a combination of conditions while M&,,; is derived by min-
imizing the 1-norm. Therefore, to derive efficient smoothing factors by MSPAI, it is
important to find a good combination and weighting of probing conditions.

Let us consider a numerical experiment for the matrix A; of order n = 103. Using
an approximate inverse preconditioner satisfying the individual probing conditions, we
achieve highly reduced smoothing factors in comparison to SPAI and Jacobi. Table
2.1 shows that depending on the probing mask and weight p reductions down to
1t = 0.075 are possible for S35 weighted with p = 102. Moreover, the choice of the
subspace weight is stable, i.e. increasing values lead to a saturation of the achievable
smoothing factors.

TABLE 2.1
Smoothing factors by using M3opt (2.6), SPAI, and MSPAI with local probing conditions for
the constant coefficient system A1 of order n = 103.

weight local probing conditions
MSop: | SPAI p pS8L1 A 0.75815 | pS31s
1.0 0.134 0.083
2.0 0.107 0.077

0.0588 | 0.250 ot
102 0.095 0.075
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2.1.3. Global probing vectors. Considering the conditions S%;2 and S3p3
with isotropic masks it is possible to derive conditions with low and high frequency
global probing vectors es := (1,1,...,1)T and en; := (1,-1,1,—1,...)T for the
generalized Frobenius norm minimization (1.3) of MSPAI:

min

1
T T : T T
ec M € and min He M \/56 H
paDep || s N1 N1,

2 9 P(M)=P

respectively. In the following, we use a different approach and derive global probing
conditions with respect to the optimal derived preconditioner M8,y (2.6). This can
also be applied to general probing vectors like en := (1,0,—1,0,1,...)7 and en3 :=
(0,1,0,—1,0,1,...)T representing additional high frequency subspaces. For a given
probing vector e we observe that el M3,,; = ael with a € R. As we want to find
the smoother M, based on MSPAI with the same action on e”, we define probing
conditions e” M =~ ae” and obtain

. 24 ) 8
S8¢1 ¢ P(l;\n/{l)rip el M — ﬁeg J S8aGa - P(Hl\/lll)rip ek M — 1—76%1 )’
S3cs:  min ||k M 16eT and S9q4: min ||eL M 166T
G pm=p || V2 17 N2, G4 pm=p || N3 17 N3,

Figure 2.1 (a) shows the impact of using these global probing conditions for matrix
A;. Inducing MSPAI to satisfy S3g1 leads to a strong reduction of the smoothing
factor in comparison to SPAI, close to the optimal value of M3,,,. A combination
of global conditions can lead to an efficient smoother as well. Again the smoothing
factor stays stable for increasing values of p.

Jacobi Jacobi

0.30 A 0.30 A
SPAI . SPAI

+—+ pS3a3 - B
e 0.20 4 2 p83 s A pS3 g A PSS G
=0 pS3Ga u

o—e pS3cs A pS3as N pS3ar

4
—o pS3c1 0-15 S
—e pS3c2 A pS3as A pS3ca 0.10 AS

M3 o 0.05 1 M3 o

0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Iz Iz

(a) MSPAI with global probing conditions for Aj. (b) MSPAI using global probing vectors with ac-
tion on Bj.

Fia. 2.1. Smoothing factor p against subspace weight p. (a) considers MSPAI using global
probing conditions for the constant coefficient system Ay of size n = 103. (b) shows MSPAI using
global probing vectors with action on By with varying coefficients of size n = 103. MSPAI is
compared to Jacobi, SPAI, and M3opt (2.6).

In a similar way it is possible to derive global probing conditions with action on
A, i.e. minp(pp)—plle” AM — ae”||5. For probing vectors, e.g. en1, en2, and eys, the
approximation e” A = const - e’ holds and therefore €T AM ~ const-e™ M up to some
boundary perturbations. Note that for an approximate inverse preconditioner which
should nearly be exact on e the condition e” AM ~ e should be satisfied.
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As a generalization we are interested in the impact of using global probing con-
ditions when considering the 1D tridiagonal matrix By with varying coefficients and
k-th row defined by

(Bl)k,i = (07 B '707 _bkfl,bkfl +bk7_bk707 s 70) with b:= <_ - ) .
7=0 n

We denote the exact conditions minp(yry—p|le” ByM — 12eT||3 for the probing vectors

eN1, en2, and eys as S3gs, S3ae, and S3ag7. The approximate conditions for o = 1
are indicated by 83 a5, 5354, and S3 &,

Figure 2.1 (b) shows that both the exact and approximate probing on the high
frequency part of the system lead to significant improvement compared to SPAI and
Jacobi, similar to the 1D problem A;.

