Tensor
Basic Facts I

[ [ ]
2K



Overview

Hierarchical Tucker

Tensor Train

Generalizing matrix properties
Software



Tensor Networks

Original tensor A;; ;© memory nd
CP: dnR, good compression but bad approximation

Tucker: dnr+r?, good approximation but bad compression

Find better Tensor Networks as a compromise of both:
Recursive binary tree (- H-Tucker) or

Recursive chain (= Tensor train)



LU . N D
Hierarchical Decompositions

r d
CP: A=) ®a;, eIR¥"™ <->Tensor rank
=14
n 'q P d ]
H-Tucker: A=) > []B, ®a ,. J, ST
I jq v=l "= ’ . .
<> hierarchical rank
L L d I X - XT, 1:
Tucker : A:Z---jZC,-l,..,,-d ®a, . CelR™™ &= multilinear rank




L1 . D
Tucker revisited

Special case of Tucker:
Orthogonal Tucker, if all matrices U® the so called mode frames
are orthogonal = HOSVD

A=Gx U%x,U® x UM =[[GUP,U® . UM

R Ry Ry

— @) ,(2) (N) ¢ —
AliZ“'iN - Z Z.“ZlekZ“'kN Uilkluizkz ...UiNkN y In —1,..., In




TUTI

Best Appoximation

For given orthogonal U®™ | u=1,...,d, it holds
minGHA—G x, UWx U (2)...><,\I U (N)H &

T T T
G=Ax,U® x, U®  x UM

Truncation of tensor A to Tucker rank (k,,...,ky) via SVD:

A, =U > VT Zﬂzdiag(aﬂ,l,...,aﬂ,n#), o .,>.>0

7y 7R A ul — p#in,

Define U =U (:,1:k ), the Tucker truncation of A by

~

61 X, Xy Uy =
)



TUTI | O
Tucker Truncation Error

p=li=k,+1

itholds: [A-T,, ., (A)]< \/Z > 02, <J/N|A- A

where APest is the best possible approximation in
Tucker(ky,...,ky)-

Beware!
Change of the notation: Unfolding A, > AW N->d !
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Hierarchical Rank Model

AclIR', I=Ixxl,

v

Ac IR(|lx...x|q><(|qﬂx...x|d)

Matricification by reduction to two indices = matrix A

Compute SVD of A:
d
A: ZUZVT Ui c IRllx...xlq’ Vi c IR|q+1x...x|d |
i=1

U, V, seen as vectors/tensors of lower dimensional.

Repeat for tensor matricisation U;:
U, = WO (XO), wo = r YODE(Z0D) ) ete.
= SWOR (K0T, w0 =SS, )

i=1 3 S




Memory Costs




L LU . . D
Hierarchical uniform subspaces

Ac IR(llx...xlq)x(lq+1x.-.x|d)

d
A=YUZ VT, U elR™™ v elR"™",
i=1

U,, V; seen as vectors/tensors are lower dimensional.

Better and cheaper recursion in binary tree:
Repeat for tensor U

U=>> WB, X/, W = Y. B..ZT, etc.

i=1 j=1 i=1 j=1

Leads to smaller data complexity O(dnk +dk*)




Ll Dimension Tree D
| evel: 0 1 2 /'3
{4)
}

Root: O
O

| eaves:

Interior node:‘

11 s



Dimension Tree

Definition: A dimension tree T, for dimension d € IN is a tree
with root {1,...,d} and depth p=|log,(d)]| such
that each node te T, Is either

1. aleaf and singleton t={u} onlevel |€ {p-1,p}

2. the union of two disjoint successors S(t) = {S;,S,}: t=s,Us,

The level | of the tree is defined as the set of all nodes
having a distance of exactly | to the root.

T ={teT, |level(t) =1}

Set of leaves: L(T,). Set of interior nodes: I(T,).

A node of the tree is a mode cluster = union of modes. .
12



TUTI 0

Properties

Up to last level: complete binary tree.

For a canonical dimension tree each interior node has
twoO successors:

t={,. i}, q>1
t={w, ity r=1012) =, 1}

Total number of nodes: 2d-1
Number of leaves: d
Number of interior nodes: d-1

2.

