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Mon 9:15 – 10:00

Adaptive multi-index collocation for quantifying uncertainty in
the predictions of an aerospace nozzle model

John Jakeman

Sandia National Laboratories
jdjakem@sandia.gov

The convergence of statistical quantities estimated using sparse grids has been studied extensively,
however little attention has been given to the convergence of densities. In this talk I will use sparse
grids to approximate the probability density, often called a push-forward, of a set of quantities of interest
(QoI) of an aerospace model, generated by propagating realizations of uncertain variables. We prove that
solution to this so called forward UQ problem converges to the true probability density as the sparse grid
used to approximate the model converges. The nozzle model is computationally expensive and limits
the accuracy of traditional sparse grid approximation. To reduce computational complexity we present
an adaptive multi-index algorithm that balances stochastic and deterministic accuracy.
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Mon 10:30 – 11:00

Dealing with discontinuities in Uncertainty Quantification of
layered sedimentary basins compaction

Lorenzo Tamellini, Ivo Colombo, Fabio Nobile, Giovanni Porta, Anna Scotti

CNR-IMATI
tamellini@imati.cnr.it

In this work we propose a methodology based on sparse grids for the Uncertainty Quantification (UQ)
of sedimentary basins undergoing mechanical and geochemical compaction processes, which we model as
a coupled, time-dependent, non-linear, monodimensional (depth-only) system of PDEs with uncertain
parameters.

Specifically, we consider multi-layered basins, in which each layer is characterized by a different ma-
terial. The multi-layered structure gives rise to discontinuities in the map from the uncertain parameters
to the quantities of interest (qoi) of the UQ analysis (e.g., value of the porosity at a given depth). Be-
cause of these discontinuites, an appropriate treatment is needed to apply sparse grids quadrature and
interpolation for UQ purposes.

To this end, we propose a two-steps methodology which relies on a change of coordinates to align the
interfaces among layers of different materials; note that the map from the physical to the reference domain
is random because the location of the interfaces also depends on the values of the random parameters.
Once this alignement has been computed (again by means of a sparse grid), a standard sparse-grid-based
UQ analysis of the qoi can be performed within each layer. The effectiveness of this procedure is due to
the fact that the physical locations of the interfaces among layers feature a smooth dependence on the
random parameters and are therefore themselves amenable to sparse grid polynomial. approximations.

We showcase the capabilities of our numerical methodologies through some synthetic test cases.

2



Mon 11:00 – 11:30

Multilevel Adaptive2 Sparse Grid Stochastic Collocation

Friedrich Menhorn, Ionut-Gabriel Farcas, Tobias Neckel, Hans-Joachim Bungartz

Technical University of Munich
menhorn@in.tum.de

Parametrized models are often anisotropic in nature. Methodologies based on adaptivity can leverage
this anisotropy in the sense that they can implicitly detect the spaces which have significant impact on
the solution. The aforementioned phenomenon is valid in Uncertainty Quantification as well, where
some stochastic parameters influence the solution more than others. Thus, it is recommended to also
apply adaptive methods in this field. Here, problem classes involve differential models having stochastic
parameters where the anisotropy might for example be due to a parametrization using a Karhuenen-
Loeve expansion or varying sensitivities of the uncertain parameters. A common method of choice to
exploit anisotropy is dimension-adaptive sparse grid stochastic collocation first introduced by [Gerstner,
Griebel, 2003].

We build on this method by introducing a multilevel approach where we add an additional adap-
tive layer. Thus, we define two different spaces in which we perform adaptivity: on the upper layer,
we construct an abstract dimensional-adaptive sparse grid operation over the parametric space. Here,
problem-dependent dimensions might be the discretization in time and/or space, the number of uncer-
tain parameters and the tolerance of the adaptive sparse grid stochastic collocation approach. In each
subspace we compute a dimension-adaptive sparse grid stochastic collocation solution over the stochastic
space for a prescribed disrectization level and tolerance defined by the upper layer. Finally the solutions
are combined using the combination technique on the upper level.

We apply the proposed approach to several problems –parametric partial differential equations, or-
dinary differential equations with random parameters and random ordinary differential equations. This
deterministic method offers solutions with the same accuracy as a single high resolution adaptive sparse
grid, however with much lower computational cost by leveraging nestedness and anisotropy of the un-
derlying problem. Due to its adaptive nature it also competes with classic multilevel or multiindex
approaches.
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Mon 11:30 – 12:00

Locally L2-optimal Leja Points for Sparse Grids with Efficient
Transformation to Polynomial Chaos Expansion

David Holzmüller, Fabian Franzelin, Dirk Pflüger

University of Stuttgart
david.holzmueller@online.de

Leja points are a nested sequence for polynomial approximation that are based on a greedy minimiza-
tion of the Lebesgue constant. Because of their nesting property and their arbitrary granularity, they
have recently been successfully employed in the Sparse Grid Combination Technique (CT). However,
they have been proven to be less effective when considering quadrature metrics. Therefore, we propose
L2-Leja sequences that have similar asymptotic properties but are better suited for quadrature problems
as they arise in the context of Uncertainty Quantification (UQ). These sequences greedily minimize the
weighted or unweighted L2-norm of the error of a polynomial interpolant. We show experimental evi-
dence that the L2-Leja points and the ordinary Leja points have indeed similar asymptotic properties.
To this end, we experimentally investigate distributions, quadrature condition numbers and Lebesgue
constants for various weight functions. We use the CT with weighted and linearly growing L2-Leja points
to solve various higher-dimensional UQ test problems. Furthermore, we present recent developments of
UQ in subsurface flow simulations (CO2 storage). The respective real-world scenario requires adaptive
refinement to reduce the number of grid points as well as possible. In our numerical studies, the L2-Leja
points yield interpolation and quadrature results superior to ordinary Leja points and Clenshaw-Curtis
points. The quadrature results are based on a new and efficient transformation method that computes
a Polynomial Chaos Expansion (PCE) from the CT. On a full grid with n = n1 · . . . · nd points, we show

how employ the basis change with a complexity in O(n2 +
∑d

j=1 n
3
j ) instead of O(n3) for solving the

d-dimensional linear system.
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Mon 13:00 – 13:30