2.2. A 2D Model Problem. We consider the block tridiagonal matrix

AR+ IeA

AQZ B

1 1 1 1
— blocktridi —2,0|->,1,—-]0,—-
blocktridiag (0, 4,0’ R 4‘0, 4,0>7

with A, € R™ %"’ related to the generating function

cos(z) + cos(y)
—

As before the smoothing corresponds to the rectangle Iy := {(z,y)|r € [§,7] Ay €
[0,7]}. Hence, the solution of min,, max, yer, |1 — waz(z,y)| yields the optimal Jacobi

smoother with smoothing factor g = 0.6 for w = %.

ag(m,y) =1-

2.2.1. Analytical derivation of the optimal smoother. As approximate
inverse smoother we use the trigonometric polynomial ma(z,y) = a + 2b( cos(z) +
cos(y)). Via the minimization 1—mo(z, y)as(x, y) over I, the solution for the optimal
smoothing preconditioner is given by

o 8 8 48 8 8
M50pt = blOthrldlag (O7 57 0 ‘41, H, 41’ O, H, 0> (28)

with smoothing factor % = 0.2195.

2.2.2. Individual probing masks. Analogously to the 1D case the minimiza-
tion can be derived by considering

rgin 1 — (a+ 2bh(z,y)) (1 - h(g,y))‘ with cos(x) + cos(y) =: h(z,y) € [-2,1].

The corners of Iy result in the minimization conditions

2

Sy . 1“. (2.9)

a
3 T 16b

2

)

min{|2a—8b— 1],

a’)

To get rid of the quadratic condition we make use of the fact that the linear conditions
in (2.9) have the same absolute value for the optimal a and b. We obtain a = 6b and

2
the quadratic term can be replaced either by % = 6a or @ = 360. Consequently,

we end up with two additional linear conditions

a 13b
-+ — 1. 2.1
s+ 210)

)

min{‘erbl
a,b 8
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Once again we can see the minimizations (2.9) and (2.10) on a and b as conditions
for the entries of the smoother directly. A column k of M is now described by the five
degrees of freedom (0, Mg —p k, O|mk—1.k, Mk k, Me11.k|0, Mpyn g, 0)T =: 17y, Thus, we
gain the following local probing conditions for the 5-point stencil As:

S5.1: min|(0,—2,0(-2,2,—2/0,—2,0) ry, — 1],
mp

1 111 1
. i =,0]=,=,=lo0,= —1
S51. 1}7111]? <0,4,0’472 4‘040) M
1 171 1
. mi ~0|>, 5,20, = —1
S513 Iz?lllkn <0’4’0’4’8 4’O4O)mk and
13 13 1
. mi —=0l=, o, = g, — 11
S94: min (0’ 16’0’16 2’ 6‘ )m’“ ‘

It is possible to combine the conditions S5 and S514 to obtain an isotropic mask
to which the low frequency probing vector eg corresponds to. To derive this, we add
the diagonal and subdiagonal values of the weighted conditions r - 8512 and s+ S514
and set them to be equal The isotropy condition 1eads to the equation TJQFS =7+ 11—365
with the solution r = Z We obtain a = b = TJQFS = 8 Sand r+s = ‘15 +s= 95 for the
right hand side. This leads to the additional individual isotropic probing condltlon

S515: min|(0,1,0(1,1,1]0,1,0) i, — 2] .
m

Let us consider Ay of size n = 1024. Following Figure 2.2 (a) we can see that
MSPATI satisfying individual probing conditions reduces the smoothing factor in com-
parison to SPAI with factor 0.339. Utilizing more degrees of freedom with a com-
bination of probing masks the smoothing factor can be reduced further towards the
optimal value of M5,,;.

0.60 0.60
Jacobi Jacobi
0.55 0.55
0.50 =0 p551s 0.50 A
+—+ pS514 o—0 pS5aa A pS5as A pS5aa
0.45 o= PS5 0.45 o rS5a
o—e pS5.1 N0.3555
0.40 A 0.40 A
Iz p
0.35 7 SPAI 0.35 { SPAI
\
0.30 i, </ ——— 0.30 4
\ ) f—— e e e e ()
A— — _—
0.25 4 I 0.25 e
 — M5 5 opt
0.20 — 0.20 —
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7T 8 9 10
P P

(a) MSPAI using individual probing conditions. (b) MSPATI using global probing conditions.

F1G. 2.2. Smoothing factor p against subspace weight p. MSPAI using individual (a) and global
(b) probing conditions compared to Jacobi, SPAI, and M5opt (2.8) for the 2D constant coefficient
model problem Az of size n = 1024.

2.2.3. Global probing vectors. Similar to the 1D model problem we observe
that (e ® f)T M5, = ale ® f)T for certain e, f, and a. Therefore, we define global
probing conditions by using (e ® f)TM = a(e ® f)T. Regarding the 2D case, we use
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global vectors resulting from the Kronecker products ég := eg®eg, En1 := en1 R en1,
en2 = en2 R eno, and €3 = en3 ® en3. We obtain

80 16
S5c1: min  |[etM — —ek| S5a9: min |leh M — —ek ,
U pan=p| S 419, @2 P(M):"PH N 41 N,
48 48
S5as i eloM — —ei,ll ., and S5qy: i elaM — —é¥
o i RV = gy and SPe: i leRaM - el

Like MSPAI with individual probing masks an approximation on the subspace
spanned by the global probing vectors reduces the smoothing factor compared to
SPAI and Jacobi (see Figure 2.2 (b)). The global condition S5¢; leads to a stable
smoothing factor of 0.252. Similar to the 1D model problem it is also possible to
derive global probing conditions with action on As, not considered here.

