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Iterative Solvers (26 pts)

a) Jacobi (3 pts)

We have to solve the two-dimensional Poisson equation

uxx(x, y) + uyy(x, y) = f(x, y) in ]0; 1[2

with boundary conditions

u(x, y) = 1 on ∂]0; 1[2.

We discretise the equation on a regular cartesian grid with N unknowns per

coordinate direction and use the

well-known five-point stencil

1
h2

 0 1 0
1 −4 1
0 1 0


to discretise the Laplace operator.

Write down a pseudo-code for a function performing one Jacobi iteration for the resulting
system of linear equations.

b) Experimental Convergence Analysis (3 pts)

The tables below give iteration numbers for different methods solving the system of equations
given in a) with different numbers N of unknowns per coordinate direction. Which of these
tables has been produced using

i) steepest descent,

ii) SOR with optimal overrelaxation-factor,

iii) a multigrid method?
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Justify your answers by deriving the behaviour of the number of iterations in the form O(Np)
from the tables and comparing them with the theoretical results for the given methods.

Table 1:

N 7 15 31 63
# it 6 6 6 6

Table 2:

N 7 15 31 63
# it 135 576 2358 too much;)

Table 3:

N 7 15 31 63
# it 24 49 97 194

c) Steepest Descent and Conjugate Gradient Method (4+1+3+1+2 pts)

We apply the steppest descent or conjugate gradient method to a given system

Ax = b

of linear equations. The steepest descent and the conjugate gradient method minimize the
function

F (x) = (
1
2
(Ax − b)T A−1(Ax − b)

in order to solve this linear system.

i) Name and shortly describe the steps of one iteration of the steepest descent method:

ii) Which orthogonality properties are fulfilled by the search directions of several iterations
of the steepest descent?

iii) Shortly describe and motivate the choice of

1) the search direction and
2) the length of steps

in the conjugate gradient method in comparison to the steepest descent (no formulas
required).

iv) Why can we denote the conjugate gradient method as a direct solver?

v) What are the cost of the conjugate gradient method used as a direct solver for a system
Ax = b with a sparse system matrix (constant number of c entries per matrix line) and
N unknowns. Give the cost in the form O(Np).

d) Multigrid (8 pts)

Name the steps of a multigrid v-cycle
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Molecular Dynamics (22 pts)

a) Lennard-Jones Potential (2 + 6 pts)

i) Two groups of potentials were discussed in the lecture, Soft-sphere potentials and Hard-
sphere potentials. To which group does the Lennard-Jones potential belong? Give two
general properties of that group.

ii) Assume that a simulation program uses only the Lennard-Jones potential to model the
interactions between molecules. Atoms (and very simple molecules) are represented by
a single Lennard-Jones centre, more complex molecules are modeled as a rigid body
composed out of several Lennard-Jones centers. Give two phenomena (physical/chemical)
that can be simulated with that program, and two that can’t be simulated. For those
phenomena, that can’t be simulated, give a short explanation why they can’t be simulated.

b) Time Discretisation (6 + 3 pts)

Different discretisation schemes have been discussed in the lecture. One of them is the Störmer
Verlet method:

~r(t + ∆t) = 2 · ~r(t) − ~r(t − ∆t) + ∆t2 · ~a(t) (1)

~v(t) =
~r(t + ∆t) − ~r(t − ∆t)

2 · ∆t
(2)

Another one is the Leapfrog method:

~r(t + ∆t) = ~r(t) + ∆t · ~v(t +
∆t

2
) (3)

~v(t +
∆t

2
) = ~v(t − ∆t

2
) + ∆t · ~a(t) (4)

i) When using exact arithmetics, both methods are equivalent. Show this!
Step 1: Start from the Leapfrog method and show the equality for the positions ~r.
Step 2: Show the equality for the velocities by using eq. (3) and the following equation:

~v(t) =
1
2
(~v(t +

∆t

2
) + ~v(t − ∆t

2
)) (5)

i) As you have seen in i), both methods can be derived from each other. But still the Leap-
Frog method is considered to be the better method. Give two reasons why that is the
case. Does the Leapfrog-method also have a disadvantage?
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c) Datastructures (3 + 2 pts)

In short-range molecular dynamics, only particle pairs with a distance less or equal a given
cutoff-radius (rc) are used for force calculations The Linked-Cell datastructure is used to find
the neighbouring molecules within the cutoff-radius. In the simplest case, the length of a cell
equals rc, but different sizes for the cells are also possible.

i) Give a reason to choose a cell size smaller than rc? Name the main influencing parameter
for the cellsize and shortly explain its influence.

ii) Can you thing of any reason why it could be useful to have different cell sizes in a single
simulation? Does it get more difficult to find all neighbouring cells when different cell
sizes are used? Justify your answer!
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