Uncertainty analysis of Chemical Kinetic Models Using
Adaptive Sparse Grids

Sandra Döpking, Sebastian Matera

Freie Universität Berlin
doepking@zedat.fu-berlin.de

Chemical kinetic models often carry very large parameter uncertainties and show a strongly non-linear
response with rapid changes over relatively small parameter ranges. In addition, the dimensionality of the
parameter space can grow to a large number without a priori known structure between the dimensions.
We employ an adaptive sparse grid strategy (ASG) to explore the kinetic characteristics in the high
dimensional space and to perform global sensitivity analyses based on the Analysis Of Variances. For
the ASG, we use locally supported piecewise linear basis functions and local adaptivity to address the
rapid changes as well as dimension adaptivity, to exploit the typical intrinsic low dimensional parameter
dependence for reaction networks. We demonstrate the feasibility of this approach, on a model for
the oxygen activation over a cobalt oxide surface, a promising material for electro- and photo-catalytic
processes. Our analysis indicates large uncertainties for the model prediction but also that one can still
conclude on the atomistic key factors controlling the activity. In addition, we will discuss how ASG can
be extended to a multilevel strategy in the case of costly stochastic models, where the model response
must be obtained by Monte Carlo sampling. For this, we exploit the intrinsic multilevel structure of the
Sparse Grid. This allows to lower the sampling accuracy and therefore the CPU-time spent for the model
evaluation in each refinement step - without compromising the adaptive strategy and the accuracy of the
results. Employing a realistic CO oxidation model as prototypical example, we find that the multilevel
approach significantly reduces the computational costs compared to single level SG with fixed sampling
accuracy.
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Mon 13:30 – 14:00

Using sparse grid methods to reduce the cost of collocation
calculations

Tucker Carrington, Robert Wodraszka, Emil Zak

Queen’s University
tucker.carrington@queensu.ca

We have developed a collocation multi-configuration time-dependent Hartree (C-MCTDH) method for
solving the Schroedinger equation [Robert Wodraszka and Tucker Carrington, J. Chem. Phys., in press].
Although standard MCTDH is used with a potential energy surface (PES) that is a sum of products (i.e.
in Tucker or CP format), the C-MCTDH method can be used with a general PES. It obviates the need for
quadrature. In this talk, I shall outline C-MCTDH and show that the size of the basis and collocation
grids can be significantly reduced by using C-MCTDH in conjunction with sparse grid methods. To
do this, one must invert the matrix whose elements are basis functions evaluated at collocation points.
Although the matrix is huge, it can be easily inverted by exploiting the structure of the basis and the
grid. Related ideas can also be used to solve the time-independent Schroedinger equation. They yield a
symmetric and regular eigenvalue problem. It is a nondirect product generalization of pseudo-spectral
methods commonly used in physics and chemistry. [John Light and Tucker Carrington, Advances in
Chemical Physics 114, 263-310 (2000)] Established sparse grid methods for solving the time-independent
Schroedinger equation require either large quadrature grids [ Gustavo Avila and Tucker Carrington, J.
Chem. Phys. 131, 174103-1 – 174103-15 (2009) ] or solving a non-symmetric eigenvalue problem [Gustavo
Avila and Tucker Carrington, J. Chem. Phys. 143, 044106-1 – 044106-9 (2015) ].
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Mon 14:00 – 14:30

Sparse grids approximation of Goldstone diagrams in electronic
structure calculations

Heinz-Juergen Flad

Technical University of Munich
flad@ma.tum.de

Coupled cluster theory is presently considered as the ultimate benchmark in quantum chemistry.
The present work focuses on nonlinear coupled cluster models within the random phase approximation
(RPA). Solutions of these models are commonly represented by series of Goldstone diagrams. We present
a detailed asymptotic analysis of these so-called RPA diagrams using techniques from singular analysis
and discuss their computational complexity within adaptive sparse grids approximation schemes. In
particular, we provide Besov regularities of RPA-diagrams and corresponding convergence rates in the
framework of best N -term approximation.
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Mon 15:00 – 15:30

Sparse Grid Based Fourier Features for Kernel Methods

Jochen Garcke, Jens Oettershagen, Timm Ruland

University of Bonn
garcke@ins.uni-bonn.de

In the last ten years, random Fourier features became one of the most popular techniques for scaling
up kernel methods, such as Gaussian Processes. In this approach one builds a new feature space by
applying Bochner’s theorem, which allows representing certain kernels as the Fourier transform of some
probability measure (i.e. its characteristic function). This allows the formulation of algorithms with
run times which mostly depend on the dimension of the new feature space and which are only linearly
dependent on the number of samples.

In the random Fourier features approach, a resulting integral in Fourier space is approximated using
Monte Carlo integration. In this work we introduce sparse grid quadrature rules to build Fourier features.
We investigate the approximation of the kernel matrix and the performance of the resulting machine
learning algorithms.
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Mon 15:30 – 16:00

Kernel-based Reconstructions for Parametric PDEs

Rüdiger Kempf, Holger Wendland, Christian Rieger

University Bayreuth
Ruediger.Kempf@uni-bayreuth.de

In uncertainty quantification, an unknown quantity has to be reconstructed which depends typically
on the solution of a partial differential equation. This partial differential equation itself may depend on
parameters, some of them are deterministic and some are random. To approximate the unknown quantity
one therefore has to solve the partial differential equation (usually numerically) for several instances of
the parameters and then reconstruct the quantity from these simulations. As the number of parameters
may be large, this becomes a high-dimensional reconstruction problem.