2.2.4. 9-point stencil of the 2D Model problem. As a second 2D example
we consider the 9-point stencil of Ay, which is the block tridiagonal matrix

1 1 1] 1 1 1 1 1
Ag = blocktridiag { -~ — <, — < |—-=,1,—<| — =, — =, —=
8§ 8 8| 8 8 8 8 8

related to the generating function
as(z,y) =1-— h(mT,y) with h(z,y) := cos(x) + cos(y) + cos(z — y) + cos(x + y).
We use the pattern of ag(a:, y) for our approximate inverse smoother
ms(z,y) = a + 2b(cos(z) + cos(y) + cos(z — y) + cos(z + y)).

With h(z,y) € [-1, 2] this yields the minimization problem

1— (a+ 2bh(z,y)) (1 — h(”;y)> ’ . (2.11)

min
a’?

The optimal solution is given by (a,b) = (@ i) which leads to

1537 153
1 1 1 16 1 1 1 1 1
M9, = blocktridiag —6, —6, 16 —6, ﬂ, 16 —6, —6, 16 (2.12)
153 153 153|153 153 153 | 153 153" 153
with smoothing factor %7 = 0.0588.
We consider the boundary values h(z,y) = —1 and h(z,y) = 2 to get linear

conditions. A third, quadratic condition can be deduced by setting the derivative of
(2.11) to zero and inserting its solution h'(z,y) = 2 — & into (2.11). We obtain the
following minimization conditions at high frequency values:

o5

3(a+2b)

-1
4

min
a,b

) i

a a2
T
2 T 3 ’}

The direct translation into linear probing masks and their combination reveals the
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individual probing conditions

sou0: min (-3, -8|-8.3.29) 8.3 9y )
g 4’ 4 4] 4°2° 4 4> 47 4

$9;: min (3,3,3 333 3’373>mk_1 ,
my (\16° 16716 |16" 4" 16| 16" 16" 16

o | (1AL L 1LY, )
me (\4'4°4(4716° 4|47 4" 4

S9r4 : min (41,41,41 £,174—1 41,41,41> g — 1|, and
m, |\064 64764 (64" 2" 64| 64 64’ 64

S9rs5 : Igli,fl (1,1,1|1,1,1|1,1,1)mk—% .

In Table 2.2 we can see that in comparison to SPAT all individual probing conditions
lead to a reduced smoothing factor and are stable for increasing values of p. It is
almost feasible to reach the optimal value 0.0588. Again it is possible to derive global
probing conditions, e.g. with action on Az, by using Kronecker products of the 1D
probing vectors. By observing (e ® f)TAMY9,p = a(e ® f)T similar to Section 2.2.3
we can define conditions with (e ® f)TAM = a(e ® f)T for some e, f, and a.

TABLE 2.2
Smoothing factors by using M9opt (2.12), SPAI, and MSPAI with local probing conditions for
the 2D 9-point stencil As of order n = 1024.

weight local probing conditions
P pS9ra | pS9r2 | pS9rs | pS9rLa | pSILs
0.2 0.147 | 0.161 | 0.150 | 0.116 | 0.095
1.0 0.129 | 0.136 | 0.077 | 0.066 0.069
0.0588 | 0.1657 2.0 0.130 | 0.129 | 0.063 | 0.063
10t 0.126 | 0.126 | 0.070
102 0.130 | 0.127 | 0.071 0062 | 0.068

M9,y | SPAI

3. MSPAI in Regularization. An optimal preconditioner for iterative regu-
larization methods should treat the large eigenvalues and have no effect on the smaller
eigenvalues not amplifying the noise. Since SPAI is an efficient smoother and satis-
fies the first condition we propose MSPAI probing as regularizing preconditioner for
general H to suppress a reconstruction on the noise space: Following [13], such a
preconditioner M should have the following properties:

» M ~ |H|~! on the signal subspace with |H| = VHT H, and
» M =~ I or M =~ 0 on the noise subspace.

For circulant matrices, the eigendecomposition is known and, therefore, these con-
ditions can be satisfied by manipulating the eigenvalues. Most of the preconditioners
make use of properties of structured matrices. For general matrices, this is usually not
possible, and we thus use the probing facility of MSPAT in order to derive a different
approximation quality on the signal or noise subspace, respectively:

» For the signal space, we could use the vector es := (1,1,...,1)7 representing
smooth components, and therefore the important part of the signal subspace.
In this paper we expect that the signal subspace is already taken into account
by SPALI itself and thus we omit this probing possibility.
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» For the noise space, we use ey := (1, —1,1,—1,...)7 ens := (1,0,-1,0,1,..)7T,
and ens = (0,1,0,—1,0,...)T as typical vectors related to fast oscillations.
In case of using probing masks, §; = (—1,1,—1) and § = (1,0,—1) are
related to en1 and ens, ens, respectively.

