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THEORETICAL BACKGROUND 



1. PROPOSED NON-LINEAR MICRO-MODEL OF R/C INFILLED 
FRAMES BASED ON PHENOMENOLOGICAL DISCRETE 
COMPONENT MODELS (NDC-MODELS)

The proposed Non-linear Discrete Component (NDC) micro-analytical model 
is composed of newly defined various types of “non-linear discrete 
components” representing specific non-linear behavior characteristics of 
different structural components and materials. 

Basically, the proposed NDC micro-analytical model of complete R/C infilled
frames is formulated based on systematic-component-assembling-process of 
non-linear discrete components of formulated four basic modeling units 
representing particular structural component as follows: 



1. PROPOSED NON-LINEAR MICRO-MODEL OF R/C INFILLED 
FRAMES BASED ON PHENOMENOLOGICAL DISCRETE 
COMPONENT MODELS (NDC-MODELS)

1.  Modeling unit-1 (finite element) representing refined non-linear model 
of FRAME elements (beams and columns); 

2.  Modeling unit-2 (formed of set of corresponding discrete components) 
representing NDC-modeling of structural INFILL elements; 

3.  Modeling unit-3 (arranged similar set of corresponding discrete 
components) representing NDC-modeling of structural MORTAR elements; 

4.  Modeling unit-4 representing NDC-modeling of structural 
GEOGRID elements. 

The specific characteristics of the formulated modeling units and their required 
and adoptable variants are briefly described in the following text 



As a result of the proposed new micro-modeling concept based on created 
and implemented non-linear discrete components, it was necessary to adopt 
new advanced analytical procedure as well as to develop new specific purpose 
computer software. 
The micro-modeling concept proposed and used in this 
study represents an original development and its present realization stage 
actually represents a specific, complex and large time-consuming part. 

1. PROPOSED NON-LINEAR MICRO-MODEL OF R/C INFILLED 
FRAMES BASED ON PHENOMENOLOGICAL DISCRETE 
COMPONENT MODELS (NDC-MODELS)



1.1 PHENOMENOLOGICAL NDC-MODELS

The proposed phenomenological Non-linear Discrete Component models 
(NDC- units) of different structural parts actually represent the fundamental 
basis of the proposed NDC micro-analytical model of complete R/C 
infilled frames. 
The formulation of the integral micro-model is based on 
systematic-component-assembling-process. 
Four basic non-linear modeling units (models) are implemented in this study 
simulating specific non-linear behavior characteristics of particular
structural components.



a. Refined Non-linear Model of Frame Elements

Starting from analytical representation of the observed hysteretic 

stress-strain relations of concrete and steel materials under generalized cyclic 

loads, a corresponding non-linear stiffness matrix of frame finite element 

is derived. 

The nonlinear behavior of structural R/C or steel frame members 

(beams and columns) was modeled by developed micro-nonlinear 

finite element, Fig. 1a.
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Fig.1. Frame NEL-modeling: (a) Frame element, (b) Nonlinear models

a. Refined Non-linear Model of Frame Elements
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The distribution of nonlinearity along this element was fully controlled by 
specifying a required number of non-linear (hysteretic) M-ϕ relations computed 
for each of the considered interface elements (Ristic 1988 and Oncevska, 
Ristic et al. 1994). By introducing of the appropriate number of interface 
elements along the finite element, an advanced analytical concept of 
micro-modeling was introduced. In the present study, both axial stiffness 
and moment-curvature relations were simultaneously considered at each 
interface element providing realistic simulation of its non-linear behavior 
during quasi-static or dynamic response. 

a. Refined Non-linear Model of Frame Elements
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For simulation of axial stiffness two modeling options were included: 

(1) Modeling option with simulated σ-ε (stress-strain) relationship of concrete 
material under cyclic compression represented by analytical model 
AS-M1, and 

(2) Modeling option with simulated s-e relationship by bi-linear model with 
included cyclic compression and cyclic tension stresses, analytical 
model AS-M2. 