In this talk, I will address the topic of reconstructing such unknown quantities using kernel-based
reconstruction methods on sparse grids. I will introduce into the topic, explain the reconstruction process
and provide error estimates.
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Mon 16:00 – 16:30

Joint-sparse recovery for high-dimensional parametric PDEs

Nicholas Dexter, Hoang Tran, Clayton Webster

University of Tennessee
ndexter@utk.edu

We present and analyze a novel sparse polynomial approximation method for the solution of PDEs
with stochastic and parametric inputs. Our approach treats the parameterized problem as a problem of
joint-sparse signal reconstruction, i.e., the reconstruction of a set of signals sharing a common sparsity
pattern from a countable, possibly infinite, set of measurements. Combined with the standard measure-
ment scheme developed for compressed sensing-based polynomial approximation, this approach allows
for simultaneous global approximations of the solution over both physical and parametric domains. In
addition, we are able to show that, with minimal sample complexity, error estimates comparable to the
best s-term approximation, in energy norms, are achievable, while requiring only a priori bounds on
polynomial truncation error. We perform extensive numerical experiments on several high-dimensional
parameterized elliptic PDE models to demonstrate the superior recovery properties of the proposed
approach.
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Tue 9:15 – 10:00

Sparse grid techniques for kinetic plasma simulation

Lee Ricketson

Lawrence Livermore National Laboratory
lee.ricketson@gmail.com

Kinetic equations of plasma phenomena are a natural target for sparse grids: kinetic PDEs are high-
dimensional (d=5 or 6), and inter-particle collisions are manifested as a diffusive term that keeps solutions
smooth. Historically, the dominant numerical method for such equations has been the “particle-in-cell”
(PIC) scheme, in which the plasma is represented by a collection of “particles” whose properties are
mapped onto a grid for the purpose of computing self-consistent electromagnetic fields. The scheme has
numerous desirable properties: it is simple to implement, to parallelize, and to extend to model additional
physics. However, we show that, in spite of being a particle method, PIC still suffers enormously from the
curse of dimensionality. We demonstrate how the sparse grid combination technique can be used to map
between grids and particles, thereby circumventing the curse of dimensionality and dramatically reducing
the statistical fluctuations in the scheme. In exploring this new “sparse PIC” scheme, we discover that
its performance is heavily dependent on the coordinate system in which the solution is represented.
We show that this is a general feature of sparse grids, arising from the error’s dependence on high-
order mixed derivatives. Motivated by this, we present recent work on high-order finite volume schemes
on sparse grids using arbitrary curvilinear meshes. We discuss contexts in which an ideal coordinate
system is apparent, and ideas for adaptively choosing a coordinate system optimally suited to the sparse
representation. This material is based on work supported by the U.S. Department of Energy, Office
of Science, Office of Advanced Scientific Computing Research, Applied Mathematics Program under
Contract DE- AC5207NA27344 at Lawrence Livermore National Laboratory.
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Tue 10:30 – 11:00

Sensitivity-driven Adaptive Sparse Approximations in Linear
Gyrokinetics

Ionut-Gabriel Farcas, Tobias Goerler, Hans-Joachim Bungartz, Tobias Neckel

Technical University of Munich
farcasi@in.tum.de

The simulation of micro-turbulence in plasma fusion is paramount for understanding the confine-
ment properties of fusion plasmas with magnetic fields. The micro-turbulence is driven by the free
energy provided by the unavoidably steep plasma temperature and density gradients. Unfortunately, the
measurement of the latter - as well as further decisive physics parameters affecting the underlying micro-
instabilities - are subject to uncertainties which requires an uncertainty quantification framework. Here,
we employ the established plasma micro-turbulence simulation code GENE (genecode.org) and restrict
ourselves to the linear gyrokinetic eigenvalue problems in 5D phase space, taking into account electrons
and deuterium ions. Even without the nonlinear terms, the computational requirements are enormous
and given the large number of uncertain parameters, quantifying uncertainty remains challenging.

To overcome these issues, we employ adaptive sparse approximations constructed on Leja sequences.
Specifically, we formulate structure-exploiting strategies which preferentially refine into the directions
that are rendered important from a stochastic perspective. To this end, in each subspace, we perform
a local Sobol’ decomposition and compute the partial variances for all individual directions as well as
for their interaction. Depending on how many of these partial variances are larger than a prescribed
tolerance, we assign a score to each subspace and continue the refinement process based on the subspace
with the highest score; in case two or more subspaces have the same score, we break the tie by comparing
the total sums of partial variances. In addition, to get a better overview of our approach, we compare it
with a standard dimension-adaptive strategy which uses the ratio between local error and work to drive
the adaptive process.

We test the approach in two test cases, a modified benchmark case, in which we consider eight
stochastic inputs, and a real world problem, initially with three stochastic inputs, and then considering
12 uncertain input parameters. The results show that our proposed adaptive formulation is suitable for
overcoming the challenges of quantifying uncertainty in linear gyrokinetic eigenvalue problems. Moreover,
it requires fewer grid points and with that, model evaluations, than the classical refinement algorithm,
while preserving the overall accuracy.
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Tue 11:00 – 11:30

A Highly Scalable, Fault-Tolerant Implementation of the Sparse
Grid Combination Technique

Michael Obersteiner, Hans-Joachim Bungartz, Dirk Pflüger

Technical University of Munich
oberstei@in.tum.de

In this talk we give an overview on the current advancements in the ExaHD project. We focus on the
implementational aspects of the Sparse Grid Combination Technique for massively parallel simulations
and the integration into a fault-tolerant framework. The Combination Technique introduces a second
level of parallelism, replacing a single simulation run by several independent runs. A crucial step of the
method is the combination of the single grids which results in a sparse grid representation of the result.
Due to its hierarchical nature, the Sparse Grid Combination Technique provides a unique approach to
realize algorithm-based fault tolerance without the need of checkpoint-restart by calculating alternative
combination schemes that exclude failed resources.

