Generalized eigenvalue problems and applications in systems and control

Paul Van Dooren,

Université Catholique de Louvain, Dept. Mathematical Engineering, B-1348, Louvain-la-Neuve, Belgium

In these lectures we survey a number of generalized eigenvalue problems and related matrix decompositions and discuss their use in problems of dynamical systems and control. The lectures cover four distinct topics :

1. Orthogonal state-space transformations

These transformations lead to condensed state-space forms, which are useful for solving several analysis and design problems. They also lead to economical Kalman filtering implementations.

2. Eigenvalues and singular values of matrix sequences The corresponding decompositions form the basis for reliable methods for solving Riccati, Lyapunov and Sylvester equations of periodic systems and also play a role in two point boundary value problems.

3. Stability radii of dynamical systems

These are robustness measures that indicate how much a dynamical system can be perturbed before losing its stability. They are related to the H_∞-norm and μ-norm of a dynamical system.

4. Model reduction of large-scale dynamical systems Large-scale models often need to be approximated for reasons of computational efficiency. We present Krylov based methods and discuss their efficiency for sparse large-scale dynamical systems.

Each of these topics have received a lot of attention in the last decade and we try to give the basic ideas of the numerical techniques that are currently available. We focus on problems of accuracy, sensitivity and complexity of the relevant algorithms.

1 Orthogonal state-space transformations

Canonical forms of state-space models of multivariable linear systems have often been proposed for solving certain analysis and design problems encountered in linear system theory. We show that for many problems one can as well make use of so-called condensed forms, which can be obtained under orthogonal state-space transformations.

It is shown that the use of these forms leads to elegant and numerically reliable methods for solving several problems in state-space and generalized state-space systems, including :

• controllability, observability, minimality of state-space and generalized state space models,

• solution of Lyapunov, Sylvester and Riccati equations,

• pole placement and robust feedback,

• observer design,

• frequency response and system response calculations,

• Kalman filtering.

References P. Van Dooren, “The generalized eigenstructure problem in linear system theory”, IEEE Trans. Aut. Contr., Vol. AC-26, No 1, pp. 111-129, Feb. 1981. A. Laub, “Efficient multivariable frequency response calculations”, IEEE Trans. Aut. Contr., pp. 407-408, April 1981.

P. Van Dooren, M. Verhaegen, “On the use of unitary state-space transformations”, Linear Algebra and its Role in Linear System Theory, Ed. B. N. Datta, pp. 447- 463, Providence, RI: AMS Contemporary Mathematics Series, Vol. 47, 1985. P. Van Dooren, M. Verhaegen, “Condensed forms for efficient time invariant Kalman filtering”, SIAM Sci. & Stat. Comp., Vol. 9, pp. 516-530, May 1988. R. Patel, A. Laub, P. Van Dooren, Numerical Linear Algebra Techniques for Systems and Control, (Eds.) IEEE Press, Piscataway NJ, 1993.

2 Eigenvalues and singular values of matrix sequences

In this lecture we present a unitary eigendecomposition for a sequence of matrices which we call the periodic Schur decomposition. We prove its existence and discuss its application to the solution of periodic difference equations arising in control. We show how the classical QR algorithm can be extended to provide a stable algorithm for computing this generalized decomposition. We briefly mention the existence of a similar decomposition and algorithm for an orthogonal decomposition for the singular values of a matrix product. We discuss the definitions, properties and algorithms for these decompositions and we also show their use in several basic problems from various applications :

• calculation of eigenvalues of cyclic matrices,

• solution of periodic Lyapunov and Riccati equations,

• solution of two point boundary value problems with periodic coefficients,

• solution of periodic pole placement.

References A. Bojanczyk, G. Golub, P. Van Dooren, “The periodic Schur decomposition. Algorithms and applications”, in Advanced Signal Processing Algorithms, Architectures, and Implementations III, Proceedings of SPIE, the International Society for Optical Engineering, Vol. 1770, pp. 31-42, Ed. F.T. Luk, Bellingham, Wash., USA, July 1992.

