Selçuk J. Appl. Math.

Vol. 4, No. 1, pp. 87–94, 2003

Inverse problems for the kinetic equation of plasma physics and a uniqueness theorem^⋆

Mikhail V. Neshchadim

Sobolev Institute of Mathematics, SB RAS, pr. Koptyuga 4, 630090 Novosibirsk, Russia; e-mail: neshch@math.nsc.ru

Received: February 17, 2003

Summary. In this paper we consider the kinetic equation of plasma physics. A uniqueness theorem for an inverse problem for this equation is proved.

Key words: kinetic equation, inverse problem 2000 Mathematics Subject Classification: 35R30, 82C70, 82D10

In this paper we consider the kinetic equation (1) ∂w ∂t + p^1 ∂w ∂x^1

+ p^2 ∂w ∂x^2

+ p^3 ∂w ∂x^3 + ( E^1 + p^2B^3 − p^3B^2

) ∂w ∂p^1 + ( E^2 + p^3B^1 − p^1B^3

) ∂w ∂p^2 + ( E^3 + p^1B^2 − p^2B^1

) ∂w

∂p^3

= λ,

where

w = w(t, x, p), E^i = E^i(t, x), B^i = B^i(t, x), i = 1, 2, 3,

x = (x^1, x^2, x^3), p = (p^1, p^2, p^3), λ = λ(t, x, p). The equation (1) connects (see [1], p. 146) the distribution function w of particles in the space R^4(t, x) with the electromagnetic field E = ( E^1, E^2, E^3 ) , B = ( B^1, B^2, B^3 ) . ⋆ This research was supported by the Siberian Branch of the Russian Academy of Sciences (Integration project No. 2–2003) and by the Russian Foundation for Basic Research (No. 02-01-00255).

88 M. V. Neshchadim

The variables t, x, p belong to the domain

Q = {(t, x, p) | |t − t_0| < b,

|x^i − x^i_0| < a^i, |p^i − p^i_0| < b^i, i = 1, 2, 3 } , where x^i_0, p^i_0, a^i, b^i, b, t_0 are constants, i = 1, 2, 3.

Consider the following inverse problem (see [2]): To find functions w = w(t, x, p), λ = λ(t, x, p) in the domain Q if (E, B) ∈ C^2(Q) and the trace of the function w on the boundary Γ of the domain Q is known, i. e. w|_Γ = w_0(t, x, p), (t, x, p) ∈ Γ , where w_0 is a given function.

The following theorem is proved.

Theorem 1. If λ = λ(t, x, p) is a solution to the equation (2) ∂^2λ ∂x^1∂p^1 + ∂^2λ ∂x^2∂p^2 + ∂^2λ ∂x^3∂p^3 = 0 in the domain Q and the quadratic form (3) 3∑ i=1 (z^i)^2 + ( B, y, z ) + 1 2 3∑ i,j=1 ( ∂E^j ∂x^i + ∂E^i ∂x^j ) y^iy^j

+ 3∑ i=1 (y^i)^2 ∂ ∂x^i ( p × B

)_i + 3∑ i=1 ∂B^i ∂x^i y^i(y × p)^i

is positive definite then the inverse problem has no more one solution w = w(t, x, p), λ = λ(t, x, p) ∈ C^2(Q). Here y = (y^1, y^2, y^3), z = (z^1, z^2, z^3) are independent variables, × is the symbol of vector product, (a)^i is the ith component of a vector (a), ( B, y, z ) is mixed product.

In particular, conclusion of the theorem is valid in the following cases:

1. The matrix J = 1 2 ( ∂E^i ∂x^j + ∂E^j ∂x^i

)_3

i,j=1

is positive definite and (4) | | | 3∑ i=1 (y^i)^2 ∂ ∂x^i ( p × B

)_i + 3∑ i=1 ∂B^i ∂x^i y^i(y × p)^i + ( B, y, z ) | | |

Inverse problems for the kinetic equation of plasma physics 89

< μ_0|y|^2 + |z|^2, where μ_0 is the minimal eigenvalue of the matrix J in the domain Q. (If B is a constant vector, then the inequality (4) has the following form | |(B, y, z) | |< μ_0|y|^2 + |z|^2.)

2. The vector B = 0 and the matrix J is positive definite. (Remark: If the field E is potential (i. e. E = ∇_x φ and d^2φ > 0 in the domain Q for a function φ = φ(t, x) ∈ C^2(Q)) then the matrix J is positive definite. Here ∇_x φ =

(_{∂φ}

∂x^1 , ∂φ ∂x^2 , ∂φ ∂x^3 ) is gradient).

Proof. Let (w, λ) be a solution to the inverse problem and w|_Γ = 0. We show that w = λ = 0 in the domain Q.

Denote the left-hand side of the equation (1) by Λ. Consider the following equality (5) 3∑ i=1 ∂w ∂x^i ∂Λ ∂p^i = 3∑ i=1 ∂w ∂x^i ∂λ ∂p^i , and transform its left-hand and right-hand sides.

