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Iterative Methods

We consider numerical methods to solve a large and sparse system of linear equations. As a model
problem we examine the discretised two-dimensional Poisson equation

∆u = f in ]0; 1[2 (1)

with homogeneous Dirichlet boundary conditions

u = 0 at ∂]0; 1[2. (2)

1) (ca. 5 points)

Use the so-called finite element discretisation

∆u(i · h, j · h) ≈

ui−1,j−1 + ui−1,j + ui−1,j+1 + ui,j−1 − 8ui,j + ui,j+1 + ui+1,j−1 + ui+1,j + ui+1,j+1

h2

(3)

on a regular cartesian grid with mesh width h (see figure below).
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Write a pseudo-code (neglecting definition and memory allocation of the data structures used)
for a Gauss-Seidel solver of the resulting system of linear equations.

2) (ca. 1 point)

Why is the Gauss-Seidel solver characterised as a smoother?

3) (ca. 2 points)

Why is it

a) allowed,

b) gainful

to approximate the equation for the fine-grid-error on a coarser grid.

4) (ca. 1 point)

Why do we restrict the equation for the error and not the one for the solution itself?

5) (ca. 5 points)

Guess the computational costs of a multigrid W-cycle in dependence of the number of unknowns
N on the finest grid (using the well-known finite difference 5-point-stencil for the discretisation
of the Laplacian ∆u)!

6) (ca. 4 points)

An alternative approach to using methods working directly on the system Ax = b of linear
equations is to apply minimizing methods to the functional

F (x) = (Ax− b)T A−1(Ax− b). (4)

What are the differences and similarities of the steepest descent and the conjugate gradient
method in terms of

a) choice of the search directions (explain how and why these directions are chosen and give
the corresponding formulas) and

b) length of the steps (explain how this length is chosen and give the corresponding formulas).

7) (ca. 1 point)

Why can we consider the conjugate gradient method not only as an iterative but also as a
direct solver?
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