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Motivation

e goal: efficient tools for numerical simulation of random effects
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Motivation

e goal: efficient tools for numerical simulation of random effects
e RODE as an alternative setting for SODE

= massive simulations of pathes
e approach:

1. HPC aspects of RODE simulations: parallelisation
2. math aspects: relation of RODE to classical UQ
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Motivation

Random Differential Equations (RODEs)
Definition of RODEs
Properties of RODEs
Application Example: Kanai-Tajimi Earthquake Model

Solving RODEs on GPU clusters
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Definition of RODEs

Assumptions
e X :IxQ — R™: stochastic process (continuous sample paths)
o f:R? x | x Q — RY continuous

Definition
RODE on R Wx
T; = f(Xf(')?tvw)v Xt() eRd (1)
is a non-autonomous ordinary differential equation
_ (:T); — F(t), X = X(w) R B
for almost all pathes w € Q.
[Bun72]

= path-wise solutions!
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RODE vs. SODE

SODE
dX; = a(X,, t) dt + b(Xt, t) dW;.
N—— N——
drift diffusion

typically: considerable mathematical effort (It6’s calculus etc.)

Tobias Neckel: Random Ordinary Differential Equations (RODE)
HIGH TEA @ SCIENCE, March 14, 2016




Te i Universitat Mii

RODE vs. SODE

SODE
dX; = a(X,,t)dt + b(Xt,t)th.
S—— N——

drift diffusion

typically: considerable mathematical effort (It6’s calculus etc.)

Doss-Sussmann/Imkeller-Schmalfuss correspondence (DSIS)
Under sufficient regularity conditions [IS01]:

SODEs and RODEs are conjugate!

= rewrite SODE as RODE by changing the driving stochastic process:
typically: white noise ~ stationary Ornstein-Uhlenbeck (OU) process
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Application Example: Kanai-Tajimi Earthquake Model

4-storey wireframe building Kanai-Tajimi excitation & storey
displacements

gy —

U+ Cu+ Ku = F(1),
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Kanai-Tajimi Earthquake Model as RODE

SODE . .. . 2
Ug = Xg + & = —2(qwgXg — WgXg

Xg + 2CqwgXg + ngg =-&, Xg(0) = %g(0) =0

& white noise
(g, wg: model parameters (e.g. (g = 0.64, wy = 15.56[rad/s])
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Kanai-Tajimi Earthquake Model as RODE

SODE . .. . 2
Ug = Xg + & = —2(qwgXg — WgXg

Xg + 2CqwgXg + ngg =-&, Xg(0) = %g(0) =0

& white noise
(g, wg: model parameters (e.g. (g = 0.64, wy = 15.56[rad/s])

SODE in vector form

X\ -y 0
d( y ) _< —2(gugy + wiX )dt+< 1 )th
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Kanai-Tajimi Earthquake Model as RODE
SODE . . 5
Ug = Xg + &t = —2(gwgXg — wgXg
Xg + 2CqwgXg + ngg =-&, Xg(0) = %g(0) =0

& white noise
(g, wg: model parameters (e.g. (g = 0.64, wy = 15.56[rad/s])

SODE in vector form

X\ -y 0
d( y ) _< —2(gugy + wiX )dt+< 1 )th

RODE (DSIS correspondence)

zy 0\ _ —(z22+ Or)
Z> o —2ngg(22 + Ot) + w521 + O
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Kanai-Tajimi Earthquake Model: OU Process

Definition of Ornstein-Uhlenbeck process:

dO; = 0(pu — Or)dt + cdW;
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Kanai-Tajimi Earthquake Model: OU Process

Definition of Ornstein-Uhlenbeck process:
do; = ‘9(# — Ot)dt + ocdW;
Numerical scheme (exact integration [Gil96])

Otrn = pxOr 4+ oxm

with
e h: timestep size
o lix = e he

o g2 = %(1 — e 29

e ny: sample value of N(0, 1)
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Numerical Schemes for RODEs

Specific methods to achieve order of convergence [GK01, KJ07, NR13]:

Averaging a sample path of an OU Process (step size h = 1)

e Averaged Euler
e Averaged Heun o8
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Numerical Schemes for RODEs i

For an RODE in the following form
dXx
S5 = GO+ gOHX),

use averaged values for g(t) on ¢:

N—1
_ 1 .
Gus(t) = 5 > 9t +)o),
j=0
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Numerical Schemes for RODEs I

For an RODE in the following form

O = 60 + g(OHX),

use averaged values for g(t) on§:

N—-1

_ 1 .
Gus(t) = 5 > 9t +)o),

j=0
— averaged Euler scheme (timestep h for x, — Xp11)
same averaging procedure for G(t):

N—1
Xni1 = Z{xn + hG(tr + j8) + hg(ts + j6)H(xn)}
j=0
N

N— H(X ) —1
—_ B n H
= N EZO (th +jo) + N 12:0 hg(t, + jo) .

— global discretisation error of order 1
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Solving RODEs on GPU clusters

and now let’s switch to the dark side: Computer Science ;-)

http://bgr.com/2015/11/19/darth-vader-daily-life-photos/
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