Generally, these two modeling options are sufficient to realistically simulate 
the axial stiffness of the element. For simulation of cyclic bending stiffness 
of interface elements, several options were studied. 

a. Refined Non-linear Model of Frame Elements
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The two representative modeling options are the following: 

(1) Simulation of hysteretic M-ϕ (moment-curvature) response of 
interface elements by complete Takeda's hysteretic model based on the 
defined tri-linear M-ϕ envelope curve for the given constant level of axial 
force, analytical model IE-M1, and 

(2) Modeling option providing simulation of hysteretic M-ϕ response of 
interface elements by bi-linear model defined also for constant axial 
force, analytical model IE-M2. 

a. Refined Non-linear Model of Frame Elements
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The capability of this model to successfully simulate the non-linear 
behavior of reinforced concrete and steel frame members has been
confirmed based on experimental results from extensive laboratory tests. 
Furthermore, the proposed new micro-analytical model have been widely 
applied for specific research purposes especially for prediction of earthquake 
damage and failure mode of complete structures under different earthquakes 
of variable intensity.

a. Refined Non-linear Model of Frame Elements
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b. NDC-modeling of structural INFILL elements

Refined non-linear discrete component (NDC) modeling of structural INFILL 
elements (segments) is achieved through assembled original non-linear 
infill-unit. The basic or standard form of one non-linear infill-unit consists of 
six (6) axial non-linear springs or non-linear discrete components. 
Adopting successful analytical representation of actual non-linear hysteretic 
relations of each separate discrete component, inelastic behavior 
characteristics and failure modes of the infill-unit under generalized cyclic 
loads can be realistically simulated. 
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The resulting non-linear or tangent-stiffness matrix of infill-units can be 

successfully developed applying the standard concept of the finite element 

method and the regular assembling process of the corresponding stiffness 

matrix. The standard form of the infill-unit composed of six equivalent 

non-linear discrete components is shown in Fig. 2a.

b. NDC-modeling of structural INFILL elements
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Fig. 2. Infill NDC-modeling: (a) Modular unit, (b) Nonlinear DC models
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b. NDC-modeling of structural INFILL elements



For simulation of non-linear axial stiffness of discrete components or 
non-linear force-deformation relations four possible modeling options 
are included: 

(1) Modeling option M1 representing typical non-linear model of structural 
infill characterized by symmetrical force-deformation relation; 

(2) Modeling option M2 representing typical bi-linear model of discrete 
component under tension and compression; 

(3) Modeling option M3 representing typical non-linear model of discrete 
component with compressive strength only, and 

(4) Modeling option M4 representing discrete component with linear 
compressive force-deformation relation and zero tension strength, Fig. 2b. 

b. NDC-modeling of structural INFILL elements
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Considering, in this study, a typical infill-unit (representing discrete 
geometrical part) composed of non-linear discrete components to which 
can be assigned specific non-linear characteristics of force-deformation 
relations, it is made possible to simulate realistically many involved complex 
physical phenomena. 
For example this concept provides capability to analytically simulate: crack 
opening, crack closure, failure in tension, failure in compression, axial 
deformation mode, bi-axial deformation mode, shear deformation mode, 
other combined deformation modes, etc.
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b. NDC-modeling of structural INFILL elements



c. NDC-modeling of structural MORTAR elements

Analogously, refined non-linear discrete component (NDC) modeling 
of MORTAR elements (segments) is achieved through an assembled similar 
non-linear mortar-unit. The basic or common form of one non-linear 
mortar-unit consists also of six (6) axial non-linear springs representing 
non-linear discrete components. Adopting also in this case successful 
analytical representation of actual non-linear hysteretic relations of each 
discrete component, the inelastic behavior characteristics and failure modes 
of the mortar-unit under generalized cyclic loads can realistically be simulated. 
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The resulting non-linear or tangent-stiffness matrix of mortar-units can 
analogously be assembled applying the standard concept of the finite 
element method. The standard form of mortar-unit composed of six 
equivalent non-linear discrete components is shown in Fig. 3a.

1.1 PHENOMENOLOGICAL NDC-MODELS

c. NDC-modeling of structural MORTAR elements



Fig. 3. Mortar NDC-modeling: (a) Modular units, (b) Nonlinear DC models
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c. NDC-modeling of structural MORTAR elements



In this case for simulation of the non-linear force-deformation relations of 

discrete components, four modeling options are also used: 

(1) Option M1 represented by a symmetrical force-deformation relation; 

(2) Option M2 representing a typical bi-linear model of discrete component; 

(3) Option M3 representing a typical non-linear model of discrete component 

with compressive strength only, and 

(4) Option M4 representing a discrete component with linear compressive 

force-deformation relation and zero tension strength. 
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c. NDC-modeling of structural MORTAR elements



Usually the mortar-units possess uniform contact with the bricks only or a 
combined contact involving partially brick contact and partially contact with
frame elements (columns and beams). The contact type generally depends 
on the position of the mortar-unit. 

In the case of uniform contact, the corresponding mortar unit consists 
of six non-linear discrete components. 

1.1 PHENOMENOLOGICAL NDC-MODELS

c. NDC-modeling of structural MORTAR elements



In the case of contact with column, the formed mortar unit exist of 5 discrete 
components (2 horizontal, 1 vertical and 2 diagonal). In the case of contact 
with beam, the mortar unit also consists of 5 discrete components (1 horizontal, 
2 vertical and 2 diagonal). 

