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Abstract. A big challenge in implementing up to date simulation software for
various applications is to bring together highly efficient mathematical methods
on the one hand side and an efficient usage of modern computer archtitectures
on the other hand. We concentrate on the solution of PDEs and demonstrate how
to overcome the hereby occuring quandary between cache-efficiency and modern multilevel methods on adaptive grids. Our algorithm is based on stacks, the
simplest possible and thus very cache-efficient data structures.

1

Introduction

In most implementations, competitive numerical algorithms for solving partial differential equations cause a non-negligible overhead in data access and, thus, can not exploit
the high performance of processors in a satisfying way. This is mainly caused by tree
structures used to store hierarchical data needed for methods like multi-grid and adaptive grid refinement.
We use space-filling curves as an ordering mechanism for our grid cells and – based
on this order – to replace the tree structure by data structures which are processed linearly. For this, we restrict to grids associated with space-trees (allowing local refinemt)
and (in a certain sense) local difference stencils. In fact, the only kind of data structures
used in our implementation is a fixed number of stacks. As stacks can be considered
as the most simple data structures used in Computer Science allowing only the two
basic operations push and pop1 , data access becomes very fast – even faster than the
common access of non-hierarchical data stored in matrices – and, in particular, cache
misses are reduced considerably. Even the implementation of multi-grid cycles and/or
higher order discretizations as well as the parallelization of the whole algorithm becomes very easy and straightforward on these data structures and doesn’t worsen the
cache efficiency.
In literature, space-filling curves are a well-known device to construct efficient grid
partitionings for data parallel implementations of the numerical solution of partial differential equations [13–16, 19, 23, 24]. It is also known that – due to locality properties
of the curves – reordering grid cells according to the numbering induced by a spacefilling curve improves cache-efficiency (see e.g. [1]). Similar benefits of reordering data
along space-filling curves can also be observed for other applications like e.g. matrix
1

push puts data on top of a pile and pop takes data from the top of a pile.
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Fig. 1. Generating templates, first iterates and discrete curve on an adaptively refined grid for
two-dimensional Hilbert- and Peano-curves

transposition [5] or matrix multiplication [6]. We enhance this effect by constructing
stacks for which we can even completely avoid ‘jumps’ in the adresses instead of only
reducing their probability or frequency.

2

Space-Filling Curves and Stacks

As we look for an odering mechanism for the cells of a multilevel adaptive rectangular
grid based on a space tree, we restrict our attention to a certain class of space-filling
curves2 , namely recursively defined, self-similar space-filling curves with rectangular
recursive decomposition of the domain. These curves are given by a simple generating
template and a recursive refinement procedure which describes the (rotated or mirrored)
application of the generating template in sub-cells of the domain. See figure 1 for some
iterates of the two-dimensional Hilbert- and Peano-curves, which are prominent representatives of this class of curves. As can be seen, the iterate we use in a particular part
of our domain depends on the local resolution.
Now, these iterates of the space-filling curves associated to the given grid – also
called discrete space-filling curves – and not the space-filling curve itself3 define the
processing order of grid cells. To apply an operator-matrix to the vector of unknowns,
we process the cells strictly in this order and perform all computations in a cell-oriented
way, which means that in each cell, we evaluate only those parts of the corresponding
operator that can be computed solely with the help of the cell’s own information and,
in particular, without adressing any information of neighbouring cells. This method is
standard for finite element methods (see e.g. [4]), but can be generalized for ‘local’
2
3

For general information on space-filling curves see [20].
The space-filling curve itself can be interpreted as the limit of the recursive refinement procedure and is – in contrast to the iterates – not injective.
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discrete operators, which means that for the evaluation in one grid point, only direct
neighbours are needed4.
To get more concrete, we look at a space-tree with function values located at the vertices of cells in the following. To apply the common five-point-stencil for the Laplacian
operator, for example, we have to decompose the operator into four parts associated to
the four neighbouring cells of a gridpoint5:
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Of course, in each cell, we evaluate the cell-parts of the operator values for all four
vertices all at once. Thus, we have to construct stacks such that all data associated
to the respective cell-vertices lie on top of the stacks when we enter the cell during
our run along the discrete space-filling curve. We will start with a simple regular twodimensional grid illustrated in figure 2 and nodal data. If we follow the Peano-curve,
we see that during our run through the lower part of the domain, data points on the
middle line marked by 1 to 9 are processed linearly from the left to the right, during the
subsequent run through the upper part vice versa from the right to the left. Analogously,
all other grid points can be organized on lines which are processed linearly forward and,
afterwards, backward. For the Peano-curve and a regular grid, this can be shown to hold
for arbitrarily fine grids, as well.
As these linearly processed lines work with only two possibilities of data access,
namely push (write data at the next position in the line) and pop (read data from the
actual position of the line), they correspond directly to our data stacks. We can even
integrate several lines in one stack, such that it is sufficient to have two stacks: 1Dblack
for the points on the right-hand-side of the curve and 1Dred for the points at the lefthand-side of the curve. The behavior of a point concerning read and write operations
on stacks can be predicted in a deterministic6 way. We only have to classify the points
as ‘inner points’ or ‘boundary points’ and respect the (local) progression of the curve.
4