A key aspect with respect to scalability is the efficient implementation of the combination step which
is crucial to achieve good parallel performance for exascale simulations. Several optimizations based on
a manager-worker approach and an efficient communication scheme demonstrate excellent scaling on up
to 180k cores. Convergence and scaling results are shown for the application code GENE which solves
the gyrokinetic equations to simulate hot plasma in a fusion reactor.
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Tue 11:30 – 12:00

Application of the Sparse Grid Comination Technique to
Gyrokinetics

Johannes Rentrop

University of Bonn
rentrop@ins.uni-bonn.de

One of the fundamental questions of our time concerns the production of sustainable energy for which
nuclear fusion is deemed to be a promising candidate. In today’s research of nuclear fusion reactors, in
turn, numerical simulation plays a major role in the investigation of microturbulence in suspended
plasmas, which can lead to a destabilization of the plasma confinement. One of the codes that are used
to this aim is GENE, a scalable fixed grid solver for the 5D gyrokinetic equations. Since it deals with
a high-dimensional problem, we work on applying the sparse grid combination technique to GENE, in
order to significantly reduce the degrees of freedom needed in contrast to the full grid and, on the other
hand, to introduce a second layer of parallelization for upcoming exascale computing systems. In this
talk, we discuss the approximation quality of typical solutions of the gyrokinetic initial value problem
by the combination technique as well as ways to obtain a physically meaningful error estimation.
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Tue 13:00 – 13:30

On the algebraic construction of multi-level sparse
approximations of elliptic tensor product problems

Peter Zaspel, Helmut Harbrecht

University of Basel
zaspel@ins.uni-bonn.de

We consider the solution of elliptic problems on the tensor product of two physical domains as
e.g. present in the approximation of the solution covariance of elliptic partial differential equations
with random coefficients. Previous sparse approximation approaches used a geometrically constructed
multi-level hierarchy. Instead, we construct this hierarchy for a given discretized problem by means
of the algebraic multigrid method (AMG). Thereby, we are able to apply the sparse grid combination
technique to problems given on complex geometries and for discretizations arising from unstructured
grids, which was not feasible before. Numerical results show that our algebraic construction exhibits
the same convergence behaviour as the geometric construction, while being applicable even in black-box
type PDE solvers.
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Tue 13:30 – 14:00

A spatial adaptive sparse grid combination technique

Michael Obersteiner, Hans-Joachim Bungartz

Technical University of Munich
oberstei@in.tum.de

In this talk we introduce a new concept of spatial adaptivity within the Sparse Grid Combination
technique. In contrast to the well-known dimension adaptive variant, the new approach succeeds to
increase the resolution in local regions of the domain. This is achieved by combining refined full grids
according to a block adaptivity scheme. Different approaches are shown and their strengths and weak-
nesses are compared based on first experiments with numerical quadrature. In addition, an outlook is
given on how to integrate the method into more complex use cases like the solution of PDEs.
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Tue 14:00 – 14:30

Exploiting Lipschitz Continuity for the Kolmogorov
Superposition Theorem

Jonas Actor, Matthew Knepley

Rice University
jonasactor@rice.edu

The Curse of Dimensionality constrains computational methods for high-dimensional problems. Many
methods to overcome these constraints, including neural networks, projection-pursuit, radial basis func-
tions, and ridge functions, can be explained as approximations of the Kolmogorov Superposition Theorem
(KST). This theorem proves the existence of a representation of a multivariate continuous function as
the superposition of a small number of univariate functions. These univariate functions are defined on
a series of grids that are refined during the construction process. Unfortunately, KST is difficult to use
directly because the resulting representation is highly nonsmooth. At best, the functions involved in
the superpositions are Lipschitz continuous and not differentiable, and the best known constructions are
merely Holder continuous. We describe the first known algorithm to construct a Lipschitz KST inner
function. We solidify Fridman’s original existence proof by specifying each step of the requisite adaptive
hierarchical space decomposition. We then batch the necessary interval decompositions for a given layer
of refinement by grouping the steps into three stages: finding problematic holes in the tiling, adding plugs
to those holes, and then refining. The resulting inner function induced by the spatial decomposition is
independent of the multivariate function being represented, depending only on the spatial dimensions of
the domain. With this Lipschitz inner function, we provide a preliminary implementation of the outer
KST functions that exploits the Lipschitz properties of the inner function in order to accelerate the
construction process. As a result of possessing a Lipschitz inner function, we guarantee that at each level
of reconstruction, the outer function remains Lipschitz as well. This process defines a grid of points at
which the multivariate function is evaluated from which the outer univariate function is constructed. We
display the results of our function representation scheme and provide examples of the one-dimensional
Kolmogorov representations of several multivariate functions. For these results, we compare the compu-
tational resources required for Kolmogorov representation to standard methods for function interpolation
and approximation.
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Tue 15:00 – 15:30

The Combination Technique with B-Splines for Stochastic
Collocation

Michael Rehme, Fabian Franzelin, Dirk Pflüger

University of Stuttgart
michael.rehme@ipvs.uni-stuttgart.de

Robust prediction of the behavior of complex physical and engineering problems relies on approx-
imating solutions in terms of physical and stochastic domains. This holds particularly in the case of
uncertainty quantification, where input data are affected by randomness. For higher resolution and
accuracy, simulations must increase the number of deterministic and stochastic variables and therefore
further increase the dimensionality of the problem.

The sparse grid combination technique is an established method to tackle higher-dimensional problems
in the context of uncertainty quantification. Classical approaches use combinations of anisotropic full
grids with global polynomials as basis functions to approximate quantities of interest or to compute
coefficients of the polynomial chaos expansion via pseudo spectral projection.

We replace the global polynomial basis by a local B-spline basis to reduce negative effects of numerical
instabilities in the solution on the surrogate. B-splines do not suffer from Gibb’s phenomenon, and
their polynomial degree can be arbitrarily chosen depending on the problem at hand to increase the
order of convergence. For the calculation of stochastic quantities, the combination technique surrogate
is transformed into a hierarchical sparse grid surrogate. By doing so we reduce the amount of basis
functions needed and thereby the overall computation time.

Furthermore, we use established adaptive refinement criteria that are derived from the sparse grid
approach to reduce the costs, i.e., the number of forward model runs, for the approximation. Numerical
studies demonstrate the effectiveness of this approach compared to conventional polynomial chaos expan-
sion as well as to sparse grid methods with grids based on Clenshaw-Curtis points and Leja sequences.