Finally, in the case of contact with column and beam (corners), the mortar 
unit consists of 4 discrete components (1 horizontal, 1 vertical and 2 diagonal).
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c. NDC-modeling of structural MORTAR elements



Considering also a discrete mortar unit (representing discrete geometrical 
part) composed of non-linear discrete components with specific non-linear 
characteristics of force-deformation relations for mortar is also made 
possible to simulate: crack opening, crack closure, different failure modes, 
different deformation modes, etc.
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c. NDC-modeling of structural MORTAR elements



d. NDC-modeling of structural GEOGRID elements

To improve seismic performances of infilled-frame structures or particularly 
of brick masonry itself appropriate reinforcing methods using geogrids have 
been proposed /18,47/. Reinforcing geogrids can be applied in different 
ways. Ductility and strength of infill can be improved applying geogrids at 
one or both sides of masonry wall. This method is very convenient for repair 
and strengthening of structures. 
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However, in the case of new construction, reinforcing geogrids can be 
applied in several horizontal layers. Regarding the existing capacity of the 
geogrid layer to receive tension stresses, by their application is assured 
qualitative improvement of seismic performances of the integral masonry 
panels. This improvement can be highly effective in minimizing cracks, 
improvement of ductility capacity, stabilization of force-deformation relations, 
improvement of bearing capacity etc. 

1.1 PHENOMENOLOGICAL NDC-MODELS

d. NDC-modeling of structural GEOGRID elements



From these reasons, it is very important to provide a method or a 

concept to theoretically simulate the existing effects of the applied 

reinforcing geogrids in the formulated non-linear analytical model.

1.1 PHENOMENOLOGICAL NDC-MODELS

d. NDC-modeling of structural GEOGRID elements



Following the introduced refined discretization approach, proposed is a similar 
non-linear discrete component (NDC) for modeling of GEOGRID elements. 
The basic model consists of non-linear strut characterized by axial non-linear 
force-deformation relation. Adopting successful analytical representation of 
actual non-linear hysteretic relations of each discrete component, inelastic 
behavior characteristics of geogrid layers under generalized cyclic loads can 
realistically be simulated. 

1.1 PHENOMENOLOGICAL NDC-MODELS

d. NDC-modeling of structural GEOGRID elements



The resulting non-linear or tangent-stiffness matrix of geogrid-discrete 
component is analogously assembled applying the standard concept of the 
finite element method. 
The common form of equivalent non-linear discrete components of geogrids 
is shown in Fig. 4a.
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d. NDC-modeling of structural GEOGRID elements



Fig. 2.4. Geogrid NDC-modeling: (a) Modular units, (b) Nonlinear DC models
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d. NDC-modeling of structural GEOGRID elements



If a geogrid layer is located in the first mortar layer, then one discrete 
component is used to simulate the geogrid effects. This case is modeled by 
bi-linear force-deformation model M2. However, if the geogrid layer is located 
between two brick layers, its effects are simulated by two discrete elements 
located up and down. The corresponding model in this case is denoted 
by M1, Fig. 4b. 
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d. NDC-modeling of structural GEOGRID elements



In this way, it is possible to analytically model all the existing geogrid
parts (components) as well as to achieve realistic simulation of the integral 
effect of the applyied reinforcing components.

1.1 PHENOMENOLOGICAL NDC-MODELS

d. NDC-modeling of structural GEOGRID elements



1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept

To introduce micro-modeling concept for non-linear behavior analysis of the 
integral structural systems subjected to time-dependent static or seismic 
oads, the present study was extended to development of optimized discretization 
approach and structural analysis procedure. To achieve theoretical simulations 
of structural inelastic response, a special-purpose computer program 
EURO-NORA has been developed as a final objective of the first part of the 
present study. The theoretical basis of the established analytical procedure, 
the implemented computation algorithms, and the general features of the 
developed computer program are briefly described herein.



To generalize the application of the analytical procedure for a 
multi-degree-of-freedom system, computation sequences and program 
algorithms have been originally elaborated, considering matrix notations. 
In addition, to achieve optimization of the computer storage requirements, 
all structural matrices have been assembled in a compact banded form 
directly requiring implementation of the specific solution schemes.

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



The first part included development of step-by-step analysis procedure for 
computation of the linear and nonlinear static response of infilled-frame 
structures under time-dependent loads. The second part included development 
of an analytical procedure for analysis of the linear and nonlinear dynamic 
structural response under earthquake excitation. For analysis of the initial 
dynamic characteristics of the modeled structure, the inverse vector iteration 
method has been applied.