13 T



Hierarchical Rank D

For a mode cluster t in a dimension tree T, we define the
complementary cluster t'={L,...,d}\t, with

.= x| .= x|
t yet‘u’ t ,uet"u,

and the related t-matricization

M, :IR" — IR", (Mt(A))(iy)ﬂet,(iy.)y.et. = A iy)
Notation: M, (A) =AY

(4)
14,5
/{3,4,5}\{ = (5}
(12,345} = AT = Mjfzas
N (1.2} {2}
i




Example

A=a®b®c®d e IR !2xsxls

AL —(a@b)c®@d) e IR 2>
ABD — (c@®d)a®b) e IRV x)
AL — (h@c)a®d) e IRl
A —ab@c®d)" e IR"!xex1

For tensor A, dimension tree T, node t with complementary
cluster t' it holds ;
A — A

2.

15 e



Hierarchical Rank

For dimension tree T, the hierarchical rank (k).
of atensor AeIR' is defined by

vteT, : k =rank(AY)

The set of tensors of hierarchical rank at most (k,),.
(node-wise) is denoted by

H —TUCker(kt)teT. = {A e IR’ |[VteT,: rank(A(t)) <k }

2.

16 et



TUTI 0

SVD of AW, d=5, n=25 >25°

Matrix sizes of A® and
# large singular values:

25x25%
25x390625
22
2525253
625x15625
22
Kes /’ Kez 25x25°
253252 25x390625
K 15625x625 22
t1
) 22 25x254
8 25x390625
e @« -
t4 9765625
25x254
O ks A 25x390625
/ 22
252x253
y \‘ 625x15625
© 22
kt6 25x25%
25x390625
22




TUTI

Nestedness of Matricizations

Let T be a dimension tree and A< IR' a tensor with
hierarchical rank (k;),.;
Let teT be anode with sons s, S,.

Let (Ut)i i=1,..k  be abasis of image(A'")
(Usl )j ,J=1,...,k, ~ be abasis of Image( AL
(U52 ),, =1,...k be a basis of image( A"*?)

Then there eX|st coefﬁments (By;j, such that

=33 6),,0.),80.)

=1 1=1
If the bases U, U, are orthogonal then

(8,5, =(L)L,) ®U.,))

00 i @
] : -.
o0 o

18



Proof:

Consider one column (A‘”):’(. of the matricization A®.

i)
For index (), this column defines a matrix

Met’
V(5,0 ) = Ao

By assumption the rows and columns of Y are
In the span of (Usl)_ ,(U52 )| ;

J
ksl ksz

Y :ZZCU (Usl)j(USz )lT

j=1 1=1
for some coefficients ;).

Therefore, every column of A® is a linear combination of
U, ) ®u,). S

818



t-frame, frame tree:

Let t e T be a mode cluster and (k, )

.. afamily of
non-negative integers.

We call a matrix U, € IR"* a t-frame and

a tuple (US)SeTI of frames a frame tree.

A frame is called orthogonal if the columns are orthogonal.

A frame tree is called orthogonal if each frame (except the
root) Is orthogonal.

.

20 s



A frame tree Is nested if for each interior mode cluster t
with successors S(t) = {t;,t,} the following relation holds:

span{U, ), [1<i <k jc span{U, )

®U, ) 11<i<k 1<j<k, |

K xKi, <K,

The corresponding tensor [B, € IR relative to the represen-
tation of (U,) by U, .U, Is called the transfer tensor :

i
kt

1 ktz

(Ut)i :Z Bt)i,j,l(Utl)j ®(Utz)|'

j=1 1=1

transfer tensor D

2.

21 T
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Hierarchical Tucker Format

T is a dimension tree, (k,)

tel
AeH —Tucker((k,)_, ) -

Let (U,)_ be anested frame tree

a family of non-negative integers,

with transfer tensors (B,)_,,, and

VteT, :image(AV)=imageU,), A=U, ..

Then the representation((B,)_, ;,.(U, )., )is @ hierarchical Tucker
representation.
The family (k, ). is the hierarchical representation rank.

Note that the columns of U, need not to be linear independent!

This representation with orthogonal frame tree is unique upto
orthogonal transformations of the t-frames.