5

6

In addition, in the case of adaptively refined grid, the cell-oriented view makes the storage of
specialized operators at the boundary of local refinements redundant as a single cell computes
its contribution to the overall operators without taking into consideration the refinement depth
of surrounding cells.
If we want to minimze the number of operations, this equal decomposition is of course not the
optimal choice, at least not for equidistant grids and constant coefficients.
In this context, deterministic means depending only on locally available informations like the
local direction of the Peano-curve.
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Fig. 2. Example in 2D using the Peano-curve
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Fig. 3. Example for the order of hierarchical cells defined by the discrete Peano-curve

We use the Peano-curve instead of the Hilbert-curve since in 3D the Peano-curve
guarantees the inversion of the processing order of grid points along a plane in the
domain if we switch from the domain on one side of the plane to the domain on the
other side. This property is essential for our stack concept and we could not find any
Hilbert-curve fulfilling it. There are good reasons to assume that this is not possible at
all.
Up to this point, we have restricted our considerations to regular grids to explain
the general idea of our algorithm, but the whole potential of our approach shows only
when we look at adaptively refined grids and – in the general case – hierarchical data
in connection with generating systems [11]. This leads to more than one degree of
freedom per grid point and function. Even in this case, the space-filling curve defines
a linear order of cells respecting all grid levels: the cells are visited in a a top-down
depth-first process reflecting the recursive definition of the curve itself (see figure 3 for
an example).
In our stack-context, we have to assure that even then predictable and linear data
access to and from stacks is possible. In particular, we have to assure that grid points
of different levels lie on the stacks in the correct order and do not “block” each other.
We could show that it is sufficient to use four colors representing four different stacks
of the same type and a second type of stack, called 0D stack. Thus, we end up with a
still fixed – and in particular independent of the grid resolution – number of eight stacks
(for details see [10]).
To be able to process data on a domain several times – as needed for each iterative
solver – without loss of efficiency, we write all points to a so called 2D- or plain-stack
as soon as they are ‘ready’. It can easily be seen that, if we process the grid cells in
opposite direction in the next iteration, the order of data within this 2D-stack enables us
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to pop all grid points from this 2D-stack as soon as they are ‘touched’ for the first time.
Such, we can use the 2D-stack as input stack very efficiently. We apply this repeatedly
and, thus, change the processing direction of grid cells after each iteration.
An efficient algorithm deducted from the concepts described above passes the grid
cell-by-cell, pushes/pops data to/from stacks deterministically and automatically and
will be cache-aware by concept (not by optimization!)7 because of the fact, that using
linear stacks is a good idea in conjunction with modern processors prefetching techniques. An additional gain of using our concept is the minimal storage cost for administrational data. We can do completely without any pointer to neighbours and/or fatherand son-cells. Instead, we only have to store one bit for refinement informations and
one bit for geometrical information (in- or outside the computational domain) per cell.

3

Results

To point out the potential of our algorithm, we show some first results for simple examples with the focus on the efficiency concerning storage requirements, processing time
and cache behavior. Note that up to now we work with an experimental code which is
not optimized at all yet. Thus, absolute values like computing time will be improved further and our focus here is only on the cache behavior and the qualitative dependencies
between the number of unknowns and the performance values like computing times.
3.1 Two-Dimensional Poisson Equation
As a first test, we solve the two-dimensional Poisson equation on the unit-square and
on a two-dimensional disc with homogeneous Dirichlet boundary conditions:
 u(x) = −2π 2 sin(πx) sin(πy), ∀ x = (x, y)T ∈ Ω
u(x) = sin(πx) · sin(πy) ∀ x ∈ ∂Ω

(3.1)
(3.2)

The exact solution of this problem is given by u(x) = sin(πx) · sin(πy). To discretize
the Laplacian operator, we use the common Finite Element stencil arising from the use
of bilinear basis functions. The resulting system of linear equations was solved by an
additive multi-grid method with bilinear interpolation and full-weighting as restriction
operator. As criterion for termination of the iteration loop we took a value of rmax =
10−5 , where rmax is the maximum (in magnitude) of all corrections over all levels.
On the unit square, we used regular grids with growing resolution. On the disc,
we used different adaptive grids gained by local coarsening strategies starting from an
initial grid with 729 × 729 cells. To get a sufficient accuracy near the boundary, we did
not allow any coarsening of boundary cells. Tables 1 and 2 show performance values
obtained on a dual Intel XEON 2.4 GHz with 4 GB of RAM.
Note that the number of iterations until convergence is in both cases independent
from the resolution, which one would have expected for a multi-grid method. The analysis of cache misses and cache hits on the level 2 cache gives a good hint on the high
7

Algorithms wich are cache-aware by concept without detailed knowledge of the cache parameters are also called cache-oblivious [8, 9, 18].
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Table 1. Performance values for the two-dimensional Poisson equation on the unit square solved
on a dual Intel XEON 2.4 GHz with 4 GB of RAM
resolution

iterations L2 cache misses per it. rate

243 × 243

39

729 × 729

39

2187 × 2187 39

134,432

1.09

1,246,949

1.12

11,278,058

1.12

Table 2. Performance values for the two-dimensional Poisson equation on a disk solved on a dual
Intel XEON 2.4 GHz with 4 GB of RAM
variables % of full grid L2-hitrate iter cost per variable
66220