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



However, the practical applicability of the proposed micro-modeling concept 
for the inelastic earthquake response analysis of real infilled-frame structures 
is evaluated in section 4, using the originally developed computer program 
and the available experimental results from the laboratory tests of complete 
infilled-frame models.

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



Basic finite element analysis concept:

The applied displacement based finite element structural analysis approach 
can be summarized as follows: 
(1) Idealization of the structural system by non-linear infill components 

and finite frame elements; 
(2) Identification of unknown nodal displacements completely defining the 

displacement response of the idealized structure; 
(3) Derivation of force equilibrium equations corresponding to nodal 

displacements; 
(4) Solution of equilibrium equations for unknown displacements;
(5) Computation of element stress or force distributions using known nodal 

point displacements.

1.2  Non-linear static and dynamic response of complete R/C 
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Applying the direct stiffness method, the global stiffness matrix [K] 
of the integral structure idealized by finite elements is assembled 
by simple addition of the computed stiffness matrices of all elements 
in the assumed global coordinate system.

[ ] [ ]K K
e

NEL

g
e =  

 = 1
∑ ( )

(1)

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



To generalize the procedure, a stiffness matrix of an isolated finite element 
is originally formulated in the appropriate local coordinate system. 
Considering the computed local stiffness matrix [K]L(e) and the known 
directions of the respective coordinate axes, the global element stiffness 
matrix [K]g(e) is obtained by geometrical mapping. 

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



However, to carry out summation (1), the element global stiffness matrix 
[K]g(e) is firstly written as [K]G(e), i.e., of the same order as the structural 
stiffness matrix [K], containing all zero entries, except those which 
correspond to the element's degrees of freedom.

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



Using the assembled structural stiffness matrix [K], the static equilibrium 
equation of the system is written as:

[ ] { } { }K  U  =  R (2)

where, {U} and {R} represent the vector of unknown global displacements
and vector of external forces acting in the direction of the structural global 
displacements. For structural systems with n degrees of freedom, these 
vectors include n components, i.e.,

1.2  Non-linear static and dynamic response of complete R/C 
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{ } { } { } { }U RT T =  U  U  ... U   =  R  R  ... R1 2 n 1 2 n, , ; , , (3)

Before solving of the nodal point displacements, respective boundary 
conditions had been imposed, for example Ui = 0 and Ui+1 = 0. 
This means that the number of unknown displacements is directly reduced 
to (n-2), and consequently, the structural stiffness matrix will be transformed 
into the same order. 

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



This can be achieved through elimination from [K] of the i-th and 
(i+1)-th rows and columns, so the equilibrium equations to be solved become

[ ] { } { }K * * * U  =  R (4)

where, {U}* and {R}* are reduced vectors of the global displacements and 
the external forces, including the unknown (effective) degrees of freedom 
only. The solution of Eq. (4) gives the structural displacements and 
consequently the element nodal point displacements. 

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



Generally, if the material is considered as linearly elastic, and if the 
boundary conditions remain unchanged, and finally, if only one set 
of external loads is slowly applied to the structure, the analysis corresponds 
to a single static solution. 

The local element nodal forces are calculated by multiplying of local 
element stiffness matrix [K]L(e) by its local displacement vector which is 
computed by rotation of the element global displacement vector.

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



In such case we have to actually solve only one set of equilibrium 
equations, assuming that the boundary conditions are imposed, i.e. 

[ ] { } { }K  U  =  R (5)

where, [K] is the structural global stiffness matrix assembled in a 
compact form, {U} is the vector of the unknown displacements and {R} is the 
external forces vector. 

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



In the case of linear static analysis, the structural stiffness matrix is constant
and the displacement response {U} is a linear function of the applied load 
vector {R}, which means that, for the scaled load vector γ {R}, the 
corresponding displacements are γ {U}, where γ = constant. 
In case the last relation is not valid, i.e., the structural stiffness matrix is 
not constant, nonlinear analysis should be performed in order to obtain 
solution for the structural response.

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



In general, nonlinear relation between the applied load and the displacements 
may result from various reasons, so different types of nonlinear analysis may 
be of concern, as follows: 

(1) Material nonlinearity only. In this case, the material behavior under the 
applied loads should be realistically modeled by the nonlinear stress – strain
relations; 

(2) Nonlinearity resulting from large displacements and large rotations, but 
generally with present small induced strains, which can be linear and 
nonlinear, commonly named as problems with geometrical nonlinearity; 

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



(3) Nonlinearity resulting from large displacements, large rotations and 
large strains, which can also be linear and nonlinear. The nonlinear 
analysis type may include both material and geometrical nonlinearity; 

(4) Nonlinearity induced due to some contact problems (if during loading 
the initial displacement boundary condition is changed), etc.

