Technische Universität München

Fakultät für Informatik
Guided Research

Maximum entropy analysis for
inelastic neutron scattering
Author:

Daniel Göhlen, B. Sc.

Supervisor:

Prof. Dr. Thomas Huckle

Advisor (Computer Science):

Kilian Röhner, M. Sc.

Advisor (Physics):

Philipp Geselbracht, M. Sc.

1

Abstract
The goal of this project was to overcome the stated limitation by utilizing the Maxi-

+

mum Entropy algorithm (further denoted by MaxEnt) presented in [BLM 87] as a more
advanced analysis method.

MaxEnt was already applied to neutron data for special

+
cases [GKB 92],[Siv90]. Part of this research was to implement this algorithm, identify
weaknesses in our application and extensively test possible improvements to verify its
reliability for a broad range of spectral shapes and signal-to-noise ratios.
These results should form a basis for future research on how algorithms from other
elds, e. g. data mining, could be incorporated to further enhance the current approach.

1 Introduction
Inelastic neutron scattering is a powerful tool in solid state physics. Neutrons interact
with other matter via strong-force interaction with the atomic core and via magnetic
dipole-dipole interaction with magnetic atoms. By measuring the energy transfer from
or to a sample, inelastic neutron scattering resembles a microscopic probe for nuclear as
well as magnetic dynamics in the given samples. These dynamics include phonons, spinwaves, quasi elastic scattering, crystal electric eld excitations or spinons. The obtained
results give decisive inputs in current hot topics in physics including conventional (BCS)
and unconventional superconductivity, quantum phase transitions, strongly correlated
electron systems, magnetic frustration or material science.
Below, the physics relevant for this project are explained. A comprehensive introduction for inelastic neutron scattering can be found elsewhere [SST02]. A monochromatic
beam of neutrons with incident wave vector
of the nal wave vector

kf

ki is scattered by the sample and the intensity

is measured. This is either done by time-of-ight measure-

ments or using crystals that fulll Bragg's law for a given
and

kf

ki

in front (monochromator)

after the sample (analyser). Data from the second instrument, the triple-axis-

spectrometer (TAS), are used for this project. The energy transfer E and the scattering
vector

Q (momentum transfer) are then given by
E=

h2
(k2 − k2f ),
2mn i

Q = ki − kf .
The measured intensity is a function of
the relation

I(Q, E) =

Z

Z

Q

Q

(1)

(2)

and E, which fullls for a real instrument

R(Q − Q0 , E − E0 )S(Q, E)dQdE

(3)

d dE
where

S(Q, E)

is the scattering function of the sample, resembling all underlying

physical processes.

R(Q − Q0 , E − E0 )

is the resolution function of the instrument
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arising from the neutron optics of the given instrument. For example, in analogy to a
simple optical system consisting of two parabolic mirrors, monochromator and analyser
yield a nite resolution. Due to the quantum mechanic nature of the scattering process
and the nite sampling size, statistic deviation is added to the data.

Further noise is

added by experimental uncertainty such as: background radiation, noise in the detector
electronics, non-perfect detector shielding or slight misalignments of monocromator-, and
analyzer- crystals.

2 Initial Implementation
There have been various dierent implementations of MaxEnt all using the general idea

+

and tweaking it to their necessities. Since [GKB 92] was the closest application to our
case it lend itself as a good rst approach. Disregarding the many dierent implementa-

+

tions the algorithm used in [GKB 92] and this work will just be called MaxEnt here. As
a requirement MaxEnt was implemented in Python 2.7. The core algorithm which will
be maximized is the following:

H=

M
X
i=1

M
M
X
Pi
λ X Fi − Di 2
Pi log
) .
− µ((
(
Pi ) − N ) −
mi
2
σ

(4)

i=1

i=1

The symbols are explained in 1
Initially, we calculated the entropy for each possible combination of values (stored in

P)

for a dened minimal resolution (the distance of the discretized points on the y-axis)

and then selected the combination that lead to the highest entropy. This was expectedly very time consuming to calculate due to the exponentially growing time required to

+

nish the calculation. [GKB 92] does not describe the maximization step in full detail.
However, this approach only allowed to calculate very small sets of data in a reasonable
time on household computers.
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Symbol in [GKB+ 92] Description
m

Discretized model function.

mi , the MaxEnt
+
algorithm produces the [same] shapes [GKB 92]. We were able to
Independent of the choice of the model function
conrm this and used

P

f (x) = 1

for the rest of this project.

Variation of the model function.
Further description in the following sections.

D

Measured data.
This noisy data comes from the instrument. The algorithm is looking
to extract the ground truth.

σ

Standard deviation in the measured data.
Note, the reconstructed shape does not necessarily have to be in the
boundaries of the deviation.

F
λ
µ
H
N

Convolution of

P

with the resolution function

R.

Lagrange multiplier, explained in the 3.
Lagrange multiplier, explained in the 3.
Entropy.
Total counts.
The integrated neutron count of the analyzed spectrum.