Finally we apply our technique to a model for probabilistic risk assesment for CO2 storage in geological
formations.
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Tue 15:30 – 16:00

Multi-Fidelity Sparse-Grid-Based Uncertainty Quantification
Applied to Tsunami Runup.

Stephen Roberts, Fanzi Meng

Australian National University
stephen.roberts@anu.edu.au

Given a numerical simulation, the objective of parameter estimation is to provide a joint posterior
probability distribution for an uncertain input parameter vector, conditional on available experimental
data. However, exploring the posterior requires a high number of numerical simulations, which can make
the problem impracticable within a given computational budget.

A well-known approach to reduce the number of required simulations is to construct a surrogate,
which — based on a set of training simulations — can provide an inexpensive approximation of the
simulation output for any parameter configuration. To further reduce the total cost of the simulations,
we can introduce low-fidelity as well as high-fidelity training simulations. In this case, a small number
of expensive high-fidelity simulations is augmented with a larger number of inexpensive low-fidelity
simulations.

In this talk I will present a method we have investigated to produce such a multi-fidelity surrogate-
based estimator based on sparse grid interpolation. The method is applied to the quantification of
uncertainty for the inundation due to a tsunami runup. We can demonstrate a speedup of 20 for a four
dimensional parameter estimation problem.
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Tue 16:00 – 16:30

Constructing univariate and multivariate quadrature rules
using only implicitly known distributions

Laurent van den Bos, Benjamin Sanderse

CWI Amsterdam
l.m.m.van.den.bos@cwi.nl

The Smolyak sparse grid is a well-known procedure to combine tensorized quadrature rules into a
multivariate sparse grid. For the purpose of integration, the best results are obtained if the initial
univariate quadrature rules are nested, have positive weights, and have a high degree with respect to
an underlying distribution. There is no general procedure to construct nested and positive quadrature
rules, although approaches do exist for specific cases (e.g. Clenshaw–Curtis, Gauss–Kronrod). Moreover
it happens more and more that the underlying distribution is only known implicitly and is strongly
correlated, e.g. it is the posterior of a Bayesian analysis, such that creating a sparse grid using solely
univariate quadrature rules is inefficient.

In this talk, we will present a new method to construct sequences of nested univariate and multivariate
quadrature rules with positive weights. All procedures are based on the removal of nodes, as it can be
demonstrated mathematically and numerically that it is always possible to remove one or more nodes
from a quadrature rule keeping weights positive and accuracy high. This yields naturally a nested
sequence of rules. Addition of nodes to a rule can be performed by iteratively adding samples from the
distribution to the quadrature rule and constraining the number of nodes. The key advantage is that the
exact characteristics of the distribution do not have to be known, only a procedure to construct samples
from the distribution (e.g. Markov chain Monte Carlo) is necessary.

The univariate quadrature rules can be used to generate sparse grids with high accuracy. If the
multivariate distribution itself is only known implicitly or is strongly correlated, a multivariate quadrature
rule with positive weights can be constructed directly. These multivariate quadrature rules can also be
used in the Smolyak procedure, at the cost of ending up with a larger number of nodes.
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Wed 9:15 – 10:00

Optimal Monetary Policy under Uncertainty in the Presence of
a Lower Bound

Simon Scheidegger, Johannes Brumm, Thomas Mertens, John Williams

University of Zurich
simon.scheidegger@bf.uzh.ch

The computation of equilibria in dynamic stochastic economic models with heterogeneous agents has
become increasingly important in financial economics, macroeconomics and in public finance. It is an
open question of great practical relevance how to compute equilibria for large scale problems such as
in monetary policy models which could be used to evaluate for example proposals on the regulation of
financial markets. Smaller and more stylized versions of these models have been solved in the literature
but existing technologies and codes so far could not be scaled to tackle more realistic models. Adaptive
sparse grids in combination with high-performance computing on the other hand allow us to tackle such
problems.

In this talk, I will discuss the very important research question of how an economy behaves and how
a central bank should act when it faces the zero lower bound (ZLB) on the nominal interest rate. Re-
searchers’ interest in this question is motivated by the recent U.S. and Eurozone experience of (nearly)
zero short-term nominal interest rates after 2008. This experience has rekindled the interest in un-
derstanding the theoretical and quantitative effects of the ZLB in so-called dynamic stochastic general
equilibrium (DSGE) models. The quantitative analysis of the ZLB is complicated by the essential nonlin-
earity that it generates. Along the equilibrium path of the model, the nominal interest rate is a function
of the states of the economy and government policy. Since, in the typical model, the nominal interest rate
will be zero for some states of the economy and government policies but not for others, the function that
determines interest rates must be non-smooth. This lack of smoothness as well as the high-dimensional
state space is an obstacle both for traditional solution techniques, but adaptive sparse grids are capable
of dealing with them.
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Wed 10:30 – 11:00

On the Solution of Multidimensional Macroeconomic Models
with Distributional Channels

Luca Mazzone

University of Zurich
luca.g.mazzone@gmail.com

The importance of distributional channels as wealth inequality, productivity dispersion or heteroge-
neous preferences in macroeconomic dynamics has been object of considerable attention from empirical
studies, highlighting the importance of incomplete markets and imperfect risk-sharing. Despite con-
siderable amount of effort aimed at incorporating agent heterogeneity and distributional effects into
macroeconomics, however, their inclusion in the standard policy toolbox is far from widespread. As a
result, market incompleteness has a limited role in standard macroeconomic models that allow for some
heterogeneity. A relevant obstacle, in such cases, is the computation of equilibria, which coincides with
the problem of representing a self-fulfilling law of aggregate motion. I propose a global solution method
for solving infinite-horizon, heterogeneous agent macroeconomic models with aggregate uncertainty. De-
tails of the algorithm are illustrated by presenting its application to a an example model: in it, aggregate
dynamics depends explicitly on firm entry and exit, and individual choices are often constrained by a
form of market incompleteness. Given those characteristics, existing computational strategies are either
unfeasible or provide inaccurate solutions. In particular, simulation-based algorithms fail to account for
the rich cross-sectional dynamics of these economies. Moreover, global solutions are computationally
expensive because the minimal representation of the aggregate state space - and thus the aggregate law
of motion - faces the curse of dimensionality: in my example model, the approximate law of motion is still
a five-dimensional object, making it already too expensive to evaluate using Cartesian grids. However,
even classical sparse grids would be inadequate, as the law of motion is not going to satisfy the usual
smoothness conditions. The proposed strategy thus combines adaptive sparse grids with a cross-sectional
density approximation, and introduces a framework for solving the more general class of dynamic models
with firm or household heterogeneity accurately.
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Wed 11:00 – 11:30