Originally, the emphasis in the present study has been put on the analytical 
modeling of complex material nonlinearity of various components of 
infilled-frame structures.

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



However, before applying the proposed model for solution of the present 
nonlinear dynamic problem, nonlinear static analysis procedure has been 
firstly established, including generation of all the basic matrices and vectors, 
as well as application of effective numerical solution methods. In addition, 
various developed subroutines for static analysis purposes have lately been 
successfully adopted in the computer program for computation of structural 
dynamic response.

1.2  Non-linear static and dynamic response of complete R/C 
Infilled frames applying micro-modeling concept



The most general problem in nonlinear analysis is to determine the state of 
equilibrium of the discretized system corresponding to the applied external loads.
However, if we consider the specific case where the external loads, 
represented as functions of time, are slowly applied to the structure, the 
respective equilibrium condition of a system discretized by finite elements 
at time t is written as:  00

{ } { }t R  -  t  =  0F (6)

where:
t{R} = vector of externally applied nodal point forces in the configuration at time
t{F} = vector of nodal point forces which correspond to the element stresses 

for the same configuration.

b.  Incremental static equilibrium equation of structural system
under time-dependent loads 



Regarding the solution of nonlinear structural response, it is evident that the 
equilibrium equation (2.6) has to be satisfied during the complete load application 
history. In the static analysis without considering time effects on structural 
properties, the time variable t is only used to define the applied load level. 
However, in the dynamic analysis or in the static analysis with considered 
material time effects, the time variable t should be introduced to represent a 
real physical process. Considering the above stated, the static analysis with 
introduced time variable actually represents a very general analysis approach 
which can directly be extended to dynamic structural analysis by proper 
consideration of inertia and damping effects.

b.  Incremental static equilibrium equation of structural system
under time-dependent loads 



In the linear analysis or in some specific cases of nonlinear response 
computation, the equilibrium configuration for the applied load level can be 
computed without solving the system for other previous equilibrium 
configurations. However, in case the analysis includes path-dependent 
material behavior, the equilibrium equation (6) should be solved for the 
complete time duration. This kind of static analysis can successfully be 
carried out implementing a step-by-step incremental analysis, simultaneously 
considering the corresponding time effects of the structure and the prescribed 
history of the applied external loads /34 to 45/.

b.  Incremental static equilibrium equation of structural system
under time-dependent loads 



The general concept of the step-by-step analysis procedure includes the 
assumption that the solution is known for time t. The corresponding solution 
for time t + Δt is a suitably chosen small time increment and should be 
obtained satisfying the equilibrium condition at the end of the time step

{ } { }t + t t + t -   =  0Δ ΔR F

{ } { } { }( )t + t t -   +   =  0Δ ΔR F F

(7)

(8)

or

b.  Incremental static equilibrium equation of structural system
under time-dependent loads 



where t{ΔF} represents a vector containing increments in the nodal point 
forces between time t and t+Δt, which can be approximately computed by 
multiplication of the structural tangent stiffness matrix t[K] (assembled for time t) 
and the vector of the imposed incremental nodal point displacements {ΔU}.

{ } [ ]{ }t F K UΔ Δ =  t (9)

b.  Incremental static equilibrium equation of structural system
under time-dependent loads 



Substituting Eq. (9) into Eq. (8) we obtain the required equilibrium equation 
of the system in an incremental form:

[ ]{ } { } { }t K U R FΔ Δ =   -  t + t t (10)

After solving Eq. (10) for displacement increments {ΔU}, an approximate 
solution for the total displacements at time t + Δt can be obtained as:

{ } { } { }t t U U+Δ Δ =   +  Ut (11)

and consequently, approximate solutions for the internal stresses and nodal 
point forces at time t + Δt can be determined. 

b.  Incremental static equilibrium equation of structural system
under time-dependent loads 



However, the exact displacement at time t + Δt should correspond to the 

applied external load t+Δt{R}, and because of the assumption in Eq. (11), 

the solution can be subjected in some cases to significant errors, depending 

on load or time step size applied. 