For higher dimensional problems probing vectors typically result from a Kronecker
product of 1D probing vectors. The conditions in MSPAT are given by AM =~ [ in
order to derive a good preconditioner and fast convergence on the signal subspace,
and peX M = 0 with p > 0 for the noise subspace in order to avoid a deterioration of
the reconstruction by the preconditioner.

3.1. A 1D model problem. Let us consider the matrix H; := tridiag (%7 1, %)
related to the symbol

ha(z) =1+ % — 1+ cos(x).

As approximate inverse preconditioner we choose the trigonometric polynomial of
symbol my4(z) = a + 2bcos(x) related to a Toeplitz matrix M = tridiag(b, a,b). The
entries a and b should be determined such that the preconditioner M acts both nearly
as the inverse on the signal subspace and as zero on the noise subspace. For z €
{0, %, 7}, this leads to the minimization conditions

min { ma(0)h (0) = 1], ma(m/2)h (7/2) = 1] pfma()| )

:mibn{|2(a+2b)—1|,|a—1|,p|a—2b|}. (3.1)

By using the factor p we introduce a weighting between the signal and the noise
conditions. We obtain the optimal solution of (3.1) by solving the equality

(2a+4b—1)=(a—1)=—p(a—2b).

Thus, we are able to derive the optimal regularizing preconditioner

(3.2)

—05 2+2 —0.
Mgpztridiag<p 05242 p 05).

2+5p 2+5p 2+ 5p

In the limiting case, for only preconditioning on the signal space (p = 0), we get
M3y = tridiag (—i 1, —%), and for only regularizing on the noise subspace (p = o0)
M3, = tridiag (%, %, %) = %Hl = %HlT Therefore, the preconditioner for p = oo
is equivalent to the normal equations. With the parameter p we can choose between
preconditioning on the signal subspace or suppression of noise.

Again the conditions (3.1) can be seen as conditions for the entries of the pre-
conditioner directly, where a column k is described by the three degrees of freedom
my = (mkfl’k),mk’k,mk+1’k)T. Both the first and the second condition are covered
by SPAT and are not used in MSPAI, as we can think of SPAI approximation as acting
mainly on the signal subspace. The translation of the last condition of (3.1) into an
individual probing condition with probing mask §; yields

R3p1: min|(—1,1, —1)my].
My

It is possible to transfer this individual regularization condition to the global condition
eI’ M =~ 0 with probing vector ex; = (1,—1,1,—1,...)T, representing high frequency
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noisy components. Thus, we force M to act as approximately zero on the noise
subspace. We refer to the high frequency global probing condition as

R3¢ : P(IAI/lIi)IiP He%lMHQ .

As a first numerical example we examine the given 1D blur operator H?* with
k > 0 for a given vector z representing the original data. We use the MSPAI reg-
ularization property to reconstruct two different signals perturbed by random noise.
By using powers of H we make the problem more ill-conditioned and thus enforce
the difference between the reconstruction results of all methods. In order to be able
to use CG as iterative method we ensure to have a symmetric and positive definite
(spd) preconditioner via corresponding powers of M M7 after the computation of M,
i.e. the preconditioner is (M M7T)*. We implement the CG algorithm without a stop-
ping criterion to iterate to the maximum number of specified iterations, i.e. to observe
the semi-convergent behavior. We keep track of the reconstruction error between the
original signal x and the reconstruction z as well as of the residual in each iteration.
If not mentioned otherwise, we refer to CG as using CG without preconditioner and
to PCG as CG using a preconditioner, e.g. MSPATI with properties on a certain sub-
space. Notice that in general an appropriate stopping criterion should be employed
[14] when using an iterative regularization method.

Let us consider in a first example the ill-posed problem with operator HY and
original data z; of size n = 103 affected by random noise of order 0.01%. Here x;

denotes the smooth signal
(= (%))
ry:=(sin| — .
n j=1,...,n

The measurement of the error ||z1 — Z1]|2 within each iteration shows that for increas-
ing values of p the reconstruction is stable and the region of optimal reconstruction

f o—o PCG(HY) with M3g.4
—. CG(HY)

l o—o PCG(HY) with M3,
o—e PCG(HY) with M35

—a CG(HS" HY)

iterations

FiG. 3.1. Reconstruction error against the iteration for the 1D operator H? and original data
x1 of size n = 103 affected by random noise of order 0.01%. CG is compared to PCG using the
optimal preconditioner M3, (3.2) for different weights p.
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quality is broader and smoother compared to the unpreconditioned CG (see Figure
3.1). Moreover, by putting more weight to the regularization property of M3, it is
possible to approximate the distribution of CG using normal equations. However, we
achieve almost similar reconstruction quality in fewer iterations. Refer to Table 3.1
for details. Hence, with this family of preconditioners we can steer the iteration to
faster convergence (small p) or slightly better reconstruction quality (p > 1).

TABLE 3.1
Optimal reconstruction error ||x1 — Z1||2 for the 1D operator Hf and original data x1 of size
n = 10% affected by random noise of order 0.01%.