Solving High-Dimensional Dynamic Portfolio Choice Models in
Discrete Time with B-Splines on Sparse Grids

Julian Valentin, Peter Schober, Dirk Pflüger

University of Stuttgart
julian.valentin@ipvs.uni-stuttgart.de

The individual’s lifetime investment and consumption decision can be modeled as a dynamic port-
folio choice problem, where the individual can adjust her decisions dynamically as time evolves. By
the Bellman principle, this multi-period optimization problem can be reformulated as a two-period op-
timization problem in terms of a value function. A common approach to solve these models is dynamic
programming, iterating over the value function backwards in time. Therefore, the value function has to
be approximated on a state space grid.

On the one hand, this approach suffers from the curse of dimensionality as the number of grid points
grows exponentially with the dimensionality of the state space. On the other hand, solving for the current
iterate of the value function at a grid point relies on an accurate solution of the underlying optimization
problem. When the portfolio choice is continuous, gradient-based optimization routines are best suited
for this task.

Recently, sparse grid discretizations of the state space using the standard linear hat basis and global
polynomial bases have successfully been employed to break the curse of dimensionality in dynamic models.
Here, especially spatially adaptive refinement of the approximation grid has proven useful.

We introduce B-splines on sparse grids to approximate the value function and its gradient, which
readily supply smooth approximations of both. Compared to approximations in other bases, B-splines
enable an accurate and fast solution of the underlying optimization problem using numerical gradient
descent while still allowing for spatial adaptivity. We apply our approach to exemplary dynamic portfolio
choice problems with varying state space dimensionality, stochastic sample space, and choice variables.
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Wed 11:30 – 12:00

A domain-decomposition-based sparse approximation for
convection-diffusion equations with random coefficients

Guannan Zhang, Lin Mu

Oak Ridge National Laboratory
zhangg@ornl.gov

We focuses on linear steady-state convection-diffusion equations with random-field coefficients. Our
particular interest to this effort are two types of partial differential equations (PDEs), i.e., diffusion
equations with random diffusivities, and convection-dominated transport equations with random velocity
fields. For each of them, we investigate two types of random fields, i.e., the colored noise and the discrete
white noise. We developed a new domain-decomposition-based sparse approximation method, which
can exploit the low-dimensional structure of local solutions from various perspectives. We divide the
physical domain into a set of non-overlapping sub-domains, generate local random fields and establish
the correlation structure among local fields. We generate a set of reduced bases for the PDE solution
within sub-domains and on interfaces, then define reduced local stiffness matrices by multiplying each
reduced basis by the corresponding blocks of the local stiffness matrix. After that, we establish sparse
approximations (e.g., using sparse grids, discrete least squares, etc.) of the entries of the reduced local
stiffness matrices in low-dimensional subspaces, which finishes the offline procedure. In the online phase,
when a new realization of the global random field is generated, we map the global random variables
to local random variables, evaluate the sparse approximations of the reduced local stiffness matrices,
assemble the reduced global Schur complement matrix and solve the coefficients of the reduced bases on
interfaces, and then assemble the reduced local Schur complement matrices and solve the coefficients of
the reduced bases in the interior of the sub-domains. The advantages and contributions of our method
lie in the following three aspects. First, our method has the online-offline decomposition feature, i.e.,
the online computational cost is independent of the finite element mesh size. Second, our method can
handle the PDEs of interest with non-affine high-dimensional random coefficients. The challenge caused
by the non-affine coefficients is resolved by approximating the entries of the reduced stiffness matrices.
The high-dimensionality is handled by the DD strategy. Third, our method can avoid building sparse-
grid approximations to local PDE solutions. This feature is useful in solving the convection-dominated
PDE, whose solution has a sharp transition caused by the boundary condition. We demonstrate the
performance of our method based on the diffusion equation and convection-dominated equation with
colored noises and discrete white noises.
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Thu 9:15 – 10:00

∞-Variate Integration

Grzegorz Wasilkowski

University of Kentucky
greg@cs.uky.edu

We present recent results on efficient approximation of integrals with infinitely many variables. We
provide new concepts of worstcasetruncation and superpositiondimensions and show that, under mod-
est error demands, these dimensions are very small for functions from weighted tensor product spaces.
We also present MultivariateDecompositionMethod(MDM). MDM is based on approximating a num-
ber of integrals, each with the number of variables bounded by the superposition dimension. Therefore
approximating such integrals by SparseGridMethods leads to very efficient algorithms. We also present
new results on approximating weighted integrals over unbounded domains for functions with mixed par-
tial derivatives of order one bounded in weighted Lp norm. We propose a special transformation that
allows well-known Sparse Grid Methods to be used with the optimal rate of convergence. The presen-
tation is based on papers co-authored with A. Gilbert, M. Gnewuch, M. Hefter, A. Hinrichs, P. Kritzer,
F. Y. Kuo, D. Nuyens, F. Pillichshammer, L. Plaskota, K. Ritter, I. H. Sloan, and H. Woźniakowski.
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Thu 10:30 – 11:00

Image Classification with Sparse Grids Density Estimation

Kilian Röhner, Hans-Joachim Bungartz

Technical University of Munich
roehner@tum.de

Interpreting pixels as features, an image can be seen as a data point in a high-dimensional space
that is hard to discretize even with sparse grids. We use the geometrical relations of the pixels in order
to reduce the sparse grid points drastically. In order to classify the MNIST Dataset, this results in a
784 dimensional space where we compute a density functions for each class respectively and apply bayes
classification on top. We show that with modified basis functions in such geometrically aware sparse
grids, image classification become feasible.
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Thu 11:00 – 11:30