00 i @
] : -.
o0 o

22



Storage complexity

Again T dimension tree with Ae H —Tucker((k,)_,) given
in hierarchical Tucker representation ((B,),_, ), (U, )..r )
and B, € IR for S(t)={t,,t,}, B, of minimal size.

Then the total storage for all transfer tensors (Bt )teI(T) and
leaf-frames (Ut)teL(T) In terms of number of entries

IS bounded by
d
storagel(B,)., .Uy ) )< (0 -1)° +KX
where k:=max,_, k, ‘=

IS linearly bounded in the dimension d (provided the
representation parameter k is uniformly bounded).

00 i @
] : -.
o0 o

23



(D
Proof:

For each leaf t={u} of the dimension tree we have to store

the t-frame U, e IR™™
which yields the second term an

u=1

For all d-1 interior mode clusters we have to store the
transfer tensors B, e IR

Each has at most k® entries.

2.

24 T



|LLL I . . D
Hierarchical Truncation error

Def.: T a dimension tree, t e T and U, an orthogonal t-frame.
Orthogonal frame projection x, : IR' > IR'is defined as

(7, A =UU/AD  for t={l..,d}

Theorem (Hierarchical truncation error):

Dimension tree T, AcIR!.

Let APest be the best approximation of A in H-Tucker((ky),.1),

. the ortogonal frame projection for t-frame U, that consists

of the left singular vectors of AW corresponding to the k, largest
singular values o ; of AV,

Then it holds

< ¥ ¥ of <v2d-2|A- A

teT i>k;

A-]]~A .

teT

00
':3-'
o0 o

25



TUTI D
Proof:

Lemma: It holds  |A- 7z A" <|A- 7 Al +|A-z,Af

A-]]=A

teT

2
<Y |A-mA

teT

Proof of Lemma: |A-zz A" =|(A-7A)+ 7 (A-7,A) =
A-z A + |z (A= 2 A) <|A-z Al +|A-7, A

2

Proof of Theorem: It holds  |A-z Al <Y o7 <|A- A™

I>K;
Applying the above Lemma and the result on the number of
nodes of a dimension tree yields:

2
A-TT=A <> > 0% <[2d-2)A- A"

teT teT i>k,

2

Can be improved to|(2d - 3)




TUTI | &
Properties of H-Tucker Format

The set H-Tucker((k)..1) IS
- a closed set in IR! |, but

- Is not a linear space (the rank increases by linear combinations)

d
Storage(A) <> n k, + > kk k, <dnk+dk’®
p=1 o

tel (T),sons(t)={t; t,}

All tensors of canonical rank k are contained in H-Tucker((k),.t)
(also all tensors of boarder rank k).

The set H-Tucker((k,);.r) Is much thinner than the Tucker format
because we impose additional rank conditions.

00 i @
] : -.
o0 o

27



Example

AcIR™S: At [y @q | u,®q | u,®q)
(u1®q1)i j it 1=1
e = U, ®q,); if 1=2 9 x 3 - matrix
L(ul®q2)i,j it =3
1 0 1/\2 0
u=/0} u,=1, g=| 0 |,g,=[1}|
0 0 1/\2 0
51
t {1} Consider orthogonal mode frames:
1,2} t, U, = [u1®q1|u2 ®q, |Q1®q2]’
{1,2,3} 2 v, =luu,] U, =]gq,]
{3} 28




(u1®q1 u, ®Q, u1®q2):

A2}

O 1 O O O O O O O

O O O O 1 O O O O

N
o o O O O o O

- =

R

29

~L L L
YTy



13 0 0 O @
11 0O O] uy®g-=0 0 0)@[1J
2 0/0/0 0 ¢ O
0 1 04~
peeg 0 0 o
0 00
e
u,®q=@1 0 0)®{]/02 u,®q,=(0 1 O)@m
142 0
/1/\/5 0 1/x/§ 5000 1 0
A=l 0|0 0O 010000
\ 0/ 0 O O0O0O0OTO0OTPO O)
(ﬂtl A) ‘= Utlut-ll- AL _ (U1 u, {u# jA(l)
100 Lo
( j D=0 1 0|AY = rank((;:t A) tl)=2
010 016 1




TUTI 0

r.r, <U U <UU' UU' <
1 2 1 2 1 1 2 2

&Q=U,U] ®U U7 = (uu] +uul )®(q,07 +0,0] )