’ Regularization method H optimal value | reached at iteration ‘
CG(HY) 2.1870-10~4 5
CG(H HY) 1.8998 - 10~4 62
p=04 [ 2.3699- 10-?1 4
pocut i, 771 | B
p=10% || 1.9226-10* 48

In our second 1D example we observe the behavior for the blur operator H} and
a signal which has strongly increasing entries near the boundaries and an additional
nonanalytic point in the middle

1 1 1 _ (4jn
To = | <= — i el - +sin [ —
jont+tl—=j S+3-J nJ) i

The problem has size n = 10% and is perturbed by random noise of order 0.1%.
Having a closer look at the error between the original and the reconstructed signal
vector shows that the reconstruction is very good for interior components, different
from 3, but deteriorates near the boundary. Therefore, we introduce some correction
at the boundary by changing the components (ex1); = 7 and (en1), = £7 in which 7
is a weight factor of heuristic choice, in most cases 7 € [0, 1]. Additionally we correct
our probing subspace in the middle by (eNl)% =0 and (€N1)gi1 = %(eNl)g:tl again

with heuristic weight % Following Figure 3.2 we can see the typical CG behavior
of reaching the optimal value after a few iterations but afterwards deteriorating the
reconstruction very fast by reducing the error relative to the noise subspace. Using a
MSPAI preconditioner the optimum is reached after more iterations but in a stable
and smooth manner with slightly smaller value. Table 3.2 shows the optimal reached

TABLE 3.2
Optimal reconstruction error ||z — Z2||2 for the 1D blur operator Hil and the original data x2.
The problem has size n = 103 and is affected by random noise of order 0.1%. p = 102.

’ Regularization method H optimal value \ reached at iter. ‘
| Tikhonov (y = 0.3) [ 01286 | - \
[ CG(HY) [ 01240 ] 8 \
no boundary correction 0.1210 130
PCG(H}) pR3c1 | 7=0.25 0.0433 58
7 = 0.25, middle correction 0.0263 52
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0.225 4
0.200 4

0.175

— CG(H{)

s oG(H} T HY)

t— PCG(H{), MSPAT with pR3c1,
no correction

—o PCG(H{), MSPAI with pR3c1,
7=0.25

o—e PCG(H{), MSPAI with pR3¢1.
7 = 0.25, middle correction

0.150 <)

0.125 4

|2 = |2

0.100{

0.075 4

0.050 4

0.025 4

0

1 3 5 7 9 11 13 15 17 19 21
iterations

F1c. 3.2. Reconstruction error against the iteration for the 1D blur operator Hi1 and the original
data x2 of size n = 10% affected by random noise of order 0.1%. CG is compared to CG for the
normal equations and to PCG using MSPAI satisfying R3 g1 with p = 102,

reconstruction error with its corresponding number of iterations. Compared to the
unpreconditioned CG the reconstruction x5 is by a factor of 2.86 times more accurate

when using boundary corrections and 4.72 times when using both corrections within
MSPAL

Likewise it is possible to use subspace corrections within mask probing. We
change the individual probing condition R3y; for the first and last column of the
preconditioner, in order to take into account the missing value —1 which lies outside
the vector. This lost information can be incorporated by using the probing mask
(1—-7,—-14(-147)) =(1—71,7—2) for the first and the last column. Note, that
similarly interior discontinuities can also be treated by modifying the related masks.
Furthermore, also for M3, it is possible to build in similar corrections, e.g. by weight-
ing the nondiagonal entries. Various experiments revealed that using such corrections
at discontinuities of the data vector x within the probing subspaces lead to better
reconstruction, i.e. smaller reconstruction errors compared to the unpreconditioned
case. We will use similar techniques in Section 3.3.

As a more general problem we consider the reconstruction of x; based on the
blur operator By of size n = 103 affected by random noise of order 1% and 0.1%,
respectively. Bs denotes the tridiagonal system with varying coefficients whose k-th
row is given by

2 2
(B2)k,: == (0,...,0,wr_1,wg—1 + wg, wg,0,...,0) for w:= (n]z + 1)
Jj=0,

o

with k € {1,...,n}. Following Figure 3.3 CG using normal equations yields both bet-
ter reconstruction after slightly more iterations and smoother convergence compared
to the unpreconditioned CG. In case of applying MSPAI satisfying the global probing
condition R3g1 to CG(Bz) we are able to reconstruct x; with smaller error and in a
smooth way. These positive effects can be enforced by using it for CG with normal
equations. The optimal reconstruction is achieved in fewer iterations, is much better,
and the convergence curve much smoother.



