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Iterative Solvers (26 pts)

a) Jacobi (3 pts)

We have to solve the two-dimensional Poisson equation

uxx(x, y) + uyy(x, y) = f(x, y) in ]0; 1[2

with boundary conditions

u(x, y) = 1 on ∂]0; 1[2.

We discretise the equation on a regular cartesian grid with N unknowns per

coordinate direction and use the

well-known five-point stencil

1
h2

 0 1 0
1 −4 1
0 1 0


to discretise the Laplace operator.

Write down a pseudo-code for a function performing one Jacobi iteration for the resulting
system of linear equations.

Solution:

function Jacobi iteration(N,f,u) { 0.5pt
v = u; 0.5pt
for i=1,...,N

for j=1,...,N 0.5pt
v[i, j] = (u[i − 1, j] + u[i + 1, j] + u[i, j − 1] + u[i, j + 1])/4 − h2

4 f [i, j]; 0.5pt
for i=1,...,N

for j=1,...,N 0.5pt
u[i, j] = v[i, j]; 0.5pt

}
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b) Experimental Convergence Analysis (3 pts)

The tables below give iteration numbers for different methods solving the system of equations
given in a) with different numbers N of unknowns per coordinate direction. Which of these
tables has been produced using

i) steepest descent,

ii) SOR with optimal overrelaxation-factor,

iii) a multigrid method?

Justify your answers by deriving the behaviour of the number of iterations in the form O(Np)
from the tables and comparing them with the theoretical results for the given methods.

Table 1:

N 7 15 31 63
# it 6 6 6 6

Table 2:

N 7 15 31 63
# it 135 576 2358 too much;)

Table 3:

N 7 15 31 63
# it 24 49 97 194

Solution:

Table 1: multigrid

In table 1, the number of iterations is independend on N (O(N0)), this is characteristic for
multigrid methods. 1pts

Table 2: steepest descent

In table 2, the factors by which the number of iterations grows per doubling of N are slightly
above 4, which corresponds to a O(N2) behaviour. This is characteristic for the steepest descent
method. 1pt

Table 3: SOR

In table 3, the numbers of iterations approximately double per doubling of N , which corresponds
to a O(N) behaviour. This is characteristic for the SOR method with optimal overrelaxation-
factor. 1pt

c) Steepest Descent and Conjugate Gradient Method (4+1+3+1+2 pts)

We apply the steppest descent or conjugate gradient method to a given system

Ax = b
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of linear equations. The steepest descent and the conjugate gradient method minimize the
function

F (x) = (
1
2
(Ax − b)T A−1(Ax − b)

in order to solve this linear system.

i) Name and shortly describe the steps of one iteration of the steepest descent method:
Solution:
1) Determine search direction d = negative gradient of F = residual b−Ax of the linear

system. 2pts
2) Compute the stepsize α by minimising F in the search direction. 1pt
3) Update the approximate solution performing a step with length α in direction d. 1pt

ii) Which orthogonality properties are fulfilled by the search directions of several iterations
of the steepest descent?
Solution:
Each search direction is orthogonal to the search direction of the previous iteration. 1pt

iii) Shortly describe and motivate the choice of
1) the search direction and
2) the length of steps

in the conjugate gradient method in comparison to the steepest descent (no formulas
required).
Solution:
1) The conjugate gradient choses the gradients (like the steepest descent) plus a mo-

dification term as search direction. The modification is done such that each search 1pt
direction is conjugate or A-orthogonal to all previous search directions, which prevents 1pt
the repeating of search directions.

2) The stepsize is modified in comparison to the steepest descent method as we have to
mimise in the modified search direction, now. 1pt

iv) Why can we denote the conjugate gradient method as a direct solver?
Solution:
As we end up with the exact solution of the system Ax− b latest after N steps/iterations
(N number of unknowns/length of the vector x) due to the conjugacy and, therewith,
linear independeny of the search directions. 1pt

v) What are the cost of the conjugate gradient method used as a direct solver for a system
Ax = b with a sparse system matrix (constant number of c entries per matrix line) and
N unknowns. Give the cost in the form O(Np).
Solution:
Costs per iteration: The most costly part of one iteration are the matrix-vector multipli-
cations required. For a sparse system matrix A, the costs for such a multiplication are
proportional to N or O(N). 1pts
Total costs: The number of iterations until we reach the exact solution is N . Thus, the 1pt
total costs are O(N2).
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d) Multigrid (8 pts)

Name the steps of a multigrid v-cycle

Solution:

1) Smooth on the fine grid. 1pt

– if coarse grid exists 0.5pt

2) Compute the residual on the fine grid. 1pt

3) Restrict the residual to the next coarser grid. 1pt

4) Solve the error equation (with the restricted residual as a right-hand side and a coarse
grid matrix choosen analogue to the fine grid matrix) on the coarse grid, for this, perform
a recursive call of the multigrid v-cycle on the coarse grid. 2pts

5) Interpolate the computed coarser grid error to the fine grid. 1pt

6) Add/substract the interpolated error to/from the current fine grid approximation (coarser
grid correction). 1pt