QU, = ((uul +uu] )® (G +0.07 Ju, ®4, v, ®q, 6 ®7,)-
A

1
:(u1®q1 u, ®q2 ﬁU1®q2/

(”t”tlﬂtz A)({l’z}) =UU/QA"? —u (Qu,) AU

.
1
:Ut(ul®q1 u, ®0q, \/§U1®Q2J (U1®q1 u, ®d, U1®q2)=

1 0 O
1
=(u,®q, u,®q, ¢,®q)0 1 O =(u1®q1 u, ®q, \E%@qzj
0 0 142

31



rank((yzt 7,7, A ): rank

3 X 9 matrix

ug, Uy, ql(

1

J2

|
.

}3

because u,, U,, g, are linearly independent.

The first projection =, 7, maps A into Tucker(2,2,3),

but after the coarser projection z, the 1-mode rank is 3
and thus 7,7, 7, Ag Tucker(2,2,3).
This is because &, mixes the t;-frame and the t,-frame.

Tucker(2,2,3) means ranks in the standard Tucker format.

.

32 :



TUTI | O
Root-to-Leaves Truncation

Input: tensor A, dimension tree T,, target rank ((k,)..1)-
For each singelton t € L(T,) do
Compute SVD of A®, store dominant k, left singular vectors
In the columns of the t-frame U..
For I=p-1,...,0 do
For each mode cluster t € L(T,) on level | do
Compute SVD of A®, store dominant k,
left singular vectors in the columns of the t-frame U..
Let U, and U, denote the frames for the successors
ofton level I+1
Compute the entries of the transfer tensor

(Bt )i,j,v = <(Ut)i’(ut1 )j ®(Ut2 )V>

00 @
Y : ..
o0 o

33



TUTI 0

Compute the entries of the root (with sons t,, t, ) transfer tensor:

Return H-Tucker representation ((Ut )teL(T ),(Bt ). . ))

for A, eH —Tucker((k,)

teT,

Complexity: O((n1 Ny )3/2)

.

34 e



Brothers and related matricizations

For dimension tree T, and non-root mode cluster t with
father f we define the uniqgue mode cluster t as the
brother of t such that f =t Ut

Let T, a dimension tree with mterlor node t =t, Ut,
Assume the matricization A ZU

v=1

and the representation
ki, ks,

U _ZZCVHX ®yl1 Xj = IRIilin < IRIiZ, V:].,...,k

j=1 1=
This gives the matricization

=535 v |

=1 |=1 35

.. ”
:'1 : -.
o0 o



k ki kK
— AWM — . (x) _ Vo).
A(Il ..... iq) A{iﬂ)ﬂet’(iu )ﬂ t VZ:]; = ;Cv,” j (i) et (yl )('ﬂz)uz'etz( V)(Iﬂ.)#.et.

“ )

= (XJ (I ) chvij’l (yl )(i,uz)yzetz ® VV iy')y'et'
j= AL y=t 1=l
Ky k ks

— (X (i) Z Cv J Iyl ®Vv
J= A7 v=l I=1 (i,u'),u'et

36 :
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Matricization in H-Tucker format

T, dimension tree, AeH-Tucker((k,),.,) with nested orthogonal

frame tree (Ut)teT, and transfer tensors (Bt)teT, .

For p>0 let Root(T)) = t,1t;,...,t,,,t,=t a path of length p.

Let U',...UP denote the frames of the corresponding brothers,
B°.... BP! the corresponding transfer tensors, and
ko, ,kIO the corresponding representation ranks.

We always assume that the brother is always first
v, =X38. 0" e,)

Then it holds AY = Z(Ut)v(vt )V UV, with complementary frame

:ZZ'”ZZZBlo,ilJl BJppllpJpU11® ®Up

N : ..
o0 o

37



TUTI

D

Accumulated Transfer Tensors

B'), o = YYBB By lisr  1=2.P,
JisS) JiasSia ol b 1-1:1159]

are useful for computing all matricizations out of the
transfer tensors.

2.
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H-Tucker

Ul = A
Bt
3(8),,0,) ©0,)



TUTI

D
(non-orthogonal) H-Tucker for CP

d
CP-tensor: A=) Xa, a,€IR”.
=S
H-Tucker representation:

Leaves: Vt={u}el(T,)): U,)=a, i=1..k k, =k,

!