R

The instrument resolution function.

+

Table 1: Description of symbols used in [GKB 92].

3 Initial Problems and Solutions
The expected high time consumption of the algorithm required further research and improvements to work with common data sizes. Since the actual runtime of the Fortran

+

code used in 1990 in [GKB 92] was, according to Prof. Dr. Böni, roughly 5 - 10 minutes,
we inspected a variation of the original code. According to Prof. Dr. Bermejo the nal
code was lost but although key parts of this algorithm were absent in the Fortran code,
the maximization was comprehensibly done by a linear approach that tested for each
data point various y-values. The one with the highest entropy was saved for the next
data point and the next data point was tested. This was done once for each point.
This improved the required calculation time immensely but the result quality decreased.

To address this, various improvements have been applied to the algorithm

which will be introduced in subsection 4.5.
A problem that was prevalent during this project and still is, is the missing contextual
denition for

λ and µ.

The langrangian multipliers are used to nd the local maxima for

the algorithm. Therefore dierent values for both have been tested with cross-validation
and the best ones have been used for the remaining tests. To preserve appropriate weights

λ

should be around

102 µ.

Tests have shown that values of about
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1
10 of the maximum of

the expected deconvoluted spectrum for
for

λ

and

µ

µ are tting.

A summary of more precise values

that produce reasonable results can be found in subsection 4.6.

4 Test
4.1 Data generation
Due to data from the real instruments possibly being comprised of unknown or unexpected features, it was preferred to inspect and verify data that has been generated with
well known features. To do so, a scattering function was assumed and it was then folded
by a gaussian resolution function that simulates the instrument resolution. Afterwards,
normal distributed noise was added that represents the sum of background radiation,
noise in the detector electronics, non-perfect detector shielding or slight misalignments
of monocromator-, and analyzer- crystals. This way, a curve that resembles actual instrument data consisting of known features was usable as the basis for further inspection.
The reults of MaxEnt were later compared to the input scattering function using least
squares deviation. This approach oered the possibility of cross-validating various variables and testing with dierent resolution functions. The focus of the conducted tests
was on spectra with two or more Lorentzians.

Figure 1: Example for initially generated test data (two Lorentzians).
Figure 1 exemplary shows one of the generated test spectra, which will be closer
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analyzed in the next subsections.

4.2 Test spectrum with two Lorentzian peaks
A scattering function consisting of two Lorentzian shapes close to each other was chosen for the majority of tests. In this example (1 ), the noise was chosen in such a way
that one can still identify two Lorentzians but the maximums are not immediately clear.
The red line represents the initial scattering function while the blue points represent the
generated data points that have been folded with the instrument resolution which has a
gaussian shape. Depending on the noise level, a distinction between one and two peaks
was visually not possible without a doubt.

4.3 Skewed results due to initial algorithm
Initially, noise was removed from the generated graph to ensure the proper functionality
of MaxEnt.

This lead to skewed graphs although the data is completely symmetrical

(mirrored at

x = 0)

as seen in Figure 2.

Figure 2: Skewed shape after initial MaxEnt.
The green line shows the initial results for MaxEnt, going from left to right while saving
the last point that had the highest local entropy given the surrounding graph. This was
repeated 20 times with ner resolution each time to reduce the calculation time necessary
to complete the task. Having a closer look at the algorithm and the maximization step,
it is clear, that a symmetrical graph for symmetrical data is unlikely to be achieved due
to inherent overcompensating corrections that the algorithm applies to reach a maximum
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entropy. However, the graph produced by forward testing obviously is the mirrored graph
that is generated by backward testing (for the symmetrical test data).

4.4 Reasonable values for lagrangian multipliers and iterations
It has to be noted that reasonable results are only created within certain bounds of
and

µ.

λ

The global optimum (being lines at the boundaries) is not correspondent with the

perceived optimum result. Since the best result for the test data was known, instead of
the maximum entropy, the euclidean distance to the best result has been used to validate
the results from cross-validation.

This approach nds the local maximum for known

scattering data given the number of iterations.

Figure 3: High number of iterations (400) with applied improvements.

It would be expected that a very high number of iterations improve the quality of a
result within proper bounds, but the generated curve gets - for the given test data generally smoothed out and therefore the maxima also get attened out. This could be
addressed with other values for

λ and µ but initial tests showed that the generated curve

looks too extreme and worse according to visual inspection and least squares.
values for

µ

between 2 and 10 and values for

λ

Thus,

between 200 and 360 were perceived as

tting for the next tests. The best results were found for iterations being in the range
from 3 to 13. Much higher iterations were tested but tend to produce results as shown in
Figure 3. This gure was generated with 400 iterations and applied improvements which
will be explained in the next subsection.
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4.5 Improvements made
Without much reference for this special case, own improvements were made to improve
the current results in terms of calculation speed and accuracy.

Figure 4: Weighted iterations, still skewed.