Usually, it is necessary to perform some additional iterations, until the solution 

of Eq. (11) satisfies some prescribed accuracy.

b.  Incremental static equilibrium equation of structural system
under time-dependent loads 



However, the required computation time for nonlinear structural analysis 
involving iterations, in cases of slow convergence due to rapid nonlinearity, 
can be enlarged several times highly affecting the analysis cost. A practical 
solution of the problem may be the reduction of the size of load or time 
increment to avoid iterations /43/. However, the possibility that the computed 
results can more or less deviate from the true solution has to be kept in 
mind when evaluating their practical validity.

b.  Incremental static equilibrium equation of structural system
under time-dependent loads 



c. Incremental dynamic equilibrium equation of structural system
under earthquake loads

For a multi-degree-of-freedom system, the equation of motion representing 
the dynamic equilibrium at time t is written in the following form /34/,

{ } { } { } { }t
I

t
D

t
S

tF F F F +   +   =   (12)

where,
t{F}I - vector of the nodal inertial forces
t{F}D - vector of the nodal damping forces
t{F}S - vector of the nodal restoring forces
t{F} - vector of the externally applied forces



c. Incremental dynamic equilibrium equation of structural system
under earthquake loads

Considering the small increment of time Δt, equilibrium at time t+Δt can 
be written as:

{ } { }( ) { } { }( ) { } { }( ) { }t
I I

t
D D

t
S SF F F F F F R +   +   +   +   +   =  t t t t + tΔ Δ Δ Δ (13)

where t{ΔF)I, {ΔF)D and {ΔF)S represent the change of the nodal inertial forces,
nodal damping forces and nodal restoring forces for the time increment Δt, 
respectively. 



The total force vectors for the time t+Δt, on the left-hand side of Eq. (13), 
can be represented as

{ } { }( ) [ ] { }t
I IF F U +   =  M  t t + tΔ Δ &&

{ } { }( ) [ ] { }t
D DF F U +   =  C  t t + tΔ Δ &

{ } { }( ) { } [ ] { }UKFF SS
t Δ+Δ tt

S
tt   F =  + 

(14)

(15)

(16)

c. Incremental dynamic equilibrium equation of structural system
under earthquake loads



By substitution of Eqs. (14), (15) and (16) in Eq. (13), we obtain the 
incremental nodal point equilibrium equation at time t for the nonlinear 
structural system in the following form:

[ ] { } [ ] { } [ ]{ } { } { }M U U K U R F  +  C   +   =   -  t + t t tt+ t t+ tΔ Δ Δ

Δ&& & (17)

where, [M]  - structural constant mass matrix
[C]   - constant damping matrix
t[K]  - tangent stiffness matrix at time t
t+Δt{R} - vector of the external loads applied at time t+Δt
t{F}  - vector of the nodal point forces corresponding to the element 

stresses at  time t

c. Incremental dynamic equilibrium equation of structural system
under earthquake loads



{ }t + tΔ &&U - vector of the nodal point accelerations at time t+Δt

{ } 
t + tΔ &U- vector of the nodal point velocities at time t+Δt

{ΔU} - vector of the nodal point displacement increments between 
time t and t+Δt

c. Incremental dynamic equilibrium equation of structural system
under earthquake loads



{ } { } { }t t U U U+ ≈Δ Δ   +  t

Assuming constant structural stiffness matrix during the small increments 
of time, the solution of Eq. (17) provides approximate solution for the 
displacement increments {ΔU}, and the total displacements at time t+Δt can 
be calculated by addition to the known displacements for time t.

(18)

c. Incremental dynamic equilibrium equation of structural system
under earthquake loads



d. Mass and Damping Matrix

In the present procedure, the constant structural mass matrix is assembled 
as diagonal (lumped mass analysis approach) considering the contributions 
from element masses [M](e) and additional concentrated nodal point masses 
[M](a) which can directly be specified. So, the total structural mass matrix is 
calculated as

[ ] [ ] [ ]M e a =  M  +  M( ) ( )
(19)



Considering diagonal form, the structural total mass matrix has been 
assembled as one-dimensional vector in the computation procedure, 
disregarding zero entries out of diagonal, to reduce the storage requirement 
in the computer. The structural damping matrix [C] is assumed to be 
assembled as a linear combination of the constant structural matrix [M] and 
constant (initial) structural stiffness matrix [K]L as follows:

[ ] [ ] [ ]C L =  M  +  Kα β (20)

where α and β are Reyleigh damping coefficients.

d. Mass and Damping Matrix



e. Step-by-Step Integration of Dynamic Equation of Motion

The widely applied mode superposition method for the solution of the 
dynamic equilibrium equation of linear multi-degree-of-freedom systems, 
including transformations of the system of equations, cannot be applied to 
solve the dynamic response of a nonlinear structure. Because of this, in the 
present study, considered are the direct integration methods which do not 
employ uncoupling of the system of equations and can be successfully applied 
to calculate both linear and nonlinear dynamic response of general 
structural systems. 



e. Step-by-Step Integration of Dynamic Equation of Motion

Actually, in the computer program are included two different direct integration 
procedures, in the literature known as Wilson - θ and Newmark - β method. 
However, it is of significance to point that with appropriate derivation,
both methods are condensed to completely equivalent calculation steps, 
expressing the difference only in the previously established eleven integration 
constants.