Interior nodes, transfer tensors:
1 ifi=j=I

Vte I(T,)\Root(T,): (Bt )i,j,l = {O otherwise

Root transfer tensor:

1 if j=1
::{ 170 By e R Ky
0 otherwise o



TUTI &
Examples

d _}é
Consider tensor A, . id):z(Zijj , d=5 n,=25

U
u=1
as discretization of the function 1/ ||x]| on [1,25]>. 25x25°
25x390625
22
252x253
I I _ . 625x15625
Approximation by H-Tucker: o
25x254
253x252 25x390625
15625x625 22
22 25x254
25x390625
055 22
9765625
25x254
A 25x390625
22
252x253
625x15625
22
25x254
25x390625

22 e




Tensor Train

Instead of complete binary tree we can also

consider a linear list:

0,
‘/ \
d/ \0 of}\

Partitioning the index sets
In half:

W(I 1reorlog) 2 (s sl g) (lgags - -5log)

Partitioning the index sets
In one and rest:

(i) D (i) r)

2K



Ll . . O
Tensor train by recursive splitting:

D
CP A, = 2 sl Yaiy[
j=1
D,,D,,...Dy
TT. A(i1 ..... i) — Zgl;il il 92, 60id " Yaigs pniaa] Y [i
jl’j2 !!!! jd:l

D, Dy
é Z Z gl;il;jl . gz?izijl’jz . Ajz’(is ----- ig) =
L=l h=l],=1
D, D Dy, Dy4
= yyy y gl;il;jl . g2;i2;j1,j2 ..... gd_Z;id—l;jd—Z’jd—l . gdiidijd—l
h=11=1  Jg2=1]41=1 st
43 T

SO0 '.53 e




Ll . O
Tensor train by recursive splitting:

j1'j2:1

D>
gl;il;jl . A(iz’i31i4) D,.D,

j,=1

| M Z glii1;j1 . g2;i2;j1,j2 A(i3'i4)
T I

h

D11D21D3

95 92:0,000. 5, Y3iis: . 1 F i s

hidaiJg=l
? h :]j Jz? 13?




TUTI

g

Tensor Train Network

Jilal

A

iy b ...

J2lal3

Idll ‘Id

Ja-2ld-1)d-1

Ja-1ld
|
45 "::



Matrix Formulation

Dl Dl D2
Ai,.i) = Z iy Aiyig) = Z Z Ouiciy 92y " Aligiy) =
h=1 h=l],=1

Dl D2 Dd -2 Dd -1

— yy y: ylgl;il;j1 ) g2;i2;j1,j2 °°°°° gd_l;id_l;jd—z’jd_l ) gd;id;jd—l -

1=lj=1 jgo=ljg4=1

=G -Gl G;d_‘i -Gci;’

with D, ; x D; — matrices G;J’ as core tensors.

The j indices are related to the matrix product.

i =1..,n; G/eIR™™ with D,=D, =1

J

G*and G, are vectors (row, resp. column vector).

2.
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Visualization:

Visualization

G| G;| - |Gyy| Gy
Glnl ng o ng—f gd
L lg1 | g
1 |- te.ee nd

.

AT e



Periodic case:

Ddl Dd

----- ig) 7 y 7 y gl;il Ja|h . g2;i2;j1,j2

h=lj,=1 Jaa=ljg=1

= trace(Glil -Gy - Gyi -Gy )

gd—l;id_l;jd_z,jd_l . gd;id;jd—l Jd

With additional index |4, and summation over |, represented

by trace summation.

J J

i =1.,n; GJ/elR”"™™  for j=1..

Dl'DZ’DS’D4

jl’jz’j31j4:1

gl;il;j4’j1 g2;i2;j1'j2 g3;i3;jz,js g4;i4;13,j4

48
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Rank - Unfolding

Ao = A it o =rank(A))

D, are called compression ranks = size of matrices

Theorem: If for each unfolding rank(A,)) =r, =D,,
then there exists a TT decomposition with

compression ranks not higher than D,,.