SMOOTHING AND REGULARIZATION WITH MSPAI 17

| /

0.068

0.062

o 71 =
& &
I 6 L
g 2
= 4]

44

— CG(B2)
34 — (L(BQT) +—a CG(BY B2)
) ._. CG(B] B2) . , o—0 PCG(By), MSPAI with R3¢, p = 102
< o—0 igg&g;)}gh)mﬁ;:?h'}?;; p= 10102 e—e PCG(B] By), MSPAI with R3¢y, p = 10*
—s (B3 Bs), Al with R3¢1, p=

1+ T T T T T T T T T T
1 2 3 4 5 6 7 8 9 10 11 4 5 6 7 8 9 10 11

iterations iterations

(a) Noise level 0.1%. (b) Noise level 1%.

F1G. 3.3. Reconstruction error against the iteration for the 1D blur operator B2 and the original
data 1 of size n = 103 affected by random noise of order 0.1% (a) and 1% (b), respectively. CG is
compared to CG using the normal equations, PCG for Bz and BgBQ using MSPAI with R8¢g1.

3.2. A 2D model problem. In 2D we consider the matrix

HQI+IQH 1 (1 1] 1
o= 2% ;L M _ blocktridiag(0,4,0‘4,1,4‘0,4,0)
with its corresponding symbol ho(z,y) = 1 + %(l) + %(y) and preconditioner

ms(z,y) = a+ 2b(cos(z) + cos(y)). With cos(z) + cos(y) =: h(z,y) € [-1,2] =: I3
we have to minimize

: h(z, y)
1-— 2bh 1——+
mp g [1 - o+ o) (1- 5
relative to the signal subspace and min, ; pla — 4b| for h(z,y) = —2 relative to the

noise subspace. This yields the optimal block tridiagonal preconditioner

M5, = blocktridiag (O, 2p — 5

3 3 3
2,0‘2p—2,9+8p,2p—2’072p— 0). (3.3)

57

The individual probing masks for a reduced inner column of the preconditioner
Mg = (0, Mg —nk, O|mr—_1 K Mk ks Me+1.£]|0, Mitn i, 0)T as well as the high frequency
probing vector for the 2D case can be derived via Kronecker products of the 1D
probing vectors. Thus, we obtain the individual and global probing condition

R5p1: min|((-1,1,-1) ® (=1,1,—1))y| and
mg

Rbgy : P(%i)rip H(€N1 ® €N1)TMH2,

respectively.

We observe the behavior for the 2D problem with blur operator Hj and original
data z; of size n = 502 affected by random noise of order 0.1%. Again, for M5, with
increasing values of p we approximate the convergence of CG using normal equations
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(refer to Figure 3.4). Applying MSPAI with R5¢g; to PCG it is almost possible to
reach the value of CG(HéTHg) but in less iterations. Higher values of p lead to
smooth and broad convergence curves similar to M5,. CG has its optimal value after
9 iterations with error 2.219 - 103, MSPAI using R51, p = 1 after 12 iterations with
value 1.496 - 103, and CG using normal equations reaches the error 1.282-1072 after
44 iterations.

1073 3 1073
— CG(H3) s
55 —o PCG(H2) with M5, z 554
—o PCG(H2) with M55 A — CG(H3)
5.0 4 o—e PCG(HE) with M50 )3 5.0 4 o—o PCG(H2), MSPAI with
+—s COG(H}" Hj) s Rigr, p=1
45 ] af —o PCG(H3), MSPAI with
2 ¢ R5G1, p=5
e—e PCG(H2), MSPAI with
o 4.0 Rb61, p =100
= —a CG(HE"HY)
| 3.5
&
— 3.0+ \
/
\ [
2.0 4
15 Ly
1.0 T T T T T T T T T T

iterations iterations

(a) PCG using the optimal preconditioner M5, (b) PCG using MSPATI satisfying pR5G1.-
(3.3).

Fi1c. 3.4. Reconstruction error against the iteration for the 2D problem with blur operator Hé
and original data x1 of size n = 502 affected by random noise of order 0.1%. CG is compared to
CG for the normal equations and to M5, (a) and MSPAI satisfying pR5c1 (b), respectively.

3.3. Examples from the Regularization Toolbox. We are interested in the
impact of using sparse approximate inverse preconditioners on some problems of the
MATLAB package Regularization Tools Version 4.1 for analysis and solution of dis-
crete ill-posed problems, developed by Hansen [15].

In our first example we consider the deriv2 example which is a discretization of
a first kind Fredholm integral equation. We choose deriv2(n,case) with case = 2.
Our problem has size n = 2 - 10® and is affected with random noise of order 0.001%
and 0.01%, respectively. Note that the system matrix K is dense. We apply both
CG and PCG to KTK and force the MSPAI to act as approximately zero on the
noise subspace by using the high frequency probing conditions R3y; and R3ps :
ming,, |(1,0, —1)7| simultaneously. We weight the subspace with p = 10 and apply
the symmetric preconditioner M+M7 to the normal equations. To avoid deterioration
at the boundary we adjust M by resetting the values M1 1 = Moo, Moy = Ms s,
Mnm = Mn—-1,n-1, and Mnfl,n = Mn—-2n—1-

Following Figure 3.5 we are able to achieve better reconstruction g of the original
data g and in fewer iterations when applying MSPAI. For other noise levels and for
deriv(n,1) we observed similar behavior.