The right-hand side of the equality (5) has the form 3∑ i=1 ∂w ∂x^i ∂λ ∂p^i = 3∑ i=1 ∂ ∂x^i ( w ∂λ ∂p^i ) − w 3∑ i=1 ∂^2λ ∂x^i∂p^i . Taking into account the relation (2) we obtain the following equation (6) 3∑ i=1 ∂w ∂x^i ∂λ ∂p^i = 3∑ i=1 ∂ ∂x^i ( w ∂λ ∂p^i ) . Note that the right-hand side of this equality has divergence form and the functions w ∂λ ∂p^i vanish on the boundary Γ of the domain Q.

Consider the left-hand side of the equation (5). To transform the sum_3 ∑ i=1 ∂w ∂x^i

∂^2w ∂t∂x^i

we use the following identity (7) ∂u ∂x ∂^2u ∂y∂z ≡ 1 2 [ ∂ ∂y ( ∂u ∂x ∂u ∂z ) − ∂ ∂x ( ∂u ∂y ∂u ∂z ) + ∂ ∂z ( ∂u ∂x ∂u ∂y )] ,

90 M. V. Neshchadim

which holds for an arbitrary function u = u(x, y, z) ∈ C^2. Thus, (8) 3∑ i=1 ∂w ∂x^i

∂^2w ∂t∂p^i = 1 2 3∑ i=1 [ ∂ ∂t ( ∂w ∂x^i ∂w ∂p^i )

− ∂ ∂x^i ( ∂w ∂t ∂w ∂p^i ) + ∂ ∂p^i ( ∂w ∂t ∂w ∂x^i )] . The right-hand side of the equation (8) has divergence form, and the functions ∂w ∂x^i ∂w ∂p^i , ∂w ∂t ∂w ∂p^i , ∂w ∂t ∂w ∂x^i vanish for t = t_0 ± b, x^i = x^i_0 ± a^i, p^i = p^i_0 ± b^i respectively.

Further, (9) 3∑ i=1 ∂w ∂x^i ∂ ∂p^i 3∑ j=1 p^j ∂w ∂p^j = 1 2 3∑ i=1 ( ∂w ∂x^i

)_2

+ 1 2 3∑ i=1 ∂ ∂p^i ( p^i ( ∂w ∂x^i

)_2) + 3∑ i=1 p^i 3∑ j=1,j≠i ∂w ∂x^j

∂^2w ∂x^i∂p^j . The sum_3 ∑ i=1 ∂ ∂p^i ( p^i ( ∂w ∂x^i

)_2)

has divergence form, and the functions

p^i ( ∂w ∂x^i

)_2

vanish for p^i = p^i_0 ± b^i.

Taking into account the identity (7) and the condition j ≠ i, we transform the sum 3∑ i=1 p^i 3∑ j=1,j≠i ∂w ∂x^j

∂^2w ∂x^i∂p^j

into divergence form, where the functions ∂w ∂x^j p^i ∂w ∂x^i , ∂w ∂x^j p^i ∂w ∂p^j , ∂w ∂x^i p^i ∂w ∂p^j

vanish for p^j = p^j_0 ± b^i, x^i = x^i_0 ± a^i, x^j = x^j_0 ± a^j.

Inverse problems for the kinetic equation of plasma physics 91

To transform the sum 3∑ i=1 ∂w ∂x^i ∂ ∂p^i 3∑ j=1 E^j ∂w ∂p^j

we use the identities

(10) ∂u ∂x ∂ ∂p ( v ∂u ∂p ) ≡ ∂ ∂p ( v ∂u ∂x ∂u ∂p )

− 1 2 ∂ ∂x ( v ( ∂u ∂p )_2) + 1 2 ∂v ∂x ( ∂u ∂p )_2 ,

(11) ∂u ∂x ∂ ∂p ( v ∂u ∂y ) ≡ 1 2 ∂v ∂x ∂u ∂y ∂u ∂p + 1 2 { ∂ ∂y ( v ∂u ∂x ∂u ∂p ) − ∂ ∂x ( v ∂u ∂y ∂u ∂p ) + ∂ ∂p ( v ∂u ∂x ∂u ∂y )} , which hold for arbitrary functions u = u(x, y, p), v = v(x) ∈ C^2. We obtain the following equation

(12) 3∑ i=1 ∂w ∂x^i ∂ ∂p^i 3∑ j=1 E^j ∂w ∂p^j

= 1 2 3∑ i,j=1

∂E^j ∂x^i ∂w ∂p^i ∂w ∂p^j

+ {divergence terms} ,

where the divergence terms have the form ∂ ∂p^i ( E^j ∂w ∂x^k ∂w ∂p^s ) , ∂ ∂x^i ( E^j ∂w ∂p^k ∂w ∂p^s ) . To transform the sum 3∑ i=1 ∂w ∂x^i ∂ ∂p^i 3∑ j=1 ( p × B