1.3 Special-purpose computer software: Program EURO-NORA; 
Non-linear seismic Response Analysis of R/C Infilled frames 
based on micro-modeling concept

a. General Remarks

To obtain a sophisticated tool for analytical investigation of the linear and 
nonlinear behavior of the integral RC infilled-frame structural systems 
subjected to time-dependent static or seismic loads, considering the 
proposed micro-modeling concept, the present study includes 
development of a corresponding computer software, employing the 
previously developed analytical models and analytical procedure.



Since the general finite element approach and matrix analysis concept 
have originally been considered, the present computer code can be further 
efficiently extended to include specific future developments as well. 
The present version of the newly developed computer program EURO-NORA 
(European Nonlinear Response Analysis Program) includes numerous basic 
subroutines, originally developed to perform specific phases of the total 
computer algorithm, and many of those do not need to be modified in case 
of eventual extension of the program. 

a. General Remarks

1.3 Special-purpose computer software: Program EURO-NORA; 
Non-linear seismic Response Analysis of R/C Infilled frames 
based on micro-modeling concept



a. General Remarks

In order to achieve optimization in both needed memory and computation 
time, many of the currently proposed solution strategies and computer-oriented 
numerical methods have been adopted herein. However, to practically realize 
the above-stated objectives in this study, the integral work devoted to software
development has actually been a large time consuming part.

1.3 Special-purpose computer software: Program EURO-NORA; 
Non-linear seismic Response Analysis of R/C Infilled frames 
based on micro-modeling concept



a. General Remarks

Essentially, EURO-NORA was designed as a special purpose computer 
program, including 10 different analysis options, Fig. 5, to be used in this 
study to investigate the practical applicability of the proposed non-linear 
micro-modelling concept for inelastic response prediction of complete 
infilled-frame structure and to provide general basis for future extension.

1.3 Special-purpose computer software: Program EURO-NORA; 
Non-linear seismic Response Analysis of R/C Infilled frames 
based on micro-modeling concept



a. General Remarks

However, to comparatively investigate the material nonlinearity effects on 
the structural response characteristics, corresponding linear analysis options 
are included in the program as well. The present version of the program is 
designed for linear and nonlinear static and dynamic analysis of
two-dimensional structures, and the presently included analysis options are 
briefly described in the following section. 

1.3 Special-purpose computer software: Program EURO-NORA; 
Non-linear seismic Response Analysis of R/C Infilled frames 
based on micro-modeling concept



a. General Remarks

The structural system to be analysed may be descritized with only nonlinear 
finite elements (totally nonlinear model), only linear elements (linear model), 
or with their combinations (partly nonlinear model). The program
EURO-NORA is an in-core solver, operating in addition with large number 
storage allocation files. The allocation files are specified and used for 
allocation of some constant variables, as well as temporary allocation 
of time-dependent parameters during the step-by-step solution process. 

1.3 Special-purpose computer software: Program EURO-NORA; 
Non-linear seismic Response Analysis of R/C Infilled frames 
based on micro-modeling concept



a. General Remarks

The capacity of the program is basically controlled by the total number of 
degrees of freedom included in a structural mathematical model. 
Because all structural matrices are stored in compact form, i.e., only half 
band width was considered and processed, an optimal use of the system 
capacity and solution efficiency have been achieved.

1.3 Special-purpose computer software: Program EURO-NORA; 
Non-linear seismic Response Analysis of R/C Infilled frames 
based on micro-modeling concept



Fig. 5. EURO-NORA: 
Developed and applied 

special-purpose computer program

1.3 Special-purpose computer software: Program EURO-NORA; 
Non-linear seismic Response Analysis of R/C Infilled frames 
based on micro-modeling concept



a. General Remarks

The nonlinear static structural response is calculated applying an incremental 
solution of corresponding equilibrium equation, updating the structural tangent
stiffness matrix in each solution step. Similarly, the nonlinear dynamic structural 
response is computed by incremental solution of the dynamic equilibrium 
equation applying either Wilson's or Newmark's integration scheme. 
The computation time is additionally reduced by assembling first the constant 
structural matrices, in which case, during the step-by-step solution, only the 
nonlinearities are dealt with, and no efficiency is lost in the linear analysis.
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b. Linear and Nonlinear Analysis Options

As stated above, the present version of EURO-NORA computer program 
includes, in total, 10 different analysis options, Fig. 5, originally designed to 
provide computing of any of the following three analysis types:

1. Static step-by-step linear and nonlinear analysis
2. Analysis of the initial dynamic characteristics (Eigen-problem solution)
3. Dynamic step-by-step linear and nonlinear analysis.