Let us focus on the blur [15] test problem as a second example which is deblur-
ring images degraded by atmospheric turbulence blur. The matrix G is an n2-by-n?
symmetric, doubly block Toeplitz matrix that models blurring of an n-by-n image by
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0.40 A
0.35 4
0.30 4

0.25

llg = ll2
llg = gll2

0.20 A

0.15 4

0104 & : - 024 L -
\\ /(= ca(rTE) \ s CQ(KTK)
0.05 ~omr o—o PCG(KTK), MSPAI with 0.14 /‘— o—o PCG(KTK), MSPAI with

] R311. R 10, p = 10° N— R311, R 12, p = 10°
0 T T T T T T T T T 0 —— T
1 4 7 10 13 16 19 22 25 28 123 45 6 7 8 91011121314 1516 17
iterations iterations
(a) Noise level 0.001%. (b) Noise level 0.01%.

Fic. 3.5. Reconstruction error against the iteration for the deriv2 problem of [15] invoked with
deriv2(2000,2) and affected by random noise of order 0.001% (a) and 0.01% (b), respectively. CG
is compared to PCG using MSPAI with R311, R312, and p = 103 for the normal equations. MSPAI
is symmetrized via M + M7 .

-104
0.135 - — CG(G)
— CG(GT@)
0.120 4 o—o PCG(G), MSPAI with
R5cia2.63, p=1
0.105 4 o—e PCG(GTG), MSPAI with

R5graae3, p=1

— CG(@G)

+—a CG(GTG)

o—0 PCG(G), MSPAI
with  Rici62.63,
p=1

o—e PCG(GTG),
MSPAT with

llp = pll2

Ip =52

Rbcreaes p=1

22 T T T T T T T T T T
1 3 5 7 9 1 13 15 17 19 21
iterations iterations
(a) Noise level 0.01%. (b) Noise level 1%.

Fic. 3.6. Reconstruction error against the iteration for the blur problem of [15] invoked with
blur(150,4,1) and affected by random mnoise of order 0.01% (a) and 1% (b), respectively. CG is
compared to CG using normal equations, PCG using MSPAI with R5G1, R5Gg2, R5ag3, and PCG
using MSPAI for normal equations with p = 1. We use M + M7 as preconditioner within PCG(G)
and MTM for PCG(GTQ).
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a Gaussian point spread function. The parameter o controls the width of G and thus
the amount of smoothing and ill-posedness. G = A; ® A; is symmetric block banded
and possibly positive definite depending on n and . We choose the problem to be of
size n = 150 with bandwidth 4 and o = 1, i.e. we invoke blur(150,4,1) and G is of
size 1502 x 150%. The original data vector is denoted by p.

We compare the unpreconditioned CG to PCG both for G and for the normal
equations GT'G. In case of preconditioning G, MSPAI is symmetrized via M +M7 and
for GT G the preconditioner M7 M is applied. For MSPAI we impose the blocktridiag-
onal pattern My := (0, mg—n k, O|Mk—1.k, Mk e, Mkt+1.£]0, Mktnk,0)T. In view of the
structure of G we build the high frequency subspace by Kronecker products of oscil-
latory probing vectors in the regularizing global conditions R5¢; and the new ones
R5G2 : minp(M)=7> ||(€N1 X eNQ)TMH2 and R5gg : IniIlp(M)zp H(eNQ ® €N1)TMH2,
all weighted with p = 1.

Following Figure 3.6 and Table 3.3 we obtain better reconstruction p when ap-
plying MSPAI in contrast to the unpreconditioned CG for G or GTG. We observed
similar behavior for other values of band and o.

TABLE 3.3
Optimal reconstruction error ||p — pll2 at given iteration for the blur problem of [15] invoked
with blur(150,4,1) for noise of order 0.01%, 0.1%, 1%, and 10%. Subspace weight is p = 1.

. noise level 0.01% noise level 0.1%
Regularization method = | at it. e YT
CG(G) 25.637 3 41.828 1
CG(GT@G) 24.123 19 37.807 2
PCG(G), MSPAI with R5¢1.62,¢3 23.620 6 39.007 1
PCG(GT @), MSPAI with R5G1.62.63 23.778 51 38.023 3

. noise level 1% noise level 10%
Regularization method =3l | at it =3 prcs
CG(Q) 591.0 1 13.820 - 10° 1
CG(GT@) 82.5 1 1.253 - 103 1
PCG(G), MSPAI with R5g1.¢g2,¢3 189.8 1 4.104 - 103 1
PCG(GT @), MSPAI with R5¢1.62.63 69.7 1 0.962 - 103 1

As a last example we reduce the 2D blur example of Hansen to the 1D case. For
the blur operator we take the 1D analogon of G and reduce the 2D right hand side p
to appropriate size. The consideration of example H{ with original data x5 (Table 3.2
and Figure 3.2) shows that the preconditioner should take also into account the behav-
ior of the original or blurred data vector. Smoothing, e.g. with M = tridiag(%, 1, %)
makes sense to remove noisy components only as long as the data is continuous. At
discontinuities smoothing would cause additional errors. Therefore, we use a modi-
fied tridiagonal smoothing preconditioner with j-th row (0,...,0,7;_1,1,7;,0,...,0).
Here, r; ~ % near continuous components x;, but r; ~ 0 near discontinuities. In case
that we know the original data xz we define M, with j-th row