Proof: A=UV': A, = Zu,l Vi)
=1
Consider V also as a d-1 tensor with indices V;; 1
with ,long index” |,i, varying from 1 to n,n, and
consider all unfoldings of V resulting in V,,...,V, .
We show: rank(Vp) <r,. e,

49

e @8 e
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TUTI D
Proof

To prove rank(V,) < r, we express V as

componentwise

Al — UVT :>V — AITUT (UTU )_1 — AlTW :>V{j1'i2,i3 ----- id} - Z A{il ----- ig }Wi1’11

Because the p-th mode has compression rank r, it holds

componentW|se

Vp :Vllz ----- pl ----- 'd Zzw'lh iyl B ﬁ'pl g T

h=1 p=1

N
— H.. . G.. . i _
Jiidg el g = Bilpig g Wlth H Iz ignip, B Z |:il """ Iy, W

=1

resulting in rank(V,) <r,.

I, b

.| Repeat what we have started with Aand i, now for V and j,. &

..

® o0



TUTI | &
Complexity

Following the proof the TT form of a general tensor A can be
derived by successive SVD of matrix unfoldings.

The number of parameters in the TT format is bounded by
(d-2)nD? + 2nD
where n = max(ny,...,ng), D = max(ry,...,ry).

Proof: The number of core tensor matrices is bounded by n

and the number of entries is bounded by D? for
Interior core tensors, resp. D for the first/last vector.

In the periodic case the bound is given by dnDZ.

00 @
Y : ..
o0 o

51
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Approximation

Suppose that the unfolding matrices are only approximated
by low rank terms

A, =R,+E, rank(R)=r, |[E,| =&, p=1..d-1

Theorem: With the algorithm we can compute for a given
Tensor A an TT-tensor B with ranks M and

d-1
A-el, < 3o

|A-BJ, </d-1|A- A™

F

2.
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Tt | ¢
Recompression TT =2 TT

Let us assume that we have already given a tensor in
the TT format

A=GLG! -Gl

We want the derive minimal ranks, resp. compute
approximations with smaller ranks.
More tomorrow.

2.
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Basic Operations

Addition: Clil---C(;d :C:A+B:A£1---Aff +|31i1...|3(;d _

(an mi\AF O At 0 ) A
- Bl{o B%j (0 Bédi)[Bé"j

Periodic: trace(C!---Cl#)=C = A+ B =trace(A! --- A + B -..Bls )=

0 B! 0 B

Scalar multiplication:

oA, = a o A = (A A

2.

54 e 5%



Hadamard product

Ch...Cl =C=AoB (Al AdXB'l... 'd)
(R ol )

s o) 4 o)

Inner product: < > ZAI W B = chl |

Take the Hadamard product to derive C in TT-format,
and then compute the contractions with vectors of all ones.

2.
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Iy I g1 ig
B Z ch 11C2 s Cd ~1, jg-2 ] 1Cd PR

Inner Product:

lg JioeJaa
[Z[Z Clll]l j[z Céz o J] o
h il 12

56

2K



Equivalent formulation for Vector

- Z( ZAI 11A2 e A s Ajﬁﬁ](eil ®ei2 ®.“®eid ):
~Jga
Z Z(A1 Jleul) (Az,jlj2 i2)®'”®(Aéd,jd_leid)
o P
3 [z/x,le.ljcg | The
Jio g h
= _Zul,jl DUy, j,j, @ ®OUgyj, o, DUgj,
i Jaa

with vectors U, ; ; oflength n,. Compare CP.

57
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TUTI O
Inner Product for vector:

)/ X= ::zi:: IEaﬁl Ag |1 g ::zi:: 'ls\ Ay |1 Ay =
o :zé:: IBl1 Ay ‘lx\ Ay _:ZE;: (::il...id =

]
:(_ZVLH@V&HJ@®‘“®Vd,jalJ 2 Uy Oy, ® - ®uy

b T Jiedga
S Mo 6 )
- 111 L 2,015 "2, d,jbs2d, iy
Jih'Jaal'q
- _ ::EE:: \/\(1 Jl b :3 dhibie \/\l}j, Jgadaa
Juh' - Jaad'