–

7) Smooth on the fine grid. 0.5pt
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Molecular Dynamics (22 pts)

a) Lennard-Jones Potential (2 + 6 pts)

i) Two groups of potentials were discussed in the lecture, Soft-sphere potentials and Hard-
sphere potentials. To which group does the Lennard-Jones potential belong? Give two
general properties of that group.
Solution: The Lennard-Jones Potential is a Hard-Sphere potential 1pt
The potential function of Hard-Sphere potentials is continuous, 1pt
therefore short- and longrange forces can be modeled with these potentials

ii) Assume that a simulation program uses only the Lennard-Jones potential to model the
interactions between molecules. Atoms (and very simple molecules) are represented by
a single Lennard-Jones centre, more complex molecules are modeled as a rigid body
composed out of several Lennard-Jones centers. Give two phenomena (physical/chemical)
that can be simulated with that program, and two that can’t be simulated. For those
phenomena, that can’t be simulated, give a short explanation why they can’t be simulated.
Solution: It can be used to model nucleation, flow, diffusion, . . . 2pt
It can’t be used to simulate chemical reactions, because not each atom is modeled and
the molecules are rigid. Therefore, atoms can’t move from one molecule to another. 2pt
Ionic attraction also can’t be simulated, as the Lennard-Jones potential is only short-
range and the particles are uncharged. 2pt
Other phenomena, that can’t be simulated: electricity, radiation, . . .

b) Time Discretisation (6 + 3 pts)

Different discretisation schemes have been discussed in the lecture. One of them is the Störmer
Verlet method:

~r(t + ∆t) = 2 · ~r(t) − ~r(t − ∆t) + ∆t2 · ~a(t) (1)

~v(t) =
~r(t + ∆t) − ~r(t − ∆t)

2 · ∆t
(2)

Another one is the Leapfrog method:

~r(t + ∆t) = ~r(t) + ∆t · ~v(t +
∆t

2
) (3)

~v(t +
∆t

2
) = ~v(t − ∆t

2
) + ∆t · ~a(t) (4)

i) When using exact arithmetics, both methods are equivalent. Show this!
Step 1: Start from the Leapfrog method and show the equality for the positions ~r.
Step 2: Show the equality for the velocities by using eq. (3) and the following equation:

~v(t) =
1
2
(~v(t +

∆t

2
) + ~v(t − ∆t

2
)) (5)
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Solution: Insert (4) into (3) 1pt

~r(t + ∆t) = ~r(t) + ∆t · ~v(t − ∆t

2
) + ∆t2 · ~a(t) (6)

From (3): 1pt

~v(t +
∆t

2
) =

~r(t + ∆t) − ~r(t)
∆t

(7)

From (7), using t − ∆t instead of t: 1pt

~v(t − ∆t

2
) =

~r(t) − ~r(t − ∆t)
∆t

(8)

Insert (8) into (6) 1pt

~r(t + ∆t) = ~r(t) + ~r(t) − ~r(t − ∆t) + ∆t2 · ~a(t) (9)
= 2 · ~r(t) − ~r(t − ∆t) + ∆t2 · ~a(t) (10)

Eq. (10) and (1) are equal, therefore the positions are equivalent.
For the Equlity of the velocities, insert (7) and (8) into (5): 2pt

~v(t) =
1

2 · ∆t
(~r(t + ∆t) − ~r(t) + ~r(t) − ~r(t − ∆t)) (11)

=
~r(t + ∆t) − ~r(t − ∆t)

2 · ∆t
(12)

Eq. (12) and (2) are equal, therefore the velocities are equivalent.

i) As you have seen in i), both methods can be derived from each other. But still the Leap-
Frog method is considered to be the better method. Give two reasons why that is the
case. Does the Leapfrog-method also have a disadvantage?
Solution: The Leapfrog-method is numerically more stable. 1pt
For the Störmer-Verlet method, more memory is needed as the positions of the molecules
have to be stored for two time steps. 1pt
(Third reason: In the Störmer-Verlet method, the positions have to be known at time
t+∆t before the velocity at time t can be calculated. That’s not the case for the Leapfrog
method. ) A disadvantage of the Leapfrog method is, that velocities and positions are
“out of phase”. While this is not problematic for the simulation of the path of the par-
ticles, it is a problem e.g. when macroscopic values (global energy,...) have to be calculated 1pt
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c) Datastructures (3 + 2 pts)

In short-range molecular dynamics, only particle pairs with a distance less or equal a given
cutoff-radius (rc) are used for force calculations The Linked-Cell datastructure is used to find
the neighbouring molecules within the cutoff-radius. In the simplest case, the length of a cell
equals rc, but different sizes for the cells are also possible.

i) Give a reason to choose a cell size smaller than rc? Name the main influencing parameter
for the cellsize and shortly explain its influence.
Solution: When the cell size is chosen to be rc, the Volume of the region in which all
molecules have to be processed is (3 · rc)3. By chosing a smaller cell-size, this volume gets
smaller. 1pt
The optimal cell size depends on the density of the simulated material. The higher the
density, the greater is the benefit from reducing the volume. But reducing the cell size also
results in a higher numer of cells and therefore a higher overhead. So for small densities,
the additional costs for managing the higher number of cells can outweight the benefits
from the smaller volume. 2pt

ii) Can you thing of any reason why it could be useful to have different cell sizes in a single
simulation? Does it get more difficult to find all neighbouring cells when different cell
sizes are used? Justify your answer!
Solution: As explained in i), the optimal cell size depends on the density of the material.
For inhomogenous particle distributions, the density is also inhomogeneous. It can be
useful to adapt the cell size to the local density. 1pt
But it gets more difficult to find neighbouring cells. When all cells have the same cellsi-
ze, they can be stored in a big vector, and all neighbouring cells can be found by adding
a specific offset to the vector index. That’s not possible when the cells have different sizes. 1pt
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