Before the improvements were applied each iteration took the whole data set and replaced every data point that gets another value during this iteration. Since this produced
atter and smoother shapes the iterations were weighted in order to preserve the overall
good shape for the lower iterations and still be more accurate (according to MaxEnt)
with higher iterations which produce shapes with higher entropy.

The weight of each

iteration is decreased and is therefore less inuential when merged with the calculation
dataset This improved the overall shape slightly (Figure 4) but the result is still skewed
as explained earlier.
Since the shape for forward iteration is skewed along the x-axis in positive direction and
the shape of a backward iteration in negative direction, a combination of both corrects
the overcompensation of each (Figure 5). In each iteration the same dataset will be used
and processed along the x-axis in positive and in negative direction.

After this both

datasets get merged with the same weight and the next iteration starts. This approach
works for asymmetrical data as well and seemed promising enough to analyze it with
noisy data and special cases.
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Figure 5: Weighted forward and backward iteration.

4.6 Results and Limitations

Figure 6: Result of MaxEnt after improvements for noisy data.

To simulate noisy data, a random oset has been added to the dataset. In Figure 6,
the red curve is, as before, the scattering function and the blue data points the generated
data. The green curve is the deconvoluted spectrum produced by MaxEnt which is, in
consideration of the very noisy instrument dara, reasonably similar to the original data.
Noteworthy is that values that are not part of peaks are likely to get reduced to a value
close to the baseline. This remains true for most test data. The generated image is still
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dependent on appropriate

λ and µ-values (around 200 - 360 for λ and around 2 - 4 for µ).

The best visual results are achieved for 3 - 7 iterations with forward and backward testing.

Figure 7: Noise vs. distance for 3 and 7 iterations.

Even more noise still leads to an identication of peaks but the boundaries are less
reliable. The rest of the curve is not reproduced (Figure 8).
Figure 7 shows the euclidean distance between the scattering function and the deconvoluted spectrum for a maximum noise for 3 and 7 iterations. This correlates with 8 and
9. Noteworthy is the overall slightly smaller euclidean distance for 3 iterations compared
to 7 iterations in this example. This should be optimized in the future with a further
improved weighting for both

λ

and

µ

and the weighting function during the improved

maximization step (see 4.5).
Overall, all tests showed that a decent reconstruction of the original data even for
very noisy data can be achieved when the values for
properly chosen.
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λ, µ

and the count of iterations is

Figure 8: MaxEnt still reconstructs peaks for very noisy data.

Further tests with dierent shapes have been conducted with similar results. Instead
of Lorentzians, extensive tests with gaussians have also been conducted.

Upon visual

inspection MaxEnt expectedly produces very similar results for both shapes. In addition,
peaks that are likely to be not correctly registered by the instrument but come from an
arbitrary noise function are very likely to be ltered out in the reverse as well.
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Figure 9: Comparison of dierent signal to noise ratios at 7 iterations.

The implementation oers the possibility of choosing the resolution as ne as needed
and the possibility to cross-validate

λ and µ for a given interval. This should only be done
λ and µ. It seems that 333 and 3.33 respectively

after visual inspection of the validity of

is a good starting point that likely produces acceptable results.

Due to the unknown

nature of real instrument data, these are the recommended initial values.

5 Conclusion
During this guided research, a Maximum Entropy algorithm was successfully applied to
inelastic neutron scattering data, that was previously commonly only inspected visually
on a basis formed from already known physics and theoretical predictions. In this project,
the Maximum Entropy method has been used to reconstruct actual neutron scattering
data that has been signicantly obfuscated by noise from e. g. background radiation,
noise in the detector electronics, non-perfect detector shielding or slight misalignments of
monocromator-, and analyzer- crystals. The mostly unknown distribution of these noise
sources has been added up to a resulting noise that has been applied to generated test
data in order to see how much of the original data can be reproduced.
The current solution gives good results for prevalent shapes and allows the customization of the instrument resolution, the lagrangian factors, the required resolution and the
count of iterations. Improvements in terms of runtime optimization have been made in
terms of the iterations, the usage of numpy and the code design. Although the calculation
time is fairly quick for a household computer, real time capabilities could be achieved
with better vectorization and more radical code design. For the current purpose it was
considered to be more valuable to have a highly readable and accessible code instead of
the lowest possible runtime.
The implemented algorithm and the changes over time can be found in the attached
les along with the graphs that represent the state of the tests and the algorithm at the
given time. Especially interesting would be a more in-depth investigation why and seem
to give good results for the identied values and what could be done to specify them
through a meaningful background instead of the current approach. Also, more research
for the weighting of the iterations is suggested.
Future comparisons could be made with other techniques from image reconstruction
and or data mining although the maximum entropy method already allows for signicantly improved results for the analysis of neutron scattering data.
I would like to thank Prof. Dr. Peter Böni and Prof. Dr. Miguel García Bermejo-Giner
for their advice.
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