G. Golub, K. Solna, P. Van Dooren, “Computing the singular values of products and quotients of matrices,” in SVD in Signal Processing III, Algorithms, Architectures and Applications, Eds. M. Moonen, B. De Moor, Elsevier, Amsterdam, 1995, also submitted to SIAM J. Matrix Anal. & Appl., 1998. J. Sreedhar, P. Van Dooren, “A Schur approach for solving some periodic matrix equations,” in Systems and Networks : Mathematical Theory and Applications, pp. 339-362, Eds. U. Helmke, R. Mennicken, J. Saurer, Mathematical Research, Vol 77, Akademie Verlag, Berlin 1994.

3 Stability radii of dynamical systems

The basic stability radius problem can be defined as follows. Let A be a stable matrix with all its eigenvalues in the stability region S (typically the open left half plane or the open unit disc). The stability radius of A is the norm of smallest (complex) perturbation Δ that causes at least one eigenvalue of A + Δ to become unstable, i.e.

r_C = min { ‖Δ‖_2, Δ ∈ C^{n×n}, ∃λ(A + Δ) ∉ S }

This problem has extensively been studied and there exists an analytic formulation for r_C as well as a quadratically convergent algorithm to compute it. We discuss several variants and extensions of this standard problem to :

• the generalized eigenvalue problem,

• polynomial matrices,

• periodic eigenvalue problems,

• structured matrices.

We discuss the use of different norms as well as structured perturbations and link this problem to the concept of pseudospectra. We will also briefly talk about computational aspects.

References P. Van Dooren, V. Vermaut, “On stability radii of generalized eigenvalue problems”, in Proceedings European Control Conf., paper FR-M-H6, 1997. J. Sreedhar, P. Van Dooren, A. L. Tits, “A level-set idea to compute the real Hurwitz-stability radius”, in Proceedings of the 34th IEEE Conference on Decision and Control, New Orleans, Louisiana, pp. WA05, Dec 13–15 1995. C. T. Lawrence, A. L. Tits, P. Van Dooren, “A fast algorithm for the computation of an upper bound on the ¯-norm”, in 13th IFAC World Congress, San Francisco, Vol. H, pp. 59-64, 1996, C. Oara, P. Van Dooren, Stability radius of discrete time–varying systems of descriptor form, in Proceedings of 36th Conference on Decision and Control, San Diego, California, USA, December 10–12, 1997, pp. 4541–4542 (paper FP02-2).

4 Model reduction of large-scale dynamical systems

The non-symmetric Lanczos method has received a lot of attention lately as a model reduction technique for large-scale systems of the type : { Eẋ = Ax + Bu y = Cx + Du , (1)

where the matrices, A, B, C, D and E are sparse and large (i.e. the state dimension N is large). They arise, for example, out of finite-element discretizations of various plants including chemical processes, electronic devices and mechanical systems. Conventional model reduction techniques such as balanced realization, Hankel norm approximations, are ill-suited for large, sparse problems due to the sheer size of the matrices. As an alternative to such model reduction techniques, an oblique Krylov projector can be constructed to produce a lower order model (of state dimension n << N) which, driven by the same input u, will produce a good appoximation ŷ to the output y : { Ê ^̇x = Âx̂ + B̂u ŷ = Ĉx̂ + Du . (2)

Here Â .= Z^T_n AV_n, B̂ .= Z^T_n B, Ĉ .= CV_n, Ê .= Z^T_n EV_n, and the matrices V_n ∈ IR^{N×n} and Z_n ∈ IR^{N×n} are related to two Krylov spaces derived from {A, E, B} and {A, E, C}. We show how to incorporate more than one interpolation point into this scheme and explain what Galerkin conditions are met. We also show how the Lanczos algorithm recurrence can estimate the frequency response of a large system and at the same time give an error estimate at a reasonable cost.

References K. Gallivan, E. Grimme, P. Van Dooren, “Asymptotic waveform evaluation via a Lanczos method”, Appl. Math. Lett., Vol. 7, pp.75-80, 1994.

K. Gallivan, E. Grimme, P. Van Dooren, “A Rational Lanczos Algorithm for Model Reduction”, Numerical Algorithms, Vol. 12, pp. 33-63, 1995.

K. Gallivan, E. Grimme, D. Sorensen, P. Van Dooren, “On some modifications of the Lanczos algorithm and the relation with Padé approximations”, in Mathematical Research Series, Vol. 7, Akademie Verlag, Berlin, pp.87-116, 1996.