1 1
(M,)j::=(0,...,0,75-1,1,75,0,...,0) for r:= () '
j j j 2 1+plry—zjal/) o s
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Otherwise we define the preconditioner Mj with j-th row

1 1
(M;)j7; = (O,...,0,7:]‘_1,1,7:]',0,...70) via 7= ( . k)
2 1+ (plbj = b))

yeeryn—1
The parameters p and k have to be chosen in such a way that discontinuities are
revealed as good as possible.

Following Figure 3.7 the reconstruction is strongly improved if the preconditioner
is adjusted relative to the discontinuities of x. Also using only the observed data
improves the reconstruction. Therefore, we could also consider an iterative process
where a first approximation x; on x is used to define the tridiagonal preconditioner
M delivering an improved approximation xo which again gives a new preconditioner
Ms, and so on.

I

+— CG(GTG)

o—0 PCG(G), Mz, p=10°, k=3

o—e PCG(GTG), M Mz, p=10°, k =3
— PCG(G), M,, p=10?

»—a PCG(GTG), MM, p =10?

10.5 4

10.0 4

10 —. CG(G) 9.5 1
—a CG(GTG)
9 4 o—o PCG(G), M7, p=2,k=3 9.0 4 ‘
= o—e PCG(GTG), MIM;, p =2, | = s
| 8 k=3 | 854 oS
a — PCG(G), M,, p = 10? 2 b
o7 s PCG(GT@), MT M,, p = 10? 8.0

\

R 75 \

T T T T T T T T T 6 J T T T T

54 W \"H._\ 7.0 A
4 / 6.5 1 J__.ff
33 41 46 51

‘
18 15 22 29 36 43 50 57 64 71 1 6 11 16 21 26
iterationg iterations

(a) G with o = 1. (b) G with o = 10.

FIG. 3.7. Reconstruction error against iterations for the 1D blur problem of size n = 10% and
band = 4 affected by random noise of order 0.1%. G has ¢ =1 (a) and o = 10 (b), respectively.
CG is compared to PCG using M, and Mz, respectively, for G and GTG.

4. Conclusion. We have considered the derivation of preconditioners with spe-
cial behavior on certain subspaces. For this purpose analytic minimization problems in
functions have been translated into MSPAI minimizations for vectors based on masks.
Such mask-based probing conditions can be different for each column my, of the precon-
ditioner M and can be written in the form ming,, |8x7 — fx| with reduced vectors §y,
my, and scalar fi € R. Mask probing has the advantage that for each sparse column
my, we can use a different sparse probing vector si. Furthermore, we have introduced
probing conditions based on probing vectors that are global for the whole matrix M
in the form minpnH—p HeTM — fTH2 and minpp—p HeTAM — fT‘ 5 Tespectively,
with e, f € R™. The probing vectors are related to the low frequency or smooth
subspace, represented by es = (1,1,...,1)7, or to the high frequency oscillatory sub-
space, represented e.g. by ey; = (1,—1,1,—1,...)7, exyo = (1,0,-1,0,1,...)7, or
ens = (0,1,0,—1,0,...)7.

For Multigrid methods we have shown that the smoothing property of approxi-
mate inverses like SAT or SPAT can be improved significantly by using MSPAI with
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appropriate probing masks or probing vectors. In special cases we can analytically de-
termine the optimal approximate inverse smoother and its corresponding smoothing
factor. SPAI is far from being optimal in this class but including convenient individual
or global probing conditions we can nearly reach the optimal smoothing factor with
MSPAI. Moreover, an increasing weighting of the subspace leads to stable behavior.
Our tests on systems with varying coefficients and for the 2D case demonstrate that
even the usage of global probing conditions with action on A, only satisfying the ap-
proximation e” AM = e”', reduces the smoothing factor in comparison to SPAI and
the damped Jacobi method.

A different subspace approach becomes necessary during the recovery process of
blurred signals. Here our main focus is to allow a better and more stable recon-
struction of the original signal. Applying a preconditioner in iterative regularization
can easily lead to a deterioration of the reconstruction by approximating the inverse
also in the noise subspace, or by removing high frequency components in the original
signal. Therefore, preconditioners have to be developed very carefully. We derive
approximate inverse preconditioners analytically based on generating functions, or by
applying MSPAI with probing masks or probing vectors. These preconditioners allow
to incorporate filtering for noise reduction, and they can be adjusted both to the
system matrix, e.g. the blur operator, and to the data vector x. So the deterioration
of the reconstruction at discontinuities of x can be reduced by modifying the probing
conditions relative to the variation of the signal data. We show that these precondi-
tioners can be used for faster convergence or better reconstruction. The application to
more general problems is an interesting and important task which will be investigated
in the future.
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