Optimal data transformation for sparse grids

Bastian Bohn, Michael Griebel, Jens Oettershagen

University of Bonn
bohn@ins.uni-bonn.de

The nature of the construction of spline-based sparse grid spaces makes them an (almost) optimal
candidate for interpolation, regression and quadrature tasks in Sobolev spaces of dominating mixed
smoothness. Due to its tensor-product structure, the space H1

mix, for instance, contains functions with
kinks which reside in an affine linear subspace perpendicular to a coordinate axis. Therefore, functions of
this type can be well-approximated by piecewise-linear splines on sparse grids. Even if the function under
consideration employs a jump residing in such an affine linear subspace, a dimension- or space-adaptive
sparse grid can be employed to achieve good approximation results with only few basis functions.

However, if the relevant features of a function do not align with the coordinate axes, an approximation
by sparse grids is usually not feasible anymore. To remedy this problem, we propose a preprocessing
step. To this end, we introduce an optimization algorithm which determines the - in an ANOVA-sense
- optimal rotation of a function such that it best suits the sparse grid structure. After applying this
rotation the sparse-grid algorithm is able to achieve optimal results if the kinks/jumps of the function at
hand reside in perpendicular affine linear subspaces, which do not have to be aligned with the coordinate
axes anymore. We will show how a sparse grid least-squares regression algorithm benefits from applying
the rotation to the data in numerical examples. Furthermore, we will hint at possible extensions of our
method to the case of features residing in non-perpendicular or even non-linear subspaces.
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Thu 11:30 – 12:00

Distributed and Performance-Portable Clustering with Sparse
Grids

Gregor Daiß, David Pfander, Dirk Pflüger

University of Stuttgart
Gregor.Daiss+chair@gmail.com

The clustering of data points is an essential operation in data science. To find the clusters in Big Data
scenarios with up to billions of data points, highly efficient algorithms are required. We present a new
distributed and portable accelerator-enabled implementation of an existing clustering algorithm based
on spatial discretization using sparse grids. The algorithm prunes the (approximate) nearest neighbor
graph of an input dataset using density estimation. For the (typically limiting) density estimation, we
employ sparse grid algorithms that scale linearly with the size of the dataset and are thus well-suited for
higher-dimensional numerical data sets in big data scenarios.

To utilize the hardware of different vendors, we use OpenCL to implement multiple compute kernels
for performance-critical steps of the clustering algorithm. While these kernels can run on every OpenCL-
supported hardware, they have to be fine-tuned for each hardware platform to ensure high computational
performance. Therefore, we provide various options to be able to manually or automatically tune them
for the hardware at hand to optimize node-level performance. The implementation further uses MPI to
distribute the algorithm to multiple nodes, each of which will then use the OpenCL implementation.

Current results show good scaling behavior on 64 nodes of Piz Daint, an HPC system equipped with
Nvidia Pascal GPUs, for synthetic datasets with up to 10 dimensions and 10 million data points. On
the node level, we achieve between 23 and 50 percent of the peak performance on hardware platforms
of different vendors. Given that the instruction mix of the sparse grid density estimation limits the
practically possible peak performance to two-thirds of the theoretical one, the measurements show good
scalability, high node-level performance, and performance portability.
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Thu 13:00 – 13:30

Sparse grids Matlab kit

Lorenzo Tamellini

CNR-IMATI
tamellini@imati.cnr.it

The sparse grids Matlab kit is a collection of Matlab functions that implement sparse grids function-
alities for approximation of multi-variate functions, based on the combination technique form of sparse
grids.

The library is steered towards Uncertainty Quantification tasks, and aimed at ease of use and
quick prototyping. As such, it comes with many examples, extensive documentation, and provides
many common tools: - Gauss-Legendre/Clenshaw-Curtis/Leja/Gauss-Hermite/Genz-Keister points -
(An)isotropic Total degree, Hyperbolic Cross, Smolyak, adaptive sparse grids, sparse grids defined on
arbitrary downward-closed sets - Conversion to Polynomial Chaos Expansion on Legendre, Hermite,
Chebyshev polynomials - ”ready-to-use” functions for interpolation, quadrature, sensitivity analysis,
with function evaluation recycling and built-in support of the Matlab parallel toolbox

In this talk we will briefly show the features of the software and a couple of applications in UQ.
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Thu 13:30 – 14:00

Parallel and Distributed Sparse Grids with SG++

David Pfander, Dirk Pflüger

University of Stuttgart
David.Pfander@ipvs.uni-stuttgart.de

SG++ is a sparse grids toolkit that provides a wide range of sparse grid algorithms, available through
an easy-to-use programming interface. It has been successfully used for interpolation, quadrature, data
mining, the solution of partial differential equations, uncertainty quantification, and more. However,
standard implementations are not enough to account for big data and large-scale simulations which
require vast amounts of compute time. For bearable runtimes of such computationally-intensive tasks,
the efficient utilization of many-core processors and graphics card has become mandatory. Of course, even
larger scenarios require software with distributed computing capabilities. SG++ is well-suited to tackle
even tasks involving sparse grids that have extreme computational demands. To demonstrate this, we
describe SG++’s implementation of several sparse grids algorithms that were implemented to maximize
performance, in particular (multi-)evaluation, regression and clustering. All algorithms presented can
be used in distributed computing environments and work on processors as well as graphics cards. We
discuss the properties of the different algorithms presented and show that their use in an application
requires only minimal changes to the program. Numerical experiments show that suitably optimized
algorithms can yield up to 90
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Thu 14:30 – 15:00