.
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Special Cases

Representing unit vector e;:

e, ®e,; ® -, =

i 2,

:allalzz .o Id 1a

| ik 1 if i =j,
with Ay :5ik’jk :{O it = J
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Examples
Xi, i ::/§1AQ2"'Agﬁj/¥f

v @ - QA _ el 0 - O
‘ 1 00.0 — 1

(0) 0 - (0) A

(1 0) (1 0) (1 0 A

0 0) (0 0 0 0 :

— 10

(0 0) (0 0 0 0 Al

0 1) (0 1) 0 1)

100y (1 0 O0) (00O

010/ |00O0| |01O0fA

0 0 0) {00 1) (001

0 0 0y (OOO) (10O

0 00 |01O0] (0O0O0] A

0 0 1) (0 0 0) (O O O
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Application to functions

Truncated ANOVA decomposmon
d
P (X Xp 00 Xg) g0+zglh(xh)+ Zgzhlz SXE D (X X, X))

h=1 J1,Jp=1 Ji:J2:J3=1

Find functions g, that allow a good approximation of f.

Tensor train approximation with matrices G,:
(X0 Xp 00 %g) ® 01(X) G, (X,) - Gy 4 (X44) g (Xg)

Similarly we can generalize CP, Tucker, H-Tucker to functions.

f (X1’ Xgyeeny Xd) ~ Z O, (Xl)gz,j (Xz)"'gd—l,j (Xd—l)gd,j (Xd)
j=1

2.
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Representing Matrices

M = Ag ity = G "Gy -Gy Gy

M= >U,®U,  ®- QU ®U

JioJaa

d-1,jg2Jga d,jga

Special case: Laplacian
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Generalizing Matrix Properties

Let A be a symmetric n-dimensional tensor
and x™ a rank-one tensor for vector X € IR :
A=a .; X"=X X ;

1"m 1

Im

Define the n-dimensional homogeneous polynomial of degree m

n

A i X X € IR
i -1

il

f(x):=Ax":

iy ey

A symmetric: invariant under any index permutations.
A positive definite: f(x) > 0 for all x # 0.

00 i @
] : -.
o0 o
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TUTI 0

Eigenvalue

Define by Ax™™ :=[ Z%z _____ X ---xim) c IR" a vector.
1ol = i=1

We call a number A € C an eigenvalue of A if A and x#0
are solutions of the polynomial equation

(Ax™) = axm = A(1x™ )

Ax™ = /IIXm_l, or the vector x is a fixed point of operator A.

Here | is the identity tensor: a;; =1, and a=0 otherwise.

2.
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Matrix terms

A Hermitian:

- Invariant subspace: Ax=AX

- Rayleigh quotient: xTAx/x™x

- Lagrange multipliers: xTAx — A (||x||? = 1)

- Best rank-1 approximation: min,,_; [|[A— A xx'||

A general:
- Pseudospectrum: o (A) ={A | [|(A-AD)?L|| > €1}
- Numerical range:  W(A) = {X’Ax | x"x=1}

How to generalize to tensors?
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Numerical Range

Rayleigh Q. A(Xl’--wxd):A'(le-wxd):_ZAil ..... i, Aui, " Rl

Range: W (A) = A(X,...,X) = A-(X,..., X) = 'ZAl XX

CP or Tucker as generalization of SVD:
-CP loosing the orthogonality!
- Tucker loosing the diagonal form of the core tensor!
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Eigenvalues

As critical points of the Rayleigh quotient
A(X,...,X)  A(X,...,X)
HXHZ 1(X,..., X)

By Lagrangian L(x,4) = A(X,...,X) —/IQ\XHS —1)

Characteristic Polynomial p(A) is the resultant of the
two polynomials Ax™! and Ax™! (searching for common zeros).

Eigenvalues are roots of p. #eigenvalues: n(m-1)"-1
Product of eigenvalues = det(A) = resultant of Ax™1 and O
Sum of all eigenvalues is equal (m-1)"-ttrace(A)

2.
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Software

Kolda: Data structures, CP, Tucker

Oseledets: TT
Kressner, Tobler: H-Tucker
ALPS: Quantum simulation

http://www.sandia.gov/~tgkolda/TensorToolbox/index-2.5.html
http://spring.inm.ras.ru/osel/?page 1d=24
http://www.sam.math.ethz.ch/NLAgroup/htucker toolbox.html
https://www.rdb.ethz.ch/projects/project.php?pro] 1d=8486
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