)_j ∂w ∂p^j ,

we use the identities

(13) ∂u ∂x ∂ ∂p ( yv ∂u ∂p ) ≡ y 2 ∂v ∂x ( ∂u ∂p )_2

+ ∂ ∂p ( yv ∂u ∂x ∂u ∂p ) − 1 2 ∂ ∂x ( yv ( ∂u ∂p )_2) ,

92 M. V. Neshchadim

(14) ∂u ∂x ∂ ∂p ( pv ∂u ∂y ) ≡ v 2 ∂u ∂x ∂u ∂y + 1 2 { ∂ ∂y ( pv ∂u ∂x ∂u ∂p ) − ∂ ∂x ( pv ∂u ∂y ∂u ∂p ) + ∂ ∂p ( pv ∂u ∂x ∂u ∂y )} , which hold for arbitrary functions u = u(x, y, p), v = v(x) ∈ C^2. We obtain the following equation

(15) 2 3∑ i=1 ∂w ∂x^i ∂ ∂p^i 3∑ j=1 ( p × B

)_j ∂w ∂p^j

= ( ∂w ∂p^1

)_2 ( p^2

∂B^3 ∂x^1

− p^3

∂B^2 ∂x^1 ) + ( ∂w ∂p^2

)_2 (

p^3

∂B^1 ∂x^2

− p^1

∂B^3 ∂x^2 )

+ ( ∂w ∂p^3

)_2 ( p^1

∂B^2 ∂x^3

− p^2

∂B^1 ∂x^3 )

+ ∂w ∂p^2 ∂w ∂p^3 p^1 ( ∂B^2 ∂x^2 − ∂B^3 ∂x^3 ) + ∂w ∂p^1 ∂w ∂p^3 p^2 ( ∂B^3 ∂x^3 − ∂B^1 ∂x^1 )

+ ∂w ∂p^1 ∂w ∂p^2 p^3 ( ∂B^1 ∂x^1 − ∂B^2 ∂x^2 ) + {divergence terms} ,

where the divergence terms have the form ∂ ∂p^i ( p^jB^k ∂w ∂x^s ∂w ∂p^m ) , ∂ ∂x^i ( p^jB^k ∂w ∂p^s ∂w ∂p^m ) . Thus we have

(16) 3∑ i=1 ∂w ∂x^i ∂Λ ∂p^i = 1 2 3∑ i=1 ( ∂w ∂x^i

)_2 + 1 2 3∑ i,j=1

∂E^j ∂x^i ∂w ∂p^i ∂w ∂p^j

+ 1 2 ( B, ∇_pw, ∇_xw ) + 1 2 3∑ i=1 ( ∂w ∂p^i

)_2 ∂ ∂x^i ( p × B

)_i

+ 1 2 ∂B^i ∂x^i ∂w ∂p^i

(∇_pw × p)^i + {divergence terms} .

Integrating (5) on the domain Q, taking into account the equations (6), (16) and the form of the divergence terms, we obtain the following equation

(17) ∫ Q 3∑ i=1 ( ∂w ∂x^i

)_2 + 1 2 3∑ i,j=1 ( ∂E^j ∂x^i + ∂E^i ∂x^j ) ∂w ∂p^i ∂w ∂p^j

Inverse problems for the kinetic equation of plasma physics 93

+ ( B, ∇_pw, ∇_xw ) + 3∑ i=1 ( ∂w ∂p^i

)_2 ∂ ∂x^i ( p × B

)_i

+ 3∑ i=1 ∂B^i ∂x^i ∂w ∂p^i

(∇_pw × p)^i ] dtdxdp = 0.

According to the conditions of the theorem (see (3)), the quadratic form 3∑ i=1 ( ∂w ∂x^i

)_2 + ( B, ∇_pw, ∇_xw )

+ 1 2 3∑ i,j=1 ( ∂E^j ∂x^i + ∂E^i ∂x^j ) ∂w ∂p^i ∂w ∂p^j

+ 3∑ i=1 ( ∂w ∂p^i

)_2 ∂ ∂x^i ( p × B

)_i + 3∑ i=1 ∂B^i ∂x^i ∂w ∂p^i

(∇_pw × p)^i

is positive definite. Consequently, the equality (17) holds if and only if ∇_pw = 0, ∇_xw = 0. Since w|_Γ = 0 it follows that w|_Q = 0. From the equation (1) we obtain that λ = 0.

This completes the proof. ⊓⊔

Remark 1. From the physical point of view the supposition about truth of the inequality (4) is quite justified because B includes a factor 1/c, where c is velocity of light.

Remark 2. The theorem will be also true if we put λw instead of λ in the right-hand side of the equation (1). From the physical point of view these problems describe processes of absorption and radiation in the considered domain.

Remark 3. We can consider the domain Q in a more general form

Q = {(t, x, p) | |t − t_0| < b, x ∈ D_1, p ∈ D_2} ,

where D_1, D_2 are domains in the spaces R^3(x), R^3(p) respectively. In this case the theorem will be true too.

Acknowledgment. The author thanks Prof. Yu. E. Anikonov for statement of the problem.

94 M. V. Neshchadim

References

1. Lifshits, E. M. and Pitaevsky, L. P. (1979): Physical Kinetics. Vol. X [in Russian], Nauka, Moskva.

2. Anikonov, Yu. E. and Amirov, A. Kh. (1983): A uniqueness theorem for the solution of an inverse problem for a kinetic equation, Sov. Math. Dokl., 28, 510–511.