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1. Introduction: Multigrid for two-level 
Toeplitz systems



Toeplitz matrices and generating functions



BTTB matrices and generating functions



Example



Multigrid for BTTB matrices



Prolongation



Coarse grid matrix



Convergence of multigrid for BTTB



2. Problems caused by anisotropic 
systems



Anisotropic systems: An example



Problems with multigrid methods

• Level curves are extremely flat 
• f(x,y) becomes close to zero along a whole 

line
• f(x,y) is very small at mirror points

Standard multigrid fails or becomes 
inefficient



Alternatives 



3. Anisotropy along coordinate axes



Semicoarsening, a two-level method



Reduction of anisotropy



A two-level convergence result



Semicoarsening, a multilevel method

Heuristic:
Apply semicoarsening steps until the 
system is not anisotropic anymore, 
i.e. until level curves are circles. Then 
switch to full coarsening.

Example:
f(x,y)=(1-cos(x))+0.01·(1-cos(y))
b(x,y)=1+cos(x)  three times

Level curves: f(x,y)=0.01
f2(x,y)=0.01
f3(x,y)=0.01
f4(x,y)=0.01



Theoretical Results

Generalization of the two-level proofs:
• Anisotropy is reduced by a factor 2 on 

each level
• Convergence holds for the multilevel

method as well
(although not level-independent)



Numerical Results



4. Anisotropy in other directions



Examples

f(x,y)=α·(1-cos(x+y)) + (1-cos(x-y))
g(x,y)=(1-cos(2·x+y)) + α·(1-cos(x-2·y))

f(x,y)=0.01

α=0.01

g(x,y)=0.01

α=0.01



Coarsening in other directions

New coordinate system:
s:=x+y
t:=x-y

f(s,t)=α(1-cos(s))+(1-cos(t))
Semicoarsening with

b(s,t)=1+cos(t)
Full coarsening with
b(s,t)=(1+cos(s))·(1+cos(t))



Semicoarsening in matrix notation
• Permutation of Tnn and 

partitioning into blocks, 
one block for each 
diagonal
(1,2,n+1,3,n+2,2n+1,…)

• BS=diag(B1,…,Bn,…,B1) 
with 
B1=2 , Bk=tridiag(1,2,1)

• Coarse grid matrix 
computed by BS·Tnn·BS
and then by eliminating 
every second row/column 
within each block



A two-level convergence result



Full coarsening in matrix notation

• BF=BS+BT , where BT has 
blocks Blk=tridiagk(0.5,1,0.5)
in the second lower block 
diagonal

• Coarse grid matrix computed 
by BF·Tnn·BF and then by 
eliminating every second 
row/column within each block 
and every second block 
row/column

• Multilevel method:
Apply semicoarsening until the 
level curves are circles, then 
proceed with full coarsening



Numerical results



5. Conclusions and future work



Main results

• Anistropy along coordinate axes:
– Formalization of semicoarsening in terms of 

generating functions and level curves
– Proofs on multilevel convergence and 

reduction of anisotropy
• Anisotropy in other directions:

– Definition of multilevel methods by coordinate 
transformation

– Proof of two-level convergence



Future work

Solution of BTTB systems 
corresponding to a function 
with a whole zero curve, e.g.
f(x,y)=(r-cos(x)-cos(y))2

with (r<2)
Approximation with anisotropic 

auxiliary problems