1.3 Special-purpose computer software: Program EURO-NORA; 
Non-linear seismic Response Analysis of R/C Infilled frames 
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b. Linear and Nonlinear Analysis Options

Since the analytical model of the structure can be composed of linear and 
nonlinear elements, the specific computation options considered in the static 
and dynamic analysis are separately listed below.

1.3 Special-purpose computer software: Program EURO-NORA; 
Non-linear seismic Response Analysis of R/C Infilled frames 
based on micro-modeling concept



b1. Static linear and nonlinear analysis options:

For computation of the static structural response under the prescribed 
time-dependent loads, the following three analysis options have been 
provided in the present computer program:

(1) Option 1: Linear Static Analysis
(2) Option 2: Static Analysis of Structure with local Nonlinearities
(3) Option 3: Nonlinear Static Analysis.

1.3 Special-purpose computer software: Program EURO-NORA; 
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b1. Static linear and nonlinear analysis options:

In all the static analysis options, the incremental step-by-step solution 
procedure was adopted in order to provide structural response analysis 
due to prescribed time-dependent external loads in any of the global 
degrees of freedom (in linear analysis), as well as to update the current 
structural stiffness matrix for the imposed nonlinearities (in the case of 
nonlinear analysis or analysis of structural systems with local nonlinearities).
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b2. Analysis of structural initial dynamic characteristics 
(Eigen-problem solution):

In the case of dynamic linear and nonlinear response analysis, the structural 
damping matrix is formulated as a linear combination of mass and initial 
stiffness matrix (Reyleigh damping matrix). In order to define the corresponding 
Rayleigh damping coefficients, the structural initial dynamic characteristics, 
i.e., the frequencies and mode shapes have to be calculated. 

1.3 Special-purpose computer software: Program EURO-NORA; 
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b2. Analysis of structural initial dynamic characteristics 
(Eigen-problem solution):

For the solution of the generalized eigenvalue problem, the effective inverse 
vector iteration method was used in the computer code. This solution type 
was considered as analysis option 4.
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b3. Dynamic linear and nonlinear analysis options:

Assuming the possibility of linear and nonlinear dynamic analysis, as well as 
the possibility for eigenvalue-problem solution, a total of six different dynamic 
analysis options were originally considered, as follows:
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b3. Dynamic linear and nonlinear analysis options:

(1) Option 5: Linear dynamic analysis

(2) Option 6: Eigenvalue problem and linear dynamic analysis

(3) Option 7: Dynamic analysis of structures with local nonlinearities

(4) Option 8: Eigenvalue and dynamic analysis of structures with local 

nonlinearities

(5) Option 9: Nonlinear dynamic analysis

(6) Option 10: Eigenvalue problem and nonlinear dynamic analysis
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b3. Dynamic linear and nonlinear analysis options:

In all of the above listed dynamic analysis options, the dynamic external load 
can be considered as real earthquake ground excitation, in which case the 
ground acceleration time history is assumed to be prescribed with discrete 
values specified at equal (constant) time step. It should also be pointed out 
that both, namely the horizontal and the vertical components of earthquake 
ground motion can be applied, and corresponding structural response analysis 
carried out.

1.3 Special-purpose computer software: Program EURO-NORA; 
Non-linear seismic Response Analysis of R/C Infilled frames 
based on micro-modeling concept



b3. Dynamic linear and nonlinear analysis options:

Applying the above presented micro-modeling concept and the newly 

developed computer program EURO-NORA all the relevant and specific 

theoretical studies appropriately presented in item 3, were successfully realized.

1.3 Special-purpose computer software: Program EURO-NORA; 
Non-linear seismic Response Analysis of R/C Infilled frames 
based on micro-modeling concept


	MODELING AND NUMERICAL SIMULATION �OF NONLINEAR STRUCTURAL VIBRATIONS �UNDER STRONG EARTHQUAKES
	1. PROPOSED NON-LINEAR MICRO-MODEL OF R/C INFILLED FRAMES BASED ON PHENOMENOLOGICAL DISCRETE COMPONENT MODELS (NDC-MODELS) 
	1. PROPOSED NON-LINEAR MICRO-MODEL OF R/C INFILLED FRAMES BASED ON PHENOMENOLOGICAL DISCRETE COMPONENT MODELS (NDC-MODELS) 
	1. PROPOSED NON-LINEAR MICRO-MODEL OF R/C INFILLED FRAMES BASED ON PHENOMENOLOGICAL DISCRETE COMPONENT MODELS (NDC-MODELS) 