The sparse grid toolkit SG++

Dirk Pflüger

University of Stuttgart
Dirk.Pflueger@ipvs.uni-stuttgart.de

We give an overview on the current state of the sparse grid toolkit SG++. SG++ offers the largest
collection of algorithms and data structures for sparse grids available. While its main target have been
spatially adaptive sparse grids, we have recently extended by a fully fledged combination technique
module. SG++ is designed to achieve a good trade-off between maintainability, portability, efficiency,
and ease of use. It provides both high-level interfaces for occasional use, such as interfaces to Python
and Matlab, as well as low-level implementations to ensure efficiency and scalabilty. SG++ has been
successfully employed for interpolation and quadrature as well as for machine learning, uncertainty
quantification, quadrature, form optimization, option pricing, economics, functional maps, multi-scale
simulations, plasma fusion simulations, and more.
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Fri 9:30 – 10:00

Sparse grid approximation of the Riccati operator for closed
loop parabolic control problems with Dirichlet boundary control

Ilja Kalmykov, Helmut Harbrecht

University of Basel
ilja.kalmykov@unibas.ch

In the present talk, we consider the sparse grid approximation of the Riccati operator u arising
from closed loop parabolic control problems. In particular, we concentrate on the linear quadratic
regulator (LQR) problems, i.e. we are looking for an optimal control u∗ in the linear state feedback form
u ∗ (t,∆) = ux(t,∆), where x(t,∆) is the solution of the controlled partial differential equation (PDE)
for a time point t. Under sufficient regularity assumptions, the Riccati operator u fulfills the algebraic
Riccati equation (ARE) Au+uA−uBB ·u+Q = 0, where A, B and Q are linear operators associated to
the LQR problem. Furthermore, for certain control problems, u can be expressed in terms of an integral
kernel p. In such cases, the weak form of the ARE leads to a nonlinear partial differential equation
for the kernel p – the Riccati-PDE. Based on the available sparse grid software SG++ , we are able
to implement algorithms to solve the Riccati-PDE with linear complexity O(N) in the case of Dirichlet
boundary control. Here, N is the number of degrees of freedom for the sparse grid representation of the
integral kernel p.
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Fri 10:30 – 11:00

Adaptive approximation by sums of piecewise polynomials on
sparse grids

Oleksandr Kozynenko, Oleg Davydov, Dmytro Skorokhodov

Oles Honchar Dnipro National University
kozinenkoalex@gmail.com

We consider the problem of function approximation by piecewise polynomials on convex partitions,
and by sums of several piecewise polynomials. It has been shown in [1] that piecewise constants on
N convex cells provide the approximation order O(N−2/(d+1)) for twice differentiable functions, where
d is the number of variables, and this order cannot be further improved for any function whose Hes-
sian is positive definite at some point. Although still suffering from the curse of dimensionality, this
bound is significantly better than the standard order O(N−1/d) expected from piecewise constants on
isotropic partitions. In [3] we combine the method of [1] with a generalized Birman-Solomyak adaptive
approximation to extend this bound to a wide range of Sobolev spaces of second total order.

In contrast to the above, there is no improvement of the isotropic error bound O(N−2/d) for piecewise
linear polynomials on convex partitions. As shown in [2], by using sums of several piecewise linear
polynomials the bound can be improved to O(N−6/(2d+1)) if the function possesses derivatives of the
total order 3.

On the other hand, it is well-known that sparse grids lead to sums of piecewise constants with
the approximation order O(N−1log2(d−1)N) for functions in Sobolev spaces with dominating mixed
derivatives. In this talk new results will be presented that improve this bound in the 2D case from
O(N−1log2N) to O(N−1logN). The method modifies the sparse grid approximation by employing some
techniques of [1-3].

[1] O. Davydov, Approximation by piecewise constants on convex partitions, J. Approx. Theory, 164
(2012), 346-352. doi:10.1016/j.jat.2011.11.001

[2] O. Davydov and F. Rabarison, Approximation by sums of piecewise linear polynomials, J. Approx.
Theory, 185 (2014), 107-123. doi:10.1016/j.jat.2014.06.008

[3] O. Davydov, O. Kozynenko and D. Skorokhodov, in preparation.

33



Fri 11:00 – 11:30

Dimension adaptive sparse quadrature and transport maps for
high dimensional Bayesian integration

Joshua Chen, Peng Chen, Omar Ghattas, Youssef Marzouk, Daniele Bigoni

University of Texas at Austin
joshuawchen@utexas.edu

A central task of Uncertainty Quantification (UQ) and Bayesian statistics is characterizing moments
of quantities of interest (QoIs) with respect to posterior measures. In high parameter dimensions it is
challenging to efficiently and accurately compute these integrals. In the context of Bayesian inverse
problems governed by PDEs, in previous recent work, we exploit underlying low-dimensional structure of
high-dimensional problems arising from the weak influence of the data (via the likelihood) on the poste-
rior in certain ‘data-uninformed’ directions. In this work, the Hessian at the MAP point is used to inform
dimension-adaptive sparse quadrature. While dimension-independent convergence occurs for sufficiently
smooth integrands, the Laplace approximation of the posterior cripples its ability to accurately charac-
terize the uncertainty of complex QoI’s whenever the posterior measure is not ‘very Gaussian.’ In another
work, we construct a transport map, or deterministic transformation between probability measures, to
approximately map a ‘nice’ reference measure to the target measure. We exploit the ability to easily
sample from the reference, using tensor product quadrature or Monte Carlo (MC) methods, to compute
moments of a QoI with respect to the target density via a pushforward through the transport map.
These sampling schemes are also used to compute a KL-divergence required in the optimization process
to find the transport map. However, both quadrature methods are inefficient: MC methods converge like
O(
√
N) and the number of quadrature points in tensor product quadrature scales exponentially with re-

spect to dimension. Building on these previous works, we propose a more efficient and dimension-scalable
scheme for building transport maps and evaluating moments of QoIs tensor product quadrature posterior
measures using dimension-adaptive sparse quadrature. We present numerical results that give evidence
for the low-rank structure of moments of QoIs . We also introduce a lightweight, memory efficient,
and fast open-source Python library for dimension-adaptive sparse quadrature, SparQlib, currently in
development.
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