15.094%

99.28%

287 0.002088

101146 23.055%

99.26%

287 0.002031

156316 35.630%

99.24%

286 0.001967

351486 80.116%

99.11%

280 0.001822

438719 100.00%

99.16%

281 0.002030

efficiency of our method. But for a more realistic judgement of the efficieny, the very
good relation between the number of actual cache-misses and the minimal number of
necessary cache-misses caused by the unavoidable first loading of data to the cache is
more significant:
With the size s of a stack element, the number n of degrees of freedom and the size
cl of a L2 cache line on the used architecture we can guess a minimum cmmin = n·s
cl
of cache misses per iteration, which has to occur if we read each grid point once per
iteration producing cls cache misses per point. In fact, grid points are typically used four
times in our algorithm as well as in most FEM-algorithms. Thus, this minimum guess
real
is assumed to be even too low. ‘Rate’ in table 1 is defined as cm
cmmin where cmreal are
the L2 cache misses per iteration simulated with calltree [25]. As this rate is nearly
one in our algorithm, we can conclude that we produce hardly no needless cache misses
at all. In addition, we get a measured L2-hit-rate of at least 99,13%, using hardware
performance counters [26] on an Intel XEON, which is a very high value for ‘real’
algorithms beyond simple programs for testing performance of a given architecture.
In table 2, the column ‘costs per variable’ shows the amount of time needed per
variable and per iteration. These values are nearly constant. Thus, we see that we have a
linear dependency between the number of variables and the computing time, no matter
if we have a regular full grid or an adaptively refined grid. This is a remarkable result
as we can conclude from this correlation that, in our method, adaptivity doesn’t any
additional costs.
3.2 Three-Dimensional Poisson Equation
In the previous sections, we only considered the two-dimensional case. But our concepts
can be generalized in a very natural way to three or even more dimensions. Here, we
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Fig. 4. Representation of the star-shaped domain with the help of adaptive grids gained by a
geometry oriented coarsening of a 243 × 243 × 243 grid

give a few preliminary results on the 3D case. The basic concepts are the same as in the
two-dimensional case, but to achieve an efficient implementation, we introduced some
changes and/or enhancements in the concrete realization [17].
The first – and obvious – change is that we need 3D in- and output stacks and 2D,
1D and 0D stacks during our run through the space tree instead of 1D and 0D stacks
only. In addition, we use 8 colors for the 0D, 12 colors for the 1D stacks, and 6 colors for
the 2D stacks. Another interesting aspect in 3D is that we replace the direct refinement
of a cell by the introduction of 27 sub-cells by a dimension recursive refinement: A
cell is cut into three “plates” in a first step, each of these plates is cut into three “bars”,
and, finally, each bar into three “cubes”. This reduces the number of different cases
dramatically and can even be generalized to arbitrary dimensions, too.
We solve the three-dimensional Poisson equation
 u((x)) = 1

(3.3)

on a star-shaped domain (see figure 4) with homogeneous boundary conditions. The
Laplace operator is discretized by the common Finite Difference stencil and – analoguously to the 2D case – we use an additive multi-grid method with trilinear interpolation
and full-weighting as restriction operator. The termination criterion was |rmax | ≤ 10−5 .
Table 3 shows performance values obtained on a dual Intel XEON 2.4 GHz with
4 GB of RAM for adaptively refined grids. As can be seen, all important performance
properties like multi-grid performance and cache efficiency carry over from the 2D case.
The rate between the number of real cache misses and the minimal number of expected
cache misses was measured for a different example (poisson equation in a sphere) and
stays also in the range of 1.10. Thus, even in 3D, the essential part of the cache misses
is really necessary and cannot be avoided by any algorithm.
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Table 3. Performance values for the three-dimensional Poisson equation on a star-shaped domain
solved on a dual Intel XEON 2.4 GHz with 4 GB of RAM
max. resolution

variables

storage req. L2-hit-rate iter cost per variable

81 × 81 × 81

18,752

0.7MB

243 × 243 × 243 508,528

9MB

729 × 729 × 729 13,775,328 230MB

4

99.99%

96 0.0998

99.99%

103 0.0459

99.98%

103 0.0448

Conclusion

In this paper we presented a method combining important mathematical features for the
numerical solution of partial differential equations – adaptivity, multi-grid, geometrical flexibility – with a very cache-efficient way of data organization tailored to modern
computer architectures and suitable for general discretized systems of partial differential equations (yet to be implemented). The parallelization of the method follows step
by step the approach of Zumbusch [23] who has already used successfully space-filling
curves for the parallelization of PDE-solvers. The generalization to systems of PDEs is
also straightforward. With an experimental version of our programs we already solved
the non-stationaray Navier-Stokes equations in two dimensions, but the work is still in
progress and shall be published in the near future. The same holds for detailed performance results for various